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The object of ihh Aualviici] V;^t j; i-nr.viold; 
first, to as=i=t ihoE* who are cie;iroj= o: UL^tr- 
standiiig the truths unfolded in tit Pr.'r. ij.ii. aiid 
of knowing upon what fouiidai'ion re=t= ih-e tliiiia 
of that work to be regarded as the ;n'tateit mor.u- 
ment of human genius — secondly, lo explain the 
connexion of its various part= irith eiich oib';r, and 
■with the preceding and the suh»ef^uenl proTT'r-^ 
of the science. 

I. It cannot be denied that fully to C'"jmpr';he;.d 
the propositions, to follow the d';r£j'j:i';;ni::'jii= 
throughout, re'-iuires the rL-ader to !>; w.;ll a-_- 
quainted with the Mathematics; and eveii one &o 
prepared, will find the task far from ea^y in conv- 
quence of the synthetical method almost every- 
where adopted, the geometrical form of tlje inves- 
tigation in many cases where the algebraical would 
be more convenient, and the extreme conciseness 
very generally studied, oiif.n to the oinii^ion of 
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many stops in the process.* But it is equally un- 
deniable that with very moderate mathematical 
acquirements, a distinct and accurate knowledge 
may be obtained of the fundamental truths un- 
folded, of the reasoning by which some of them, 
and these the most important, are sustained, and 
of the nature of the proof on which the others rest. 
There is not much difficulty, indeed, in learning 
those truths, in comprehending the propositions 
without going further. But this is in every way 
a most imperfect knowledge, and neither can give 
satisfaction though retained, nor is likely to be re- 
tained without a knowledge also of the demonstra- 
tions. A great advantage, however, is gained, if 
the learner can not only follow the demonstration of 
the more important propositions, so as to be satis- 
fied of their truth, but can comprehend the nature 
of the proof in the other instances. He has both 
made solid progress in mastering the principles of 
the science, and has become able to judge for 
himself the merits of the great work which first 
taught it to the world. 

Thus two classes of readers may benefit by this 
Analytical View ; those who only desire to become 



* No one needs scniplo to confess how difHcult he has found the reading 
of the Principia^ when so consummate a geometrician as Clairaut has made 
a like observation, {Mem. Acad, 1745, p. 329.), though somewliat qualified. 
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acquainted with the discoveries of Newton, and the 
history of the science, but without examining the 
reasoning, and those who would follow the reasoning 
to a certain extent, and so far as a knowledge of 
the most elementary parts of geometrical and ana- 
lytical science may enable them to go. It has 
been found upon trial that readers of both descrip- 
tions have been able to peruse the work with 
advantage, even readers of the second description. 
These have easily followed, not only the commen- 
tary upon the gradual progress of discovery, and 
the state of the science before Newton *, but passing 
over the exposition of the differential calculus f 
have pursued the demonstration of the fundamental 
law of gravitation J, and even apprehended the 
proof of its universal action according to the inverse 
proportion of the squares of the distance8.§ Pass- 
ing over the detailed discussion of central forces |), 
the illustration of its application to planets and 
comets is involved in little difficulty %; and the 
manner of finding the place of tliese bodies at 
given periods of their revolution may be under- 
stood without entering into the details of the in- 
vestigation.** The ascertainment of the force 

It 20 pages. f F. id. to |i. 3t. 
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answering to a given orbit is much easier than 
the converse of finding the orbit from knowing 
the force ; accordingly the subject of the inverse 
problem may be passed over * So may the great 
head of disturbing forces f, but the interesting his- 
tory of the problem of three bodies may without 
difficulty be coraprehended.J The investigation, 
however, of Lagrange and Laplace of the prin- 
ciple upon which the stability of the system 
depends, must be taken upon the results without 
entering into the steps of the process. § But 
the wonderful anticipation by Newton of sub- 
sequent discoveries may be generally understood 
and appreciated. II The subject of the attraction 
of masses, spherical and others, may be regarded 
as not coming within this elementary view of the 
work.^ The application of dynamical principles 
to the rays of light **, and the general statement 
respecting the Newtonian discoveries, and the con- 
stitution of the universe, may easily be followed.ff 
Nor can there be great difficulty in understanding ' 
the explanation given under the Third Book, of 
the effects of attractive forces upon the figures of 
the heavenly bodies, the motions of comets, so far 

♦ p. 76. to 87. t p. 87. to 108. 

t r. 93, 94. 108. to 112. § P. 112. to 124. 

II P. 132. to 134. % P. 134. to 150. 

• ♦ P. 150. to 153. tt P- 1*3- to 160. 
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as that subject haa not already been dealt ^vith, 
and the doctrine of the tides, and in tracing the 
course of reasoning by which these important 
subjects are investigated.* 

The theory of motion in resisting media, and 
generally whatever relates to fluids, whether their 
pressure or their movements, forms the next sub- 
ject of inquiry ; but in the elementary view with 
which we are now occupied, it may be properly 
passed over, with only this remark, that the 
matters contained in the Second Book are con- 
veniently described at the end of the account 
given of the First, although it has been found 
expedient to follow a different plan of arrange- 
ment in the Analytical View of the Second from 
that originally laid down. The great progress 
which has been made in hydrodynamics since the 
time of Newton, has rendered it necessary to enter 
more minutely into the investigations connected 
with the Second Book, than into those of the First 
and the corresponding portions of the Third. 
Hence this portion of the present work cannot 
fail to be found less elementary than the former. 
An acquaintance with the subject, too, is less 
indispensable towards obtaining a knowledge of 
the Newtonian philosophy as exposing the system 

■ p. 2S5. (/ irq. 
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of the uuiverse, its structure and motioDS, al- 
though it must be sedulously studied by all who 
Avould become acquainted with physical science, 
and all who desire to understand the whole of 
the Principia. 

It has been deemed expedient in giving the pro- 
positions of the First Book, to anticipate in some de- 
gree their application to the motions of the heavenly 
bodies, which form the subject of the Third. This 
course was naturally suggested by the circumstance 
that the greater part of these propositions bear a dis- 
tinct reference to the heavenly motions. But it is 
truly gratifying to find, as we now do, from Sir D. 
Brewster's valuable Life of Sir Isaac Newton (one 
of the most precious gifts ever made both to 
scientific history and physical science), that the 
illustrious author himself considered this the best 
method of teaching the Principia to those not 
thoroughly conversant with mathematics. Applied 
to by the celebrated Dr. Bentley, who was desirous 
of so far understanding the book that he might be 
able to lecture upon its uses in behalf of Natural 
Keligion, he laid down a plan of reading closely 
resembling that sketched in the beginning of this 
Introduction ; recommending that after the earlier 
propositions of the First Book, the Third should be 
taken so far as to perceive its scope, and then such 



parts of tlie First us " he sliould liavt; n dusire to 
know, or the whok', in order, if be should think 
fit." Newton also requires in his correspondent a 
much more moderate provision of geometrical and 
algebraical knowledge than another mathematician 
laid down as requisite, to whom application had 
been made for advice, and who gave Dr. Bontley 
so formidable a list of books as necessary to be- read, 
that he at once appealed to Sir Isaac Xewton him- 
self, who prescribed three or four instead of above 
thirty, (^'ol. i. p. 404.) 

If it has been made manifest that a very limited 
acquaintance with mathematics may suffice for 
attaining a competent notion of the general scope of 
Xewtou's discoveries and of the great work wlilch 
revealed them to the world, it is no less cei-tain that 
the knowledge thus acquired must be superficial, 
except as regards the fundamental doctrine of gra- 
vitation, the foundation of the system ; and that 
in order well to understand the dynamical researches 
which have exercised so mighty an influence upon 
the whole of Natural Science, a much more full 
and minute study of the Principia is required. It 
is to be hoped, therefore, that readers of the two 
classes referred to, tiiose of the second especially, 
may be encouraged to pass into the tliird, for who^e 
use tliis Analytical \ ii:w is designed; m;iy mal;c 
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themselves, in some measure, masters of the Cal- 
culus, the help of which is required in most of the 
investigations ; and may follow these so as to under- 
stand the whole of the propositions, by satisfying 
themselves of their demonstrated truth. That this 
also can be done with only a previous knowledge of 
elementary geometry and algebra, has been proved 
upon trial, that knowledge sufficing to attain an 
acquaintance with the rules explained in those 
parts of this treatise above recommended to be 
passed over by the more general reader. It is by 
no means intended to affirm that a complete know- 
ledge of the Principia can be attained without much 
further study. An intimate familiarity with the 
Calculus, or with the analogous method of 
Limits, is required by those who desire to follow 
the whole of the demonstrations, and to perceive 
the connexion between the different steps as 
clearly as they can trace those of any elementary 
process in geometry or algebra. Other helps than 
this work are required, and are not wanting, to 
facilitate the entire mastery of the subject by such 
as would thoroughly understand the Principia in 
all its parts. The present treatise is not designed 
for their use, further than as it may aid them in 
the earliest part of their studies. It is intended for 
those who may not be able, or may not be disposed, 
to go beyond acquiring such a knowledge of the 



subject jiirI of tlie Book, as can bu attained by a 
iiiodei'atL; degree of labour, aud au acquaintance 
witli only elementary mathematics. 

II. Tiie aecomplishnicnt of the other object of 
this Treatise, examining the connexion of the dif- 
ferent parts of the Prlncipia with each other, and 
with former and subserjuent discoveries, showing its 
transcendent merits, and removing the objections, 
or rather the criticisms, that have somctinios been 
offered upon a few comparatively unimportant por- 
tions of the great work, will, beside performing 
that service, also afford additional iielp to the study 
of it, and tend to promote the taste for understand- 
ing it, so as to judge of its unparalleled excellence. 
It is satisfactory to find that many of the propo- 
sitions are capable of demonstration by a process 
different from that employed by Newton, especially 
when this process is more easily followed. In 
many cases the analytical substituted for the syn- 
thetical method, is interesting as a matter of curi- 
osity, independently of its more didactic character. 
Tliis may also be predicated of the occasional pre- 
ference of algebraical to geometrical reasoning. 
The greatest interest, however, belongs to observ- 
ing the mutual bearings of the propositions, per- 
ceiving sometimes how one arises out of another, 
sometimes how the two are ao connected that toge- 
ther they exhaust the subject, sumetimca how the 
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establishment of one mere general truth furnishes 
the proof of others less general which had been pre- 
viously reached by a different route ; often to mark 
the diversities as well as resemblances of propo- 
sitions, and the particular circumstances upon 
which these severally depend ; not rarely to note 
in what way others had imperfectly obtained the 
knowledge of these truths, or altogether had failed 
to observe them ; frequently to find them deriving 
new support from things afterwards brought to 
light, and to see them explain phenomena subse- 
quently for the first time observed ; above all, to 
see, and as we see to marvel how, beside those doc- 
trines, the teaching of which forms the main object of 
the work, which are expounded with an exhaustive 
fulness, and are at their first discovery established 
in absolute perfection, so that scarce any addition 
has, in the vast majority of instances, been found 
either possible or required, there are also the 
foundations laid of new discovery in other direc- 
tions, the rudiments provided of other systems, and 
the very course plainly pointed out by which these 
unthought of truths should in remote ages be 
explored. 

On some few points differences of opinion having 
arisen as to other men's claims to the discovery, 
all controversial matters are purposely avoided. 
IJut although it must be coiifessed that i)hilosO' 
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pliers, as well in foreign countries as among our- 
selves, have shown no reluctance to allow New- 
ton's title to the first place, there have occa- 
wonally been criticisms hazarded rather than 
objections made, touching several parts of his 
great work ; and these in most cases have origi- 
nated rather in inadvertence than in any unworthy 
prejudice. It became necessary to correct such 
errors, in justice to the illustrious author, who 
could not have been aware of the statements, 
except perhaps in one instance. It is possible he 
might have known the groundless remarks of J. 
Bemouilli in that particular ; the equally erro- 
neous statements of Bailly and Laplace of course 
he could not have been aware of, and we may 
confidently add, never could have foreseen ; in- 
deed they could only be ascribed to oversight in 
those eminent authors. The error detected by 
F. Boscovich respecting the comet's path belongs 
to another class, and arose entirely from a ne- 
glect of that careful examination of the limits of 
a problem peculiar to the ancient analysis, that 
exhaustive process by which the prolixity some- 
times complained of finds ample compensation in 
its precluding the possibility of mistake. 

Thus It is hoped that, partly by the account of 
the work and partly by discussions connected 
with the subjects of which it treats, the study 
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of it may be both promoted and facilitated ; and 
this kind of service towards the progress of science 
is not to be altogether contemned. They who 
are incapable themselves of advancing it by the 
discovery of new truths, may usefully employ 
themselves in helping others to a knowledge of 
what the great masters have done ; and they may 
best do this if they shall not disdain the office 
of elementary explanation and discussion. The 
wisest of the ancients was said to have brought 
Philosophy down from heaven to earth; he cer- 
tainly valued himself chiefly on his unceasing ef- 
forts to etir up in men's minds the desire of 
knowledge. What he found necessary with regard 
to the nature of the subject, we in our day may 
perceive to be equally necessary because of the 
clouds in which writers of vast and original ge- 
nius almost unavoidably involve the records of 
their inquiries after unknown truths. 

But whatever brings men acquainted with those 
profound researches, raises their minds to con- 
templations far more sublime than any which are 
connected merely with worldly science. To survey 
the most wonderful works of creation, to compre- 
hend the laws by which the system of the universe 
is governed, the principles which everyv\'here per- 
vade it, and bear irrefragable testimony to the unity 
as well as the power of the divine Author and Dis- 



assisted reason can teach our species. It is nn ob- 
servation of Paley, marked with Iiis wonted sagacity, 
tlint tliougli Physical Astronomy, until well under- 
stood, pj'eseiits less strikin,;; proof's of design to the 
mind than the other brunches of science, yet when 
fully apprehended, it very far exceeds all the other 
evidences of Natural Relit;ion. AVc must recollect, 
too, that Xewton himself regarded this as the most 
precious part of his philosophy; declared that in 
frannng it he had been moved by a desire to in- 
culcate religious belief, expressed his gratification 
in finding that his efforts had not been vain, and 
closed the exposition of its principles witii a com- 
mentaiy upon tlie nature and attributes of God. 
His followers may be permitted to indulge the 
hope that he would have prized their humble at- 
tempts at diffusing a knowledge of his immortal 
labours, ratlier as falling in witli his pious wishes 
for tiie happiness of others, than as contributing 
to tiie illustralion of a fame wliicli is imperishable, 
nor admits of any increase. 
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NEWTON'S PRINCIPIA. 



ANALYTICAL VIEW. 



This work is justly cooaidered by all men as the greatest 
of tbe moQuments of human genius. It containe the 
expoeition of the laws of motion in all its varieties, whether 
in free space or in resisting media, and of the action 
exerted by the masses or the particles of matter upon 
each other, those laws demonstrated by synthetic reason- 
ing; and it unfolds tbe most magnificent discovery that 
was ever made by man — the Principle of Universal 
Gravitation, by which the system of the universe is go- 
verned under the superintendence of ita Divine Maker. 
Two of tlie three Books into which the treatise is divided 
are chiefly composed of mathematical investigations, con- 
ducted by the most refined and profound, but at the same 
time the most elegant application of geometry, and of a 
calculus which is only a particular form of the iluxionary 
method invented by the illustrious author in his early 
years. The Third Book contains an explanation of tbe 
motions of the heavenly bodies, deduced chiefly from the 
first portion of the Former part, and grounded ujhju tbe 
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pheDomcna obseri'ed by astronomers. This conclndin 
portion, however, of the great work, is also interspersec 
with geometrical reasoning of the Bamc admirable d 
tion as characterized the former, and applied to the i 
lution of problems respecting the heavenly raotione. 

Before Sir Isaao Newton appeared to culighten maa- 
kind, and to found a new era in the hi^^tory of physical 
science, the eminent men who had preceded him had made, 
during the century immediately preceding his birth, very J 
important steps id furthering the advancement of oui^l 
knowledge ; and they had approached exceedingly neaffl 
that point which forms the most important of all his dw> 
coverlea, according to a kind of law which seems to] 
regulate the progress of human improvement — a law c 
continuity, which apparently prevents any sudden, andj 
as it were, violent change, from being made in the in 
tellectual condition of the species, and prescribes tl» 
unfolding of all great truths by alow degrees, eai 
mighty discovery being preceded by others only let 
considerable than itself, and conducting towards it. Thtf 
great discoveries in pure mathematics afford strikinj 
examples of this truth. That of Logarithms by Napia 
ie, perhaps, the instance in which the must considcrnb] 
deviation has been made from t)ie rule ; but even hci 
there had been some curious methods of mechanici 
calculation invented before, and the discoverer of lo^l 
garithms himself had reached the point very nearly bff 
other most ingenious contrivances, before ho actually 
made his great step. 

But the Fluxionary or Differential CiJculua gives ! 
remarkable exemplification of the general principle; 
its subacquent most important extension, the Calculus o 
Variations, furnishes another not less striking. Ever siooi 
Descartea's happy afiplication of Algebra to Geometry hw 



opened the way to tlie gianJ ilUcovc-ry nt ycwt-.n ao'l 
LeibnilE, tlie foundatiuD of modern iciencc, maiL-amaikLiiii 
had been intent uf>on the re;olu;ion of problem: conntctevl 
with the rectification and quadratare of curves, aad tk': 
dttermiuation of pointa that fiOsi^a- properti-ia of mazing 
and minima, a^ well a* the Ending of normals, t^ngen".', 
and osculating circles. These infiuirici had led them fi 
consider the laws hj which the relations Ijfctween the or- 
dinates and ahscisix referred to any given aiis are g'> 
verned at different i-oints of that asU ; for in truth that 
implies the nature of the curvature ititlf, and includi:: 
the manner in which the length of the curve line increaj*T 
or diminishes, as well as the :pace which it indosts- Thty 
were thus led to examine the generation of thor/; cor*'.- 
lines and curvilinear spaces, whether that is conceived 
to be effected by the movement in the one case of poir.i?, 
and in the other of slraight linoT, or is iU[-ifj-'A to be 
produced by the constant justaifoaition of indeCniltly 
small straight lines inclined to each other according to 
a given law, in tbe one case, and indefinitely small rect- 
angles in the other. The latter is [lerhaps the mot-; 
natural supposition of the two, and not the Icis i::i.-y. 
For if any one is set to measure the area of a field 
bounded by a curvilinear outline, a? he can at once 
measure a space inclosed within straight line?, his course 
will be to divide the given r[rtice into rectangles, and 
then to divide each of the Emaller curvilinear spaces 
into other rectangles, and so on till he has exhausted 
the whole by a series of rectangles, always decreasing in 
size as they increase in numlier, and the last of which 
ficem to coincide nearly or sensibly with the area of the 
outer or curved line of bound.iry. Thu: he would proceed 
by trial and actual measurement of the space: and thus 
do land-measurers 'the lineal descendants of the fii';t 
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geometers, as well as their namesakes) still proceed. But 
epeculativc mathematicians being aware of the general 
properties of the lines they have to examine) and these 
being regularly formed, which tho boundary of the field 
ia not, they could calculate the relations to each other of 
the sides of the rectangles into which they divided the 
figure, and could thus form series of rectilinear figures 
diminishing in size, and which series might be carried to 
any length so as ultimately to exhaust the curvilinear 
Thus ABC being a semicircle, it was easy to find 
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of the semihexngon or three equilateral triangles ADPi 
FDE, and DKC, and then of the triangles FBEx3, 
and again of the triangles FOB x6, and so on; so that 
the radius AD being called r, there was obtained ■ 
•eriea of this form, 3 r" -/S + 4 H (2- ^^3) +~ ^2 
^2 'v'a— 2— •/i'\ +• &c. : And thus we have also the 

approximation to the length of the circle. 

But the extreme cumbrousneBs of this calculus, which 
is still more unmanageable in other curves where the 
radii are not, as in the case of the circle, equal, made it 
necessary to find some other method ; and geometricians 
accordingly examined the laws by which the areas increase 
in each curve, so that by adding all those innumerable 
increments together their eum might give the exact space 

• The three first MmiB give 3.1058! ; the sovon first come verj near th« 
ordinBry approximation, 3,UI59,— fbrthey gire 3.14144. 



required. ISe same process waj anemrt^a *^iti the 

lengths of the curve:, ctiadieriag tben a; j>tJvgjiii witow 
sidifs diminished wbiJe iLeir atimber; iitcreased iDieEnIuJv, 
In this way Cavalleri. Fermai, asd M"allii, aad ml] mere 
Harriot and Roberral, apj-eai lo hare come eic*«di;ii:lv 
near the diiCOTerv of the general rule fcT f>eTf<:'mi2g ihe=« 
operations before Newton and Leiijniiz^ uiitnown to each 
otlier, made the great step. Eoberral eFj^-cisJlv bad 
solved many problems of quadrature and of drawing 
tangentr, by methods extremely similar tc* the N'ewnjniaii. 
Nor were the ancient methods of Exhaustion and Indi- 
visibles so far distant a: to let us dc-abi that, bad the 
old geometers been possessed of the great insmjinent of 
algebra, and bethought them of its truly felicitous ap- 
plication according to the idea of Descartes, long before 
our limes they would have anticij-ated the discoveries 
which form the great glory of modem science.* 

The discovery of the Calculus of Variations affords 
a similar example of gradual progress. "NMien the 
differential calculus had enabled us to ascertain the 
masima and minima of quantities, for example the value 
of one co-ordinate to a curve, at which the other becomes 
a maximum or a. minimum, or, which is the &ame thing, 
the point of greatest and least distance between the 
curve and a given right line, or, which is the same 
thing, when the general relation of the co-ordinatea 
being given we were enabled by means of the calculus to 
examine what that particular value was at which a 
maximum property belonged to one of thc-m — then 
geometricians next inquired into the maxima and minima 
of different curves, that is to eay, into the general re- 
lation between the co-ordinates which gave to every 

* jVinonii oiber marrels in GulEt-u'* hisiyry he seta; lo have tui^Jl 
u uear approacti [o ihe cbIcuIus. — Sec M. Libri'i mua ahh and leairitd 
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jiortion of the curve a maxitnum or a minimum value il 
some respect. Tlius, inatend of inquiring at what 
of X (the abscissa) in a known eijuation between x and 
the ordinate y, y became a minimum, or the curve ap- 
proached the nearest to its asis, the question was what 
relation r must have to t/ (or what must be the equatjon 
as yet unknown) in order to make the whole curve, for 
example, of the Bhortest length between two given points, 
or inclose with two given lines the largeet space, or 
(having some property given) incluac within itself the 
largest space, or be traversed in the shortest possible time 
by a body impelled by a given force between two given 
points. Here the ordinary resources of the differential 
calculus failed us, because that calculus only enabled u% 
by substituting in the differential equation the value of one 
co-ordinate in terms of the other, to make the whole equal 
to nothing, as it must be at the maximum or minimum 
Ijoint where there is no further increase or decrease. But 
here no means were afforded of making this substitution, 
and the problem seemed, oe far as this method went, 
indeterminate. Various very ingenious resources were 
employed by Sir Isaac Newton, who in the Priucipia 
seems to have first solved a problem of the laoperimetrical 
class — that is, finding the solid of least resistance; and 
soon after by the Bernouillis and other continental ma- 
thematicians, who worked by skilful constructions and 
suppositions consistent with the data. The calculus called 
that of Variations has since been invented for the general 
eolution of these and other similar problems. It con- 
Bista in treating the relations of quantities, or of their 
functions, as themselves varying, but varying according 
to preacribcd rules, just as the differential calculus regards 
the quantiries themselves, or their functiouf, as varying 
according to prescribed rulen. It beai:^ to the differential 
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calculus aomewhat of the relation which that bcara to 
Ihe cilculiia oF fixed and finite or unvarying quantities. 

It is wonderful how very near Eernouilli, when he 
solved tbo problem of finding the line of swiflcjit 
descent, came to finding out this calculus ; if, indeed, he 
may not be said to have actually employed it when he 
supposed, not US in llie case of the differential calculu?, 
two ordinatea of a known curve infinitely near one an- 
other, but three ordinatcs infinitely near, including two 
branches of an unknown curve, each infinitely small; 
fur he certainly made the relation of these ordlnatcs to 
the abscissa vary. Euler used the calculus more sys- 
tematically in tho solution of various problems; but he 
was much impeded for want of an algorithm. This 
important defect was supplied by Lagrange, who reduced 
the method to a system and laid down its general prin- 
eiplcs ; bnt bad Euler gone on a little step further, or 
liad Ilernoitilli been bent on finding out a general method 
instead of solving particular problems, or had Emerson, 
who has one or two similar investigations in Ilia book 
on Fluxions, reduced the method by which he worked 
tJiem to a system by giving one general rule (whicb, writing 
a book on the subject, Lc was very likely to have done), 
the fame of tiiat discovery would have been theirs, which 
now redounds so greatly and so justly to the glory of 
Lagrange. 

The discovery of fJravitation as ihc governing prin- 
ciple of the heavenly motions, is no exccpiion to the rule 
which we have stated of continuity or gradual progress. 
Vt'hcn Copernicus had first clearly stated the truth to 
which near approaches h.id been made hy his pre- 
decessors, from Pythagoras downwards, that Ihc planets 
move round the sun, and that the earth also moves on 





A NEWT0N8 PRINCIPIA. 

accompanied hie statement with ao little proof beyond the 
agreement with the phenomena, which the Ptolenuuc 
hypotheBia could equally boast of, that for more than 
half a century afterwards it had no general acceptance, 
Ba«on himself rejecting it ; when Galileo, by his teleecofuo 
discoveries, especially of the phases of Venus and the 
tellitea of Jupiter, and by his yet more important di»- 
coverica in the laws of motion, may be said first to have 
proved the truth of the Copemicnn system. Afterwards 
the satellites of Saturn, added to Kepler's observation of 
Mercury's transit over the sun, afforded most important 
confirmation. The great discoveries of this eminent maa 
followed close after those of Galileo: First, the motion*-! 
of the planets were found to be in ellipses with the eun in 
one focus ; secondly, lines drawn to the sun from them wers 
found to describe areas proportional to the times of their 
revolution ; and, thirdh/, the relation was established bo— j 
tween the squares of those times and the cubes of tha 
distances of the bodies from the focus. 

How near this brought scientific men to the cauM: 
or law of the whole ia manifest, especially when we 
regard the connexion thus eittablished between the r&>. 
volving bodies and the great luminary in the centre,. 
Although Kepler himself erroneously mingled with tbft| 
infiuence which this law of motion led him to ascribe to 
the sun, a transverse force which he deemed necessary to 
maintain the projectile motion of the planets round the 
centre; yet others formed more correct ideas of the matter. 
— It seems to have been Huygens, who, fourteen yean, 
before the " Principia " was published, first showed the' 
true nature of centrifugal forces. — Several years earlier, 
however, Borelli, in treating of the motion of Jupitei 

■ Tt JB ccrCHin that its greater siinplicitj was, beToni Galileo's 
tilt only argument iuTaTour of the Copcmicsn ibcory against the Ptolea 
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Siittillites, considers the pliineta as having a tendency to 
resile from tlie sun and the satellites from the pknets, 
but as being "drawn towards and held by tliosc central 
bodies, and eo coniiiellcd to follow tberu in continued 
revolutions." He also moat accurately compares tlie re- 
ceding (or centrifugal) force with the tendency of a stone 
whirled in a slinfr to fly ofl' at every instant of its motion. — 
Hookcj a man of unquestionable genius, and whose partial 
anticipations of many great discoveries are truly remarkable, 
about the same time with Borelli, asserted that the at- 
traction of the eiin draws away the planets from moving 
in straight lines, and that the force of the attraction varies 
with the distance. He had, as early as 1GGI3, read to the 
Royal Society a paper explaining the curvilinear motion 
of the planets by attraction. — Halley, as well aa others, had 
even hit upon the inverse duplicate ratio, by supposing 
that the influence from the sun was diffused in a circle, or 
rather a sphere, and that therefore the areas proportioned 
to that influence were as the squares of the radii, and 
that consequently the intensities, being inversely as ihosc 
areas, were inversely as the squares of the radii or dis- 
tances. — Finally, Hookc had foretold, that whoever set 
himself to investigate the subject experimentally would 
discover the true cause of all the heavenly motions. 

Such were the near approaches which had been made 
to the law of Gravitation before its final and complete 
discovery. But although in thi?^ gradual progress it re- 
sembles almost all the other great improvements in 
science, in one material respect it diilers from them all. 
The theory was perfect which Newton delivered, and the 
whole subject was at once thoroughly investigated. It was 
not merely that the general principle hitherto anxiously 
Hought for, and of which others had caught many glimpsca. 
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tiona ; but almoet every consequence and application of * 
was either (raced, or plaJDly eketched out; it was p 
into ail the details; a systematic account of ita operation 
was given, symmetrical, and in its main branohca complete; 
so that, however nearly former inquirers had approached 
the general law, the distance was prodigious between their 
conjectures, how learned and happy soever, and the magni- 
ficent work which the genius of Newton had accomplished.' 
It must he observed, too, that, beside this grand achieT&- 
mcnt, the Frincipia performed three other most important 
services to physical and mathematical science. First. It 
laid a deep and solid foundation for subsequent discoveries 
ia the science of physical astronomy, both by the general 
principles of dynamics which it unfolded, and by the ap- 
plication which it made of these to the heavenly bodie 
nnd their motions. Secondly. It gave a complete system J 
of dynamics applicable to all subjects conuected witi 
motion and force and statics — a system throughout abound*! 
iug in the moat important original mathematical truths f 
expounded and proved with singular beauty, though with ex— l 
trcme conciseness. Thirdly. It propounded and showed tfaa I 
application of a new calculus, or method of mathematical 4 
investigation, that method by the help of which those truths j 
had been discovered ; and by which others, before rcstingJ 
upon on empirical foundation, were demonstrated. Thnal 
it is no exaggeration to say that, even if the great dis^ J 

• The siihaoqiicnt discoveries of mBlhematicians hj nieand of lio improv©- 1 
menu in the calculae, hare aAdtA new iUustrationa, and traced forthe^fl 
CDtisequenccs of tho theory. Bal there is only one tif their improTemBn 
which can jiisll; bo said to bare advanced the ciidencc of the rundamental J 
principlo fiirthfr tlian Sir L Newton bad carried it, by snppljing any d 
ftct which bo had left ■, we alludo to the reconcilement bj Clairaut of I^fl 
moon's apogcal motion according w (he theory witli tho olaerTalioM.^ 
Tliig is fiiUy exphiincd in the Sequel. It forma one of [ho ni 
passages in the whole hixtury of Beiviicc. 




I'Livery oi mt; law wiiitMi governs me universe were laKen 
away from tlic Principia, it would Still retain its rank at 
the head of all the worka of niathcmatician?, as the most 
woQiJerfuI scries of discoveries in geometrical science, and 
its application to the principles of dynamics. 

That the reception of this work was not such as might 
have been expected has frequently been alleged; and al- 
though an ingenious and well-meant attempt has lately 
been made by an eminent author" to relieve this country 
from its share of the imputation, chiefly by showing tbo 
estimation the author was Jield in immediately after its 
publication; it is, on the one liand, certain that Newton's 
previous fame was great by former discoveries, aud that 
after its appearance the Principia was more admired than 
studied. There is no getting over the inference on this 
head which arises from the dates of the two first editions. 
There elapsed an interval of no less than twenty-seven 
years between them; and although Cotes speaks of the 
copies having become scarce and in very great demand 
when the second edition appeared in 1713, yet had this 
urgent demand been of many years' continuance, the re- 
printing could never have been so long delayed; nor was 
I lie nest edition required for thirteen years after the se- 
cond. So that in forty years the greatest work ever com- 
[losed by man reached only a third edition ; and that third 
lias, during the succeeding hundred years, been the one 
generally in use : aitliough translations and excerpts have 
liecn published from time to time, and two editions were 
printed on the Continent, one at Amsterdam and one 
at Cologne. The doctrines of the work were, however, 
much more readily embraced and more generally diffused 
in this country, which had the benefit of Maclaurin's ail- 
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rairable view of the more general principIeB of the systemV 
published about the middle of the laat century. Oa the 
Continent they made their way far more slowly ; nor waa 
it until Voltaire employed hia great powers of elear ap- 
prehension and lucid etatement to give them currency, 
that the Cartesian prejudices of our neighbours gave 
way, and the true doctrine found a general and a willing 
acceptance. 

It must be admitted that the manner in which the truths 
of the Principia were unfolded, not only added somewhat to 
the slowness of the world at large in embracing them, but 
has also contributed to the reluctance with which meo 
have generally undertaken the task of reading that great 
work, and satisfying themselves of the proofs upon which 
its doctrines rest. Conciseness is everywhere rigorously 
studied. Not only docs the author avoid all needless pro- 
lixity and repetition in unfolding hia discoveries, but he 
leaves out so many of the steps of his demonstration, and 
iissumes hia reader to be so expert a geometrician, that 
the Inbour of following him is often sufficient to deter 
ordinary students from making the effort. If mathe- 
matical reading is never the same passive kind of operation 
with other studies, the perusal of the Piincipta is emphati- 
cally an active exercise of the mind. For what, to the 
intuitive glance of him who could discover the theorem 
or solve the problem, appeared too plain to require any 
proof, may well stop common minds in their progresn 
towards the point whither he is guiding them ; the dis- 
tances which he can stride at once over this difficult 
path must, by weaker persons, be divided into many 
portions, and travelled by successive steps. Add to which, 
that, as the method of proof is throughout synthetical, 
and as it is geometrical, the helps of modern analysis are 
thus withheld. Upon the whole, therefore, a most valuable 
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service was rendered to students by the able and Icarncii 
commentary of (he Futhcraj Le Setir and J;»cquicr, who, 
in 1739 and 1742, publislicd the Principia, wltii very 
copioiia illustrations, although it is to be regretted th;it 
they resort far less frequently to analysis than was de- 
sirable. It is remarkable enough, and aflbrda an addi- 
tional proof of the slow progress which truth had then 
made in some parts of Kurope, that these excellent author:' 
deemed it necessary to accompany their publication of 
the Third Book, which treats of the heavenly motions, 
with a declaration in these words : " Xewtonus in hoc 
tertio libro Teilurls mota; hypotliesim asscrit. Autoris 
propositionea aliter csplicari non potcraut, nisi cadcui 
quoque facta hypothesi. Ilinc alienam coacti eumiis 
gerere personam ; cicterum latis a sunimis Poiitificibu-'* 
contra Telluris motutn Decretis noa obscqui profitemur," 
Thid edition is dated, as might be supposed, at Kome.' 



The Principia begins with a definition of terms, and 
a compendious statement of the science of dynamics aa it 
existed previous to Newtnn's discoveries. The di finitions, 
eight in number, comprise that of qnantilij of tua/Lr, 
which is in the proportion of Its bulk and density, the 
density being the proportion of its mass to its bulk — the 
quantitif of wiod'ow, which is in proportion to the velocity 
and quantity of matter jointly — the vis incrtiw, which is 

• Jl imiBf. hmvcvcr, he otjEen'cJ, tJinl such bijjnlry and inhilcrinici- 
waj not confined to RniQC. As lata ns 1769, llurton was nini]<clli'(1, 
b* the interfere iifc of tlie h-orbonnc, to puUIitli a rccantutiun of hidic 
portion ofhis t'linlaslical llicory of tlic wrtli.uonipnilicniliilg. ns it Impiicniil, 
ihc very Tew things in it which Iini3 atiy reasonaWc fonniiniidn. \Vu oiij-lit 
also to mention, for the CTctlit of the Pjipnl Government, Ihnt n hilo i-oiitilV 
(Fiufl V]l.}pr("L'uriil ii ripcnl uf rhc ikcree agninst ihi: (lojKTnicnn sy^ll■nl. 
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the force or power of matter to persist in any gr 
state) whether of rest or of motion id a etraiglit line, 
to resist any external force impressed upon it to change 
that state — centripetal force, which is the power that 
draws towards a given point or centre bodies at a distance 
from it — finally, the three kinds of amount of centrii)etal 
force ; the absolute amount, in proportion to the inteusity 
of the power exerted in drawing towards the centre ; the 
accelerating, in proportion to the velocity generated in a 
given time; and the moving, in proportion to the motion 
generated in a given time towards the centre.' 

Two things are worthy of remark in these definitions a 
Jtrst, that, as if foreseeing the cavils to which his doft. 
trines would give rise, he guards, in a scholium, against 
the snpposition that he means to give any opinion respect- 
ing the nature or cause of cenfripetal force, much less 
that he ascribes any virtue of attraction to mere centres 
or mathematical points ; whereas he only means to express 
certain known and observed facts : secondly, that, in 
illustrating hia definition of centripetal forces, he really 
anticipates his great discovery ; for, after giving the 
examples of magnetic action, and of a stone whirled in 
a sling, he proceeds to the motion of projectiles, and shows 
how, by increasing the centrifugal force, they may be made 
to move round the earth, as may also, ho says, the 
if she be a heavy body, or in any other way be deflected 
towards the earth, and retained in her orbit. That force, 
he add?, must be of a curtiun amount, neither more nor 
less ; and the busineea of mathematicians is to find this 
necessary amount ; or, conversely, having the amount 
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* There are ci^t ilcfinitiont in the tKxik, ihongh wo have only giveii 1 
them under sorca heads, not having laaiJo a wparaic definition of the 1 
force imprcasai, ivJiich Is hciv mijiiticiicd ur«li:r llic imijorluiil lioud of tlio | 
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given, to find tlic curve in wliicli it makes the boJy move. 
The connexion between the iiifiuifies wliicli form the 
main subject of the two first books of tlie Principia and 
Physical Astronomy, the sulyect of the third, is thus 
explicitly stated ; but a plain indication is al^o hurc 
afibrded of the great discovery In which the whole inves- 
tigation is to end. 

The doctrinea of dynamics, known previously to liis 
discoveries, are then given in tlie form of curolhiries to 
the three general Laws of Motion. The _first law is 
that of the vis inertia, ali'eady exphiiued ; and it is 
to be observed here that a steady and clear conception 
of the tendency of all moving bodies to proceed in a 
straight line unless deflected from it, is, perhaps, more 
than anything else, that which distin<Tuishcd the Xewtonijin 
from the immediately preceding ductruies, mixing up ns 
these did more influences than one proceeding Ironi tlic 
centre with a view to explain the composite motion of 
the planets. 

The second law is, that all changes in the motion of any 
body, or all changes from rest to motion, are in proportion 
to the moving force impressed, and are in the straight 
line of that force's direction. 

The third law is, that reaction is always equal and 
opposite to action ; or that the mutual actions of any 
two bodies are always equal to one another, and In opposite 
direciions. 

From these laws ihe six corollaries which are added 
deduce the fundamental principles of dynamics ; and 
there is a scholium to the whole, which states the apjilica- 
tion of those principles to the descent of heavy bodies, 
and the parabolic motion of prnjectilcs. Of all the prin- 
ciples, the most importaut is that of the Composition and 
Resolution of fon'i's. As bv tlie firsi law a bodv aiwavs 
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perseveres in the straight line it moves in, 
far as some other force alters its direction ; and as by the 
second law any new force imprcBscd tends to move it in ita \ 
own direction, — it follows that, if two forces, not in the 
same nor in directly opposite directions, act at one time, 
and by an instantaneous impulse, on any body at rest, it 
must move in such a direction as that it shall be found both 
in a line parallel to the direction of the one force, and in 
a line parallel to the direction of the other ; that is to aay, 
in the diagonal of a parallelogram whose two contiguous 
sides are in the directions of the two forces, and are respec- 
tively equal to the space each force would carry it through 
in its own direction. Moreover, aa each force separately 
would have carried it to the end of the line of its direc- 
tion in the given time, it must move through the diagonal 
in the same time which it would have taken to move 
through cither side if either force had acted alone. 
Thus the direction of every motion occasioned by any two 
forces acting at an angle to each other, may always be 
found by completing tlie parallelogram of which the direc- 
tions of those forces are the contiguous sides ; and so of 
any motion occasioned by any number of forces whatever 
acting angularly. And, conversely, every motion of a 
moving body may be resolved into two, of which the one 
is iu any given direction whatever, and the other is found 
by completing the parallelogram, whereof that given direc- 
tion is one of the sides, and the direction the body movea 
in ia the diagonal. 

From this resolution of forces it is easily shown, that 
if any weights or other powers acting in parallel lines 
are applied to the opposite ends of a lever moving on a 
centre or fulcrum, the effect of each will be directly as its 
distance from that centre, in other words, as the length of 
the contiguous arm of the lever ; consequently, that if the 
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weights or powers are made inversely as those lengths, the 
whole will be in equilibrio or balanceO. This U the well 
known and fundamental principle of the lever, the founda- 
tion of mechanics; and it apjilies also to the wheel and 
axle and the pulley. The fundamental properties of tlie 
ecrew, the wedge, and the inclined plane are deduced in 
like manner from this important proposition. So may 
all the properties of the centre of gravity, and tbe method 
of finding it; for, in fact, the fulcrum of the lever is the 
common centre of gravity of two bodies e'jual to the 
two weights, and placed at the opposite ends of the 
lever; and the line joining the bodies is divided in the 
inverse proportion of those bodies. It also is easily shown 
that the common centre of gravity of two or more WJiea 
is not moved, nor in any way affected, by their mutual 
actions on each other, but it either remains at rest, or 
moves forward in a straight line. So arc the relative mo- 
tions of any system of bodies, whether the space they 
occupy is at rest, or moves uniformly in a straight line, 

The Scholium to the Laws of Motion first considers 
very briefly the motion of falling bodiea which descend 
with a velocity uniformly accelerated, that velocity which 
is given to them by the attraction of the earth during 
the first instant continuing and having at each succeeding 
instant a new impulse adde<L The acceleration, therefore, 
is as the time; and they move through a space propor- 
tional to the velocity and the time jointly, conse'jucntly 
proportional to the srjuare of the time, since the velocity is 
itself proportional to the time.* 

* Velocilj is aa time, i. e., v is ai m I ; space is as Ttlocily x time, 
or » a* V K ( ( therefore space is as lime x lime, or as square of tunc, Ihat 
is, • ii as « / X (, or n (-.—The liroportion of thu' fpacc fallen tiirough 
by the force of gravicj {or movcJ ihrough hj nnj- hiaiy unifurmly nrce- 
Icrated) lo the eqasrc of ihn limce, is also demunslratcil thus. Let llie 
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The Scholium next, with equal brevity, Btfttes tbe 
projectile motion of heavy bodies. If a body be impelled 
in one direction by a force producing a uniform motion, 
and in another direction at any angle with the former' 
by a force not uniform but atoelerated, the diagonaUl 
which it will move through will at every instant changa, 
their direction towards the quarter to which the acoe*^ 
lerating force tends. But a eerica of such diagonal: 
a polygon of an infinite number of sides, tn£nitel/' 
small : in other words, a curve line. Now in the case 
a projectile, this continued or accelerating force is sucb 
as to make the body, if no other force acted on it, fall 
through spaces proportional to the square of the times. 

T«locit/ ncqnireil at anj moment F 
Ibe rcloci^ imifonnlj uictcbam, c 



ed 

ie>H 

i 



BDd thenforo tbe line A C is a etcaight line, and ibe triuiglMAF]| 
ABC, arc similar. Bdt if 7N i« inliniu-lj near P M, or P u repraecntt d 
«maUc8t coaceiiable time, ilio motiou during thnt tima maj be c< 
to be anifonn and not acMlerBtod. Now tbe epace through wbich ■ 
bodj moves is as tho wiocilj' iniilliplicd by the time (j — ul), Ihereron til 
apace mox-ed ttirough in ilie time P cj is as P 7 ■ 7 N. So the space mon 
tbrongh in tbe time A B will be sa the stun of all tho smoU 
P 9 ■ N 9, or aa Uie triangle ABC. But the triangle A B C is (o M17 ol 
tit the triangle* APM as AB' : AP'; therefore tbe spocoa a 
■qmirea of the timeB. The grcnt general importaoce uf tbia propoiiA 
which Qalilco fim proved, makci it neccssiuy to huvo tho domonstn 
cleorlf fixed in the icodor'B recollection. 



NEWTONS PRINCIPIA. 



19 



Tlic other force acting once for all would make it, were 
ibere no gravity acting, move in spaces proportioneJ to the 
times simply. The latter or projecting force woulJ make 
it move through AB uniformly, or in spaces proportional 
to the times ; the force of gravity wouhl make it move 



^ 



through AP with a motion proper lioncil to tlic sijuare 
of the times; therefore it will move in a curve passing 
through M, ifPM is et^iial, anil parallel to AI5 ; an J 
AP will be as the square of AI> or PM, which ia the 
property of the conic parabola w. AP = PJr', m being 
the parameter to the point A. 

The Scholium concluJcs by stating some consequences 
of the equality of action and reaction) the third Law 
of Motion, with respect to oscillation and impact, and 
also with respect to mutual attractions; of which conse- 
quences the most important is that the attraction or weight 
of heavy todies in respect of the earth, and of the earth 
in respect of them, is equal. 

The great work itself, after those preliminary though 
essential matters, proceeds to its proper subject, lint 
in order to show how the demonstrations are conducted, 
a short treatise is prefixed upon the method of Prime and 
Ultimate Ratios, in eleven Lemmas, with their corollaries. 

This method consists in considering all qnautitios as 
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generated by the unifonn progression or motion of other 
quantities, and examining the relations which the smallest 
conceivable spaces thus generated by this motion bear to 
one another, and to the spaces generated at the moment of 
their Inception, or when they arc naacent, which is termed 
their prime ratio, and at the niomcnt of their vanishing, 
or when they are evanescent, which is termed their ultimate 
ratio. Thus a point moving along in a straightforward 
direction generates a straight line ; a line moving parallel 
to itself, or two lines moving at right angles to one another, 
generate a rectangle : one line moving, while a point in it 
moves along it so that its progress on the moving line ■ 
always bears a given ratio to the progress the line hag ] 
made (m.AP = PM), describes a triangle; the same ] 
motion, if the progress of the point bears a variable J 




relation to that of the lino (x . AP = PM'; x.x AP I 
being some function of A P), describes a curve line and ] 
curvilinear area ; and so of solids, which are generated by I 
the motion of planes. 

It follows from this mode of generatioli that if the length J 
of any curve line be divided into an infinite number of I 
lines, the aura of these will not differ from the curve | 
line by any assignable quantity, nor will each differ from I 
a straight line; and if its area be divided into an infinite I 
number of smaller areas by lines drawn parallel to the | 



line whose progressive motion generated tlie curvilinear 
srea, the sum of these iofinitcly narrow areas will ililltr 
from the area of the curve by a difference lena than any 
sssigoablc quantity, nor will each differ from a rectangle ; 
in other words, the ratio of the nascent curve line iinil 
nascent curvilinear area will be that of crjuiility willi the 
Email lines and small rectangles, and the uUiiiiute ratiii ol 
the sums of the lines and rectanglcB to the wlioh; eurv! 
line and curvilinear area, rcsiicetivcly, will be llmt ni' 
equality : — Or to put it otherwise, if the axin of tin: ':urvr! 
be divided into parts IT, &c., and the area hitu Mp:ir;i;n 
PMRP, &c., by ordinalcs I'JM, i'K, &c., ajid lljo nun.- 
ber of these spaces be increased, and thtir bn:a'Jili I' I' 
be diminished indefinitely, wiilcli is the {iperuliuji of llie 



generative motion of PM, the .-iiie uf tacli ui' l.li'; HTtiall 
BpacesMNRO (by which the cnrviiineararenidiffr from 
the rectangles) diminislics indctiriilcly, and thi: iilliitiat'! 
ratio of all the curve areas P.MItP, and all tin; rc':liirj^lr:i( 
PXRP, becomes that of equality, and ihfrefViri; Ihe ^uni 
of evanescent differences XMOlt, XllOlt, Ikr., whereby 
the whole curvilinear area diffrra from the whole amount 
of the rectangles PXKP, become-tle.iri than any afwl;^nablc 
quantity, or the curvilinear area coincides with the sum 
of the rectangles. And so of the auin of all tiic dia^'onala 
MR, RR, &c., which becomes the curve line MK A. 
llcncc wc infer that the amount of these email spaces 
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or quantities N M O R, formed by multiplying together 
two evanesccDt quantities, is as nothing in comparison wUh 
the rectangles P M O P formed by only one evanescent 
quantity multiplied into a finite quantity, and may be 
neglected in any equation that expresses the relations of 
those rectangles with each other. But if some other 
quantities be found which arc, in comparison with these 
small ones, themselves infinitely small, the areas formed by 
multiplying this second set of small quantities may bo 
rejected in any equation expressing the relatione of those 
first small ^quantities. 

Thus we have the origin and constitution of quantities 
which in the Newtonian scheme are called fluxions of 
different orders, because conceived to express the manner 
of the generation of quantities by the motion of others, 
and in Leibnitz's language are called infinitesimals or 
diffcre/ices, because conceived to express the constant addi- 
tion of one indefinitely small quantity to another. Ob- 
taining the fluxions, or the differences, from the quantity 
generated by the motion or by the addition, is called the 
direct methoil ; obtaining the quantity generated from the 
fluxions, or finding the sum of all the differences, is called 
the indirect method. The one theory calls the direct 
method that of finding fluxions, the indirect that of finding 
fluents ; the other theory calls the former differentiation^ 
or finding differentials, the latter integration, or finding 
integrals. The two systems, therefore, in no one respect 
whatever dltTer except "in their origin and language; 
their rules, principles, applications, and results, are the 
same. 

A diflPerent symbol has been used in the two systems;. 
Kewton expressing a fiuxion by a point or dot, and tb 
fluxion of that fluxion, or a second fluxion, by two dot 
and so on. Leibnitz prefixes the letter d, and its povre 
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tP, tP, &c., instead, to express tlie diffcrcntiala. In like 
manner / for sum is used by tlie latter to express tlie 
integral, and/ by the former fur the lliicnt. Although 
the continental method of notation is now generally used, 
and ia on the whole most convenient, yet it hiis its inconve- 
nience, as the d is sometimes confounded with cD-efiicients 
of the variable quantities; it is in some respects, ton, not 
very consistent with itself; as by making d .r- mean the 
square of the Jluxionj or differential of j-; whereas it, 
ftrictly speaking, appears to denote the dilFercntial of x\ 
There can be no doubt, however, which notation is the most 
convenient in the extension of the system to the calculus of 
variations, where the symbol is'S ; for, although the varia- 
tion of a fluxion or differential may perhaps even more 
conveniently be expressed by 6 i than by i d ,r, yet the 
t]uxiou of a variation can with no convenience he expressed 

by~, or otherwise than by dix. The expression of 

second fluxions undeveloped is al.-^o far less convenient 

by the Newtonian notation. Thus the fluxion of - ■' is 

sometimes required to be expressed without ilcvclopemcrt, 
aa in the expression for the radius of curvadirc, where 
it is often expedient not to develope it in the general 

equation, but to find ■' in terms of j; or '/before taking 
its fluxion ; yet nothing can be more elumsy than to place 
a dot over the fraction, whereas 'n''''j is perfectly con- 
venient. 

Several important considerations arise out of the nature 
and origin of tlicso infinitesimal quantities as we have 
described them; and to these consiilcrations we must now 
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Buxions or difTerentiala of all quantities, and, conveTselj, H 
lead to those for investigating or finding the fluents or 1 
integrals of fluxional or differential expresBione. 1 
A rectangle A M being generated by the side P M 1 
moving along A P while the aide N M moves along A N, H 
the movement or fluxion or differential of A M, or of 1 
A P X P M, IB P S + M 0, part of the gnomon P S ■ 


" 






1 






1 

+ SO, because the rectangle M Via evanfiBcent compared ■ 
-with the other two, and is to be rejected. Therefore the H 
differential ofAP x PM = PM x PT+ NM ■ 

X N O.orPM X PT + AP X MR. CallingAPB 

= X, and P M = y, and P T = dx, and M R = d;,, 
we have the differential o£ x y = x djj + yd x. But if 
the figure be a square, and A P = P M, or :r = y, then 
the differential \a 2 x d x. So if we would find the diffe- 
rential of a parallelepiped whose sides are x, y, and z, 
we shall in like manner find that it h x y d z + x xdy 

-^ yzdx\ \i X = z, then li is 2 y x d x + 3^ dy; and 
if a: = 5, = r, or the figure be a cube, it is 3 ** d x. 
From hence, although the geometrical analogy serves ua 
no further (as there are only three dimensions in figures), 
we derive by analogy the rule that the differential of 
^r" is m«"-' d x. Also there is no dimension of figure leaa 
than unity ; but by the same analogy we obtain the dif- 



„r= ^ ^ ^- 

Consistently with the same principiei, we may JeJuce 
tliis rule otherwise and more -trictly. Let i ~d x X-e 
the quantity when iDcreaied by the diflcrentiAl. This 
multiplied by itselfj or its square when comjiloted, i; x' 
+ 2 xdx->t-{dxf; but to have the mere increment or dif- 
ferential we must deduct x^, and we must also reject i <I z)' 
as evanescent compared with the function Hxdx, which 
leaves 2 xdx for the differential. So the cube is j-' + 
3 x^ rf x + 3x((/x-) + (rf xj', and rejecting, m like manner, 
wc have 3x- dx; and by the binomial theorem [> — i/xj" is 
x"'+mx'^' t/x, +&C. + (cf j)"*, of which only the second 
term can upon the some principles be retained ; that is 
tax"*-' dx: And the same rules apply to the ditterentials 

of surds; BO that the differential of (x + y)- is ■', 

It also follows that the fluent or integral is a quan- 
tity such that, by taking its fluxion or ililltTfiitial 
according to the foregoing principles, you obtain the 
given fluxional or differential esprcs^-ion. Tims if ive 
have to integrate any ijuanlity as x'" il j; wc divide i>y 
7H + 1, and increase tlic exponent by unity, and erase 

the differential quantity : ^o that -'' , is the intoynil 

required. But as every luulliplieatiou of any two quan- 
tities whatever gives a iinile product, and every involution 
a finite power, while wc can only divide so as to obtain a 
finite quotient, or extract so as to obtain a finite root, 
where the dividend nr the power operated upon hapjiens 
to be a iicrfcct nroduct ur a ncrfect nower: so in like 
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manner we can only obtuin the exact Integral where tlie 
expression submitted to ua ia a complete dilferentiaL Thus, 



na expression ae 



is not integrable, for wont 



of the X in the numerator; and various approximatjona 
and other contrivances are resorted to in order to ac- 
complish or, at least, approach this object, of which the 
methods of serieSj of logarithms, and circular arcs arc the 
most frequently used. The simplest case of integration 
by aeries may be understood in examples like the lost; 
for if the square root be extracted by a series, we may be 
able to integrate each term, and so by the sum of the 
integrals to approach the real value of the wliole, 

From the doctrine as now explained, and the original 
foundations of the method as traced above, it follows that a 
variety of the most important problems may be solved with 
ease and certainty, which by the ancient geometry could 
only in certain cases, or bya happy accident, be investigated. 
Thus the tangents of curves may be found. For as the 

subtangent SP:PM::M N : T N, SP=^'^^'*^^ 




^^^H fore we 
^^^^H terms o 



=?1^ : And so the perpendicular may always be drawn; 

for the subnormal RP = -s-5-=^^7^=^4-. There- 
or ydx fix 

fore we have only to insert the one of these quantities io 

terms of the other from the equation between x and y (the 

equation to the curve), and we get the expressions for tlia 
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wliose efiuation Is (/-= n;f, the aubtiiBEcnt ■ , = "-' 



subtangent and subnoriuiil. Thus in tlio common parabola, 
[uatior 



whose equa- 
tion 13 Ti/=a', tlic suhtargciit is— j-. So in tlic circle 
(till! subnovmal) = r — j: {r being 

the radius); all which wc know from geometrical deiiion- 
Btration to be true. 

Xcxt, it is evident lliat when a quantity increasing has 
attained its maximum, it can Ijave no I'urther increment ; 
or when decreasing it has attained its miniinnni, it cau 
have no further decrement; consequently in eucli cases 
the ditftrentiiil of the quantity is equal to nothing.* Hence 
a ready solution is afforded of iirobicms of maxima and 
Diinima. Thus would wc know the ])voi>ortiou which two 
sides of a rectangle must have to each other, in order 
that, their sum being given, they may form a rectangle con- 
taining the greatest space possible ; the dillercntiiil of the 
rectangle must be put equal to nothing. Thus their sum 
being = n, the quantities are j and a —x, .and their rectangle 
is a.T—x', its diffcrcntiitl iiilx—'2xil.L;aiid this being 

put = 0, we have ud x — 2 x d ,r, or J' — - : therefore the 

figure must be a square. So would we know the point of 
the parabola ('< — tJ-^c (^ — '■) where the curve comes 
nearest the Hue li, the orduiate _// must be a niiui::iuni, and 

d ij=0. Now y = '^' "•'''" + -■, and ,/</ - --'~'' x 



liiodus FluxlonHiK — OjMncnh, tuiii. i. ip. sii. t 
howcvur. Utoii siiite univi.'rsallj' juliiiJiicil iliii( 
\o ivsufl ihe cliaiigo "if iIil' sis" "s llu: cfUfi'ii 
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—dx, which being put = gives us x=b; or, at the 
extremity of the line b, the curve approaches the neareat ; 
and that whatever be its parameter; for a hae vanished 
&om the equation. 

Again, we have seen that the ultimate ratio of the 
sum of all the rectangles M P x P Q, contained by the 
ordinatcs and the increments of the abscissa to the curve's 
area A P M is that of equality ; or, in other words, that 
the differential of a curvilinear area being the rectangle con- 
tained by the ordinate and the differential of the absctssOt 
oryffj:, the integral of tbie, or the sum of all those small 
rectangles, is equal to the area. In tliis expression, thea> 
let y be inserted in terms of x, and the integral gives the 
area. Thus in the parabola !/= Va x\ therefore d x-^ax 
is the differential of the area, and its integral, or which ia 
2 y 2 y» 



the 



B thing, the int^al of - 



xy, that is, - xy, or two-thirds of the rectangle of tho 

coordinates ; as we also know from conic sections. 

Next, we have seen that the ratio of the infinitely amall 
rectilinear sides into which a curve line may be divided 
(each of those small lines being the hypothenuse of a 
right-angled triangle, the sides of wliich are the differentials 
N T, M N of the co-ordinates), to the infinitely small 
portions of the curve itself is that of equality; therefore 
the differential of the curve is equal to tlie square root of 
the aura of the squares of the differentials of the ordinate 
and abscissa, and that differential is equal to Vdx^ + duK 
Hence in the circle, an arc whose cosine is x and radius 



s equal to the integral of -■ - ^— ^ . And s 
sine is r—x, is equal to the integral of —-- 



I whose 
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Again, because solids may in like manner be con- 
Eideretl as composed of infinitely tliin solids oi* plates, 
one placed upon tbe other, their differential is the area of 
the surface multiplied by the differential of the axis. Thus 
the base of any solid generated by the revolution of a 
surface rectilinear or curved must be a circle, and the 
proportion of the radius to the circumference being taken 
as r : c, y being the ordinate to the line bounding the 

vertical section, the surface will be — -- and the diflerential 

of the axis x being dx, tbc differential of the solid will be 

- , in which y in terms of i being inserted from tiic 

boundary line's equation, the integral gives the solid con- 
tent. Thus if the line which bounds is straight and 
parallel to the axis, or the solid Is a cylinder, its content 
is the circle multiplied by the axis; and if the line is drawn 
to a point in the axis, or the solid is a cone, then its content 
is onc-tbird of the same product, or one-third of the cy- 
linder — well-known properties of those two figures, proved 
by ordinary geometry. So in like manner wo find the 
sphere to be two-thirds of the circumscribing cylinder, 
the celebrated discovery of Archimedes, of which he caused 
the diagram to be inscribed on his tomb. 

Lastly, it may in like manner be shown that the radius 
of the osculating circle at any point of any curve, that 
is, the circle touching it at such point, and having 
the same curvature with it at that point, is equal to 

(dx^ + <! i/'W , , , , „ , . 
^/~T' wlicre d ij being found m terms of 

X, the differential of y'- is to be taken, so that there 
dx 

will in the result in eacli case be no dilll-rcntiid .it all. 
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ThoB in the parabola ^^=3 a 7, the radius of curyature i 



-^■- 



2i + o 



x(2.: + o). 



In all these operations, however, it must be observed, 
that as constant or invariable quantities have no dif- 
ferentials, BO when we reverse the operation and find in- 
tegrals from given differential expressions, we never can 
tell whether a constant must not be added in order to com- 
plete that quantity, by taking whose differential the given 
expression was originally obtained. The determining of 
this constant (luantity, and the finding whether there be 
any or not, depends upon the particular conditions of each 
problem. It is always added as a matter of course. 
Thus when we integrate d x + i! i/, we cannot tell whether 
this quantity arose from taking the diiferentials of ^ and y 
only, or from taking the differential of a: + y + c ; and it 
must depend upon the nature of the question whether c is 
to be added to the integral or no ; and if to be added, how 
it shall be ascertained. 

Having explained this important method of investigation, 
by the help of which Newton was enabled to make his 
greatest mathematical discoveries, and by the principles 
of which he demonstrates them in the Principia, it only 
remains, before proceeding to the analysis of those dis- 
coveries, that we should remark the preference which he 
gives to the geometrical methods, improved and adapted 
to his purpose by the doctrine of Prime and Ultimate ratios. 
He uses this doctrine similar in principle to, and the foun- 
dation of, the noble and refined calculus which we have 
been considering ; but he does not at all employ that 
calculus. 
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The First book treats of the motion of bodie 



out regard to the resistance of the medium that fills the 
space in wliich tliey move; aud it is principally dcvnted 
to the cousideratioii of motions iu orbits dclcrniiiicd by 
centripetal forees, and to examining the nttnieliim of bodies. 
The Second book treats of the resistance of fluids eliiufly 
as affecting the motions of bodies that move in them. 
The Third hook contains the application of the principles 
thua established to the motions, attractions, and figures 
of the heavenly bodies. 

I. 

The fundamental propositiuu, as it may jut^tly be termed, 
of the whole system, is one which Newton's predecessors 
may be said to Lave nearly reached; which Kejder, had 
he been more inclined to trust de ni on* t ration than em- 
pirical ohscr^-atioD, probably would have attained : and 
which Galileo would certainly have discovered had be con- 
templated the facts discovered by Kepler, particularly his 
second hw * ; The proposition is tliis. If a body is driven 
by any single impulse or force of projection, and is also 
drawn continually by another force so as to revolve round 
a fixed centre, the radius vector, or iiuc drawn from the 
body to that centre, describes areas which arc in the same 
fixed plane, and are always proportional to the times of the 
body's motion ; and conversely, if any body which moves 
in any curve described in a plane SO that the radius vector 
to a point cither fixed or moving uniformly in a straight 
line, describes areas proportional to the times of the body's 
motion, that body is acted on by a cciitripctal force tending 
towards and drawing it to the point. 

To prove this, we have to consider that if a body 
moves etjuably on in a straiglit line, the areas or triangles 

• Sec the historical iiolici^ nhovc rc-]«:crilig tlii<; ica.ud l;iw, li?.. Uinl llif 
plonels (IcECribe aieia pmpuiliniiul to ilie tiiuc; b_r ilii^ii- ra<lii t>.'ii<jri<s. 
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vhich are described by a line drawn from it to any 
point are proportional to the portions of the sti-aight line 
through which the body moves, (that is to the time, aince, 
moving equably, it moves through equal spaces in equal 
times,) because those triangles, having the same altitude, 
are to one another in the proportions of their bases. S 
being the point and AO the line of motion, SAB is to 
SB c 03 A B to Be. If then at B a force acts in the line 
S B, drawing the body towards S, it will move in the 
diagonal B C of a parallelogram of which the sides are 
B c and B V, the line through which the deflecting force 




would make it move if the motion caused by the otiier 
force ceased. Cc therefore is parallel to VB, and the 
triangle SBC is equal to the triangle SBc; consequently 
the motion through AB and BC, or the times, arc as the 
two triangles SAB and SBC : and so it may be proved if 
the force acting towards S again deflects the body at C, 
making It move in the diagonal C D. If, now, instead of 
this deflecting force acting at intervals A, B, C, it acts at 
every instant, the intervals of time become leas than any 
assignable time, and then the spaces AB, BC, CD will 
become also indefinitely small and numerous, and they will 
form a curve line ; and the straight lines drawn from any 
part of that curve to S will describe curvilinear areas, as 
the body moves in the curve ABCD, those areas being 
proportional to the times.— So conversely, if the triangles 
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SBc and SBC are equal, they are behveon the same 
paraUels, and eC ia parallel to SB, and l>d to SC; 
consequently the force which deflects acts in the lines SB 
and SC, ot towards the point S. — It is equally manifest 
that the direction of the lines Be, C (/, from \vhicli the 
centripetal force deflects the body, is that of tangents to 
the curve which the body describes, and that consequently 
the velocity of the body is in any given point inversely 
proportional to the perpendicular drawn from the centre to 
the tangent; the areas of the triangles wliose biises are 
equal, being in the proportion of their altitude, that is, 
of those pcrpendiculare, and those areas being by the pro- 
position, proportional to the times. 

There are several other corollaries to this important 
proposition which deserve particular attention. 1! c and 
ID e are tangents to the curve at B and D respectively ; 




B C and D E the ares described in a ^'iven time; C c 
and E e lines parallel to the radii vcetorea S B and S D 
respectively ; and C V, E rf parallel to the tangents. The 
centripetal forces at B and D must be in the proportion of 
V B and d D (being the other sides of the parallelograms 
of forces) if the arcs are evanescent, so as to coincide with 
the diagonals of the parallelograms Vc .and if c. Hence 
the centripetal forces in B and D are as the versed sinc^ 



34 



NEWTONS PEINCIPIA, 



of the evanescent arce ; and the aaine holds true if insteaAi^ 
of two area in the same curve, we take two area in dif- 
ferent but similar curves.* 

From these propositions another follows plainly, and ita 
ooDsequenccs are most extensive and important. If two 
or more bodies move in circular orbits (or trajectories) 
with an equable motion, they are retained in those paths 
by forces tending towards the centres of the circles; and 
those forces are in the direct proportion of the squares of 
the arcs described in a given time, and in the inverse pro- 
portion of the radii of the circles- 
First of all it is plain, by the fundamental proposition, 
that the forces tend to the centres S, s, because the sectors 
A S B and P B S being aa the arcs A B, B P, and the 
sectors a s f>, p d s, aa the arcs a b, b p, which arcs being 
all as the times, the areas are pro{)ortional to those times 
of cteBcriblng them, and therefore S and a are the centres 
of the deflecting forces. Then, drawing the tangents A C, 
a c, and completing the parallelograms D C,d c, the diago- 
nals of which coincide with the evanescent arcs A B, a &, . 
we have the centripetal forces in A and a, as the versed 
sinea A D, a il. But because A B P and a b p are right J 
angles (by the property of the circle), the triangles ADB, J 
A P B, and a d b, a p b, are respectively similar to one 1 
another. Wherefore AD:AB::AB : APand Ad| 
AB' 



'AP' 



knd in like manner a d = — ^', or,as the evaa- I 
ap ■ 

AB* 



a(/=aro — . Now these are the properties of any arcs d»*l 
scribed in ec|ual times ; and the diameters arc in the pn>> J 

* IT BC, DK vc biiectcil, the propbrtiua ia roand with llie hi 
of V B, Dd) and that \t (ha same praportion with tha wholo vorscd a 
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portion of the radii ; therefore liio centnj>et,ii forces sire di- 
rectly as the squares of the arcs, and invei'sdy as the radii. 





It is difficult to imagine a proposition more fruitful 
in consequcncca than this ; and therefore it has been de- 
monslrnted with ade(|uatc fulness. 

In lhe_/?rs( place, the arcs described being as the velocities, 
if F.yare the centripetal forces, nnd V, '■ the vcloeiticsj and 
R, r the radii, F :/ ;: V' : 'j'; iindalso :: r : R ; orF : 



/:; 



R 



Kow aa in the circle V and r>, v and r 



are both constant quantities, the centripetal force is itself 
constant, which retains a body by deflecting it towards 
the centre of the circle. 

Secondli/. The times in which the whole circles are 
described (called the periodic times) are as the total cir- 
cumferences or peripherics ; T : ( :: P : y : IJut the pe- 
ripherics are as the radii nv :: R : r. Therefore T : 
V f , 



R : 



T 



rcfurc 



ivoisejy aa 



K 



R' 



iho raJii, or T : 1 : 

V- '■' 
llie ccntri[ict;il forces F :y':: ■,■.'' sul'o'itiiliii}! tVir the 
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ratio of V* : v\ its equal the ratio of m* ^ 5» F :/:: 

= : ~; or the centripetal forces are directly as the 

distances and inversely as the squares of the periodic 
times; the forces being as the distances if the limes 
are equal; and the times being equal if the forces are 
as the distances. — It also follows that if the periodic 

times are as the distances, then F : f : : ^r^ : -% ; that is, 

- ' -^ n» r* 

:: Ti • '9 or inversely as the distances. — In like man- 

ner if the periodic times are in proportion to any power 
n, of the distance, or T : / :: R» : r», we shall have 

T^ : /^ :: R^- : r^ and F : / :: ^ : ^.; that is 

• Tjsim • ZaJTT 5 aod conversely if the centripetal force 

is in the inverse ratio of the (2n— 1)^** power of the dis- 
tance, the periodic time b as the n^ power of that dis- 
tance. — Likewise, as the velocities of the bodies in their 

R r 
orbits or Y : v ::^ : j, if we make T : / :: R" : r", 

then V : V :: gi : ^, or :: g;j;::i : — j. Thus, sup- 

3 
pose n is equal to ^ we have for the velocities V : v 

: : —i ^ : — =r, or they are in the inverse subduplicate prt)- 

VR Vr 

portion of the distances; and for the centripetal forces we 
have F : / :: '^^^^ : ^5:11 •* g2 * ;:a5 ^^ ^^ attraction 
to the centre is inversely as the square of the distance. 



Now if "-^, T : r : R^ : r'^, or 'P : t' :: \V : r' ; in 

otIicT worJa the ariuarcB of the periodic times are as the 
cubes of the distances from the centre, which is the law 
discovered by Kejilcr from observation actually to pre\ail 
in tbe case of the planets. And us he also showed Crtun ob- 
aervatioD that they describe equal areas in equal times by 
their radii vectorea drawn to the sun, it follows from the 
fundamental proposition, ^ri(, that they are deflected from 
the tangents of their orbits by a power tending towards the 
sun; and then it foIIows,*c'cu7i(//(/, from the last deduction rc- 

spectingit, (namely, theproportioiiofF : '•■ir, •' -.,i) that 

this central force acts invcracly as the squares of the 
distances, always supposing the bodies to move in cir- 
cular orbits, to which our demonstration lias bitiierto 
been confined,' 

The extension, however, of the same important pro- 
position to the motion of bodies in otiier curves is easily 
made, that is to the motion of bodies in different parts 
of the same curve or in curves which are similar. For 
in evanescent portions of the same curve, the osculating 
circle, or circle which has the same curvature at any point, 
coincides with the curve at that point; and if a line is 
drawn to the extremity of that circle's diameter, A M B 
and a m l> may be considered as triangles; and aa they arc 
right angled at JI and m, A M- is e([ual to A T x A B and 
a m^ Xo a pxa I/; and where the curvature ia the same 
as in corresponding points of aiuiilar curves, those squares 
are proportional to the lines A P, or u ;< ; or those versed 

• Wo ihall afterwards show, frnm other conji derail on s. iliat ilii' si'sijiii- 
plicate propoOion only holds true on rhe siiiipcisiiion of llio dudits nil 
inutiiig witbout exerting any nciioii on cuch ollitr, uliun tie loiiii: [i> coii- 
siikr Laplace's theorems on ellijiliiiil niolioii. 
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sines of the arcs A M and a m are proportional to the 
squares of the small arcs. Hence if the distances of two 





bodies from their respective centres of force be D, d^ the 
deflecting force in any points A and a being as the versed 
sines^ those forces are as A M^ : a m^; and from hence 
follows generally in all curves, that which has been demon- 
strated respecting motion in circular orbits. 

The planets then and their satellites being known by Kep- 
ler's laws to move in elliptical orbits, and to describe round 
the sun in one focus areas proportional to the times by their 
radii vectores drawn to that focus, and it being further 
found by those laws that the squares of their periodic times 
arc as the cubes of the mean distances from the focu8> 
they are by these propositions of Sir Isaac Newton which 
we have been considering, shown to be deflected from the 
tangent of their orbit, and retained in their paths, by a 
force acting inversely as the squares of the distances from 
the centre of motion. 

But another important corollary is also derived from 
the same proposition. If the projectile or tangential force 
in the direction A T ceases (next figure), the body, 
instead of moving in any arc A N, is drawn by the 
same centripetal force in the straight line A S. Let A n 
be the part of A S, through which the body falls by the 
force of gravity, in the same time that it would take to 
describe the arc A N. Let A M be the infinitely small 



arc deacribeJ in an instant; anil A P its vcrsej sine. 
It wag before shown, in the corollnric3 to the first jiro- 
position, that the centripetal force in A is as A P, anil 
the boily would move by that tbrcc through A P, iu the 
eaiue lime in which it describes the arc A M. Now iIlc 
force of gravity being one which operates like the ceolri- 
petal force at every instant, and unifonnly accelerates the 
descending body, the spaces fallen through will he as the 
6()uare3 of the times. Therefore, il' A n is the space 
tlirough which the body falls in the stimc time that it 



would describe A N, A P ia to ,V « as the stjuarc of tlic 
time taken to describe A M to the s(|uarc of the time of 
describing A N, or as A JI- : A X-, the motion being 
uniform in the circular arc. But A M, the nascent arc, 
18 equal to its chord, and A M B being a right angled 
triangle as well as A P JI, A B : A M :: A M i A P and 

A P= . .. . Substituting this in the former proportion, 

we have .-,,- : A >i :: A M- : A N-, or A « : A N"- 
A B 

;: ~y- : AAP, that is :: 1 : AB. Therefore A X- 

= Ah X A B, or the arc described, is a mean propor- 
tional between the diameter of the orbit, and the ^pace 
through which the body would fall by gia\ity alunc, in 
the same time in which it describe^' the nrr. 
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Now let A M N B represent the orbit of the mooa ; 
A N the arc describe*! by Jier in a minute. Her whole 
periodic time is found to be 27 days 7 hours and 43 mi- 
nutes, or 39,343 minutca; consequently A N : 2 AN B 
:: 1 : 39,343. 

But the mean distance of the moon from the earth 
is about 30 diameters of the earth, and the diameter of 
her orbit, 60 of those diameters ; and a great circle of the 
earth being about 131,630,572 feet, the circumference of 
the moon's orbit must be 60 times that length, or 
7,897,834,320, which being divided by 39,343 (the num- 
ber of minutes in her periodic time), gives for the arc 
A N described in one minute 200,743, of which the 
square is 40,297,752,049, or AN', which (by the propo- 
sition last demonstrated) being divided by the diameter 
AB gives A n. But the diameter being to the orbit 
aa 1 : 3.14159 nearly, it ia equal to about 2,513,960,866. 
Therefore A n = 16.02958, or 16 feet, and about the 
third of an inch. But the force which dcflecta the moon 
from the tangent of her orbit, has been shown to act 
inversely aa the square of the distance ; therefore she would 
move 60 x 60 time» the same space in a minute at the 
surface of the earth. But if she moved through eo much 
in u minute, she would in a second move through so much 
less in the proportion of the squares of those two times, 
as has been before abown. Wherefore she would in a 
second move through a space equal to 16^'^ nearly 
(16.02958). But it is found by experiments frequently 
made, and among othei's by that of the pendulum *, that a 



* It is fonad that a pcndiilDm. vibrating socoDds, ia about the length 
or 3 feet 3{ iachos in tliis latitude ; snil the space tlirough which a bod/ 
falla in a. second ia to half this length as ihc square of the circumference of 
a circle to that of the diameter, or lu 9.8695 : 1, and tliat is ihc proportion 
of the half of 3 feel 3{ inches to somen-bot more thau 1 6 feet. 
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body falla about tliis ripace in one second iiiKin the surface 
of the earth. Therefore the force whieli dcHects the moon 
from the tangent of her orbit, is of the saiuc amount, and 
acta in the same direction, iind follows the same proportions 
to the time that gravity does. But if the moon ia drawn 
by any other force, she must also be drawn by gravity ; and 
as that other force makes lier move towards the earth Ifi 
feet 3 inch, and gravity would make her move as much, 
her motion would tiiercfore be 32 feet j inch in a second 
at the earth's surface, or as much in a minute in her orbit ; 
and her velocity in her orbit would tlierefore be double of 
what it is, or the lunar month would be less than 13 days 
and IG hours. It isj therefore, impossible that she can 
be drawn by any other force, except her gravity, towards 
the earth.' 

Such is the important conclusion to which we arc 
led from this proposition, that the centripetal forces are 
as the squares of the arcs described directly, and as the 
distanced inversely. The great discovery of the law of 
the universe, therefore, is unfolded in the very beginning 
of the Principia. But the rest of the work is occupied 
with tracing the various consequences of that law, and 
first of all in treating generally of the laws of curvilinear 
motion. The demonstration of the moon's deflection has 
Ijeen now anticipated and expounded from the Tiiird 
Book, where it is treated with even more than the author's 
accustomed conciseness. But there seemed good ground 
for this anticipation, inasmuch as the Scholium to the 
Fourth Proposition refers in general terms to the eon- 



• The projiosiiion nuiy bo donionstratpcl lij means of the Prop. XXXVI. 
of B-Mk L, aa well aa by mea\ia of the proiJOsiiLon of wliii'h wu havt now 
been tracing tho consciiiifTiccB (Prop. IV). But in truth tlii' IuiIlt lltennm 
gives a eonstmrlion of tlie lunnef piolili iii (Pn.p. XXXVJ, ). iiihl Iroiii it 
may bo .Iciluced (mtli thai ami Prop. XXXV. 
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nexion between its oorollariea, and the Theory of Gravi- 
tation. 

The versed sine of the half of an; evanescent arc (or 
sagitta of the arc) of a curve in which a bod; revolves, 
was proved to be as the centripetal force, and as the 
square of the times ; or as F x T*. Therefore the 
force F is directly as the versed sine, and inversely as the 
square of the ttm& From this it follows that the central 
force may bo measured in several ways. The arc being 
Q C, we are to measure the central force in its middle 
point F. Then the areas being as the times ; twice 
the triangle SPQ,or QLxSP isasT in 




the last expression ; and, therefore, Q B beiug parallel 



to L P, the central force at P is as 



QR 



SP»xLQ» 

So if S Y be the perpendicular upon the tangent P Y, 
because P 11 and the arc P Q, evanescent, coincide, twice 
tlic triangle S P Q is equal to S Y x Q P ; and the 
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central force in P ia as ^ , r-r^-,. Lnsily, if ilie revo- 
lution be in a circle, or in a. curve liiivlng ut 1' the same 
curvature witli u circle whose chtirJ passes from that point 
through S to V, then the measure of the central force 

will be -^Yi — pv"-~-'*y finding the value of those suliJs 
in any given curve, we can determine the centripetal force 
iu terms of the radius vector SP; that ia, we can find 
the proportion which tlic force niut;t bear to tlic distance, 
in order to retain the body in the given orbit or trajectory : 
and conversely, the force being given, we can determine 
the trajectory's form. 

This proposition, then, with its corollaries, is the foun- 
dation of all the doctrine of centripetal forces, whether 
direct or inverse ; that is, whether we regard the nicthoil uf 
finding, from the given orbit, the force and its proportion 
to the distance, or the method of finding the orbit from 
the given force. We must, therefore, state it more in 
detail, and in the analytical manner. Sir Isaac Ncwiou 
having delivered it synthetically, geometrically, and ^^■ith 
ihe utmost brevity. 

It may be reduced to five kinds of formulre. 

1. If the central force in two similar orbits be called 
F and /, the times T and I, the versed sines of half the 

arcs Sand -',— then F ■../':: ,1;^ : -,; and generally F is as 

S 

2. But draw SP to any given point of the orbit 
in the middle of an infinitely small arc Q C. Let T P 
touch the curve in P, draw the perpendicular S V from 
the centre of Inrees S to P T produced, draw S tj infi- 
nitely near y P, and Q li parallel to H 1'. il ■■ and 1£ o 
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parallel to the co-ordinates S M, M P. Then P being 
the middle of the arc, twice the triangle S P Q is pro[K)r- 
tional to the time in which C Q is described. Therefore 
QP X SYorQL xPSis proportional to the 

time ; and Q B is the versed sine of —^9 therefore 

S OR 

F as ^p3 becomes F as' r-T^^—cTni ; and if S M = x, 
T' • L Q* X S P* 

MP = y> and because the similar triangles Q B o and 
S M P give Q B = ^ ^ ^ — , and because A M being 
the first differential of S M, Q is its second diiferential 
(negatively), therefore Q B = ! "'"^ (taken 

X 

with reference to d t constant), and F is as 

-f/^x-/x^-hy» — LQ« = QP« - LP> and 

xxLQ2x(x«+y«) ^"^^^ ^^ 

L P is the differential of S P or Vx^ + y». Therefore 

LQ^ = {^^^IfL^^ F is as 

^ + y ^4-y 



-^2^vV-f;/ 



^y'(d-^ 



xy 



But as the differential of the time (L Q x P S) may 
be made constant, QR will represent the centripetal 
force ; and that force itself will therefore be as 

— ^, * taken with reference tod t constant 

X 

* Of tlicse expressions, although I have sometimes found this, which 
was first given by Herrman, serviceable, I generally prefer the two, 
which arc in truth one, given under the next heads. But the expression 



first given — ^ " is without integration an useful 



one. 
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3. The rectangle S Y x Q P being cquril to Q L x S P 
and SY = ^,'^ ^-"A we have F «. 

QR _ QR ^ QR 

4. Because F =^ .^ --.-t); ^"^l 7.-17 i? equal to the 

chord P V of the circle, which has the same curvature 
with Q P O in P, and whose centre is K (and because 
Q P^ = QR X P V by the nature of the circle and 
the equality of the evanescent arc Q P with its sincj and 

thu3 P V = -^ ^', - therefore ^ J, - p\f )' ^ is as 
tTvj iTxy I2 like manner if the vclocilv, which 



Is'ow the 

chord of the osculating circle is to twice the perpendicular 
S X as the differential of S P to tlic differential of the 
perpendicular; and calling S P the radius vector r, and 

^Y=p, we have PV = - , '--, and F ia as ^— , -t-; and 
' dp ' 2p^tlr 

also F is as -r—'. In these formnlas, substituting for p 
3 dr or 

and r their values in terms of x and >/, wc obtain a mciiii 

of estimating the force aa proportioned to r, which ia 

5. The last article affords, perhaps, the most obvious 
methods of arriving at central forces, both directly and 
inversely. Although the quantities become involved and 
embarrassing in the above general expressions for all 
curves, yet in any given curve tlie substitutions can more 
easily be made. A chief recoramendatiim of these expres- 
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sions iBy that they involve no second differentiak, nor any 
but the first powers of any differentials. But it may be 
proper to add other formulas which have been given, and 
one of which^ at least, is more convenient than any of the 
rest. 

One expression for the centrifngal force (and one some- 

times erroneously given for the centripetal) • is ^-^, s be- 
ing the length of the curve and K the radius of curvature. 
This gives the ready means of working if that radius is 
known. But its general expression involves second diffe- 

rentials, the usual formula for it being /d v \ 

m 

consequently we must first find -^ = X (a function of 

x), and then there are only first differentials. 
Another for this radius of curvature is 

ds^ 
^[j2 '<^i( 72 ~Y2> ^^^ ^^^^ ^8 used by Laplace ; and ano- 

T d T 

ther is -> — , which, with other valuable formulas, is 
a p 

to be obtained from Maclaurin's Fluxions. But the for- 
mula generally ascribed to John Bemouilli (M^m. Acad, 
dcs Sciences, 1710), is, perhaps, the most elegant of 

T 

any, F = - — 3 |t^; and this results from substituting 

2 r d r 
2 R for its value —7 — , in the equation to F, deduced 

above from Newton's formula, namely, F = -—£--. 

•^ 2p^dr 

♦ This error appears to have arisen from taking the case where the 
radius of curvature and radius vector coincide, that is, the case of the 
circle, in which the centrifugal and centripetal forces are the same. — See 
Mrs. Somerville's truly admirable work on the Mec. CeL, where the error 
manifestly arises from this circumstance. 
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But the proposition is so important, that it may be 
well to prove it, and to show that it h iitmost in terms 
involved in the third corollary to Prop. VI. Book I. of 

ihc Principia. — By that corolhry F= , , fC being 

ihc osculating circle's chord which past^cs through tlie 
centre of forces). But drawing S V, the perpendicrdar 
to the tangent, and P C F through the centre of the 




circle, and joininfj V F, which is, therefore, parallul to 
YP, we have VP : P F :: S Y : S P or C : 2 K :: /- : < 

and C = —'-, wliich substituted fur C in the above 



It is remarkable that the circunK^tani'e of this formula 
being thus involved in that of Sirlsaiic NewtLinsocma never 
to have been observed by Keill, who, in the Philosojihicid 
Transact! one, xxvi. 74, gives a demonstration of it much 
more roundabout, and aa of a tlieorem which Denioivrc had 
communicated to him, adding, that Dcmolvre also informed 
him of Sir Isaac Newton haviug invcnteil a similar 
method before. In fact, he had, above 20 years before, 
given it in substance, though not in C'tprcss terms, in tJie 
Sixth Proposition, the addition of two lines to whii:!i would 
at once have led to this fonnula. But. iigain, when .ToJm 
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Bemouilli, two years afterwards, wrote Iiis letter to Herr- 
maa (Mfim. Acad, des ScienccB, 1710), he gives it as hia 
own diacovery, and as such it has generally been treated, 
with what reason we have just seen. He is at tnu<^ 
pcuns to state, p. 529., that he had aent it in a letter to 
Demolvre in February, 1706; but the Principia had been 
published nineteen years before. Herrman, in his Phoro- 
nomia, erroneously considers the expression as discovered 
by Denioivrc, Grondi, and Bemouilli. (Lib. I. Prop. 
XXII.) 

In all these cases p is to be found first, and the expres- 
filon for it (because, pp. 42, 43., TP:PM::TS:SY 

and TS: 



ydx—xdy _ 



— s Y = yAssziA^- 

= ^/?+7. Then 



?)u 






Also r = S P 
the radius of curvature It = 



in terms of x, and having no 

differential in it when the substitution for dy is made). 

Therefore, the expression for the eentripetnl force becomes 

^^^Ty^xdx^xdX ■ .. , , . . . 
J , in which, when t/ and a y are put 

in terms of x, as both numerator and denominator will be 
multiplied by d 3^, there will be no differential, and the 
force may be found in terms of the radicnl — that is, of 
r, though often complicated with x also. It is generally 
advisable, having the equation of the curve, to find p, r, 
and R, first by some of the above formulaa, and then sub- 
stitute those values, or d p and d r, in either of the 

expressions forF, ^/^^ or ^~. 
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To take an example in the parabola, where S being 
the focus, and O S = a, y* = 4 a x, and T M = 2 :r, 

and/? = Y S = \^ {a -{- x) a ;r=SP = a + a:, and 



R = 



r d r 
dp 



= 2 (a+x) A /^-i-f; we have therefore F 



as 




S H N 



pKB. 



a -{- X 



(a (a + x))l X 2 (a 4- x) ^ /fL±f - ^ + ^ - 

2a(aVx/ = 2.0s!sF^ - ^"^ ^^'^"'" ^ ^ (^^' P^^" 

meter) is constant, inversely as the square of the dis- 

d T) 
tance : And the other formula F as -3-7— gives the 



same result for the law of force, or 



1 



4SP*' 



Again, in the ellipse, if a be half the transverse axis, 
and b half the conjugate, and r the radius vector, we have 



V 2 a — r 



a b d r , ^ 

and d p =1 -3^ -j ; therefore 



the formula 



dp 



becomes 



v^r(2a— r)'^ 
a b d r 



a 
= T5Ta» or 



p^.dr ^'^ 1% y/r y. r*^ y^ dr b^r 

the force is inversely as the square of the distance. 



* This resolt coincidos with the synthetical solution of Sir Isaac Newton 
in Prop. XIIL 

£ 
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Laetly, as the equations are the eame for the hyper- 
bola, with only the difference of the signs, the value 
of the force is also inversely as r', or the square of the 
distance. In the circle a = the radius = r = p; hence 

- J -. becomes — j-, which, being constant, the force is every- 
where the same. But if the centre of forces is not that 
of the circle, but a point in the circumference, the force a 



Eespecting centrifugal forces it may be enough to 
add, that if « is the velocity and r the radius, the 

centrifugal force /, in a circle, is as — . Also if B be 

the radius of curvature, f for any curve is = ^ 

When a body moves in a circle by a centripetal force 
directed to the centre, the eentrifugal force ia equal 
and opposite to the centripetal. Also the velocity in 

uniform motion, like that in a circle, being as ■-, the 
space divided by the time, and the etc being as the 
radius r, ^ is as — -j or as -y. If two bodies moving in 
different circles have the same centrifugal force, then the 
times are as ^r. — It is to the justly celebrated Huygens 
that we owe the first investigation of centrifugal forces. 
The above propositions, except the second, are abridged 
from his treatise.* 

The rest of the investigation of centripetal forces is an 
expansion of the formulas above given, and their appli- 
cation to various cases, but chiefly to the conic sections. 
It may be divided into four branches. J^irst, the rules 
* norolagium Ducillaloiium, i^i). 1673, p, 1S9, App. 
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are given for determining tlie central force required to 
make the body move in ii given orbit of one of the (our 
conic ecction:^. .SVconrf/y, the inquiry bceomea nviturial 
how curves of a. given kind, nnnicly, the conic sections, 
may severally be found by lueroly aaccrtLiIoing certain 
jKiints in them, or certain Hnea which they loucli, because 
this enables us to ascertain, among other tlinig?, ihc 
whole of a planei's orbit, from aiccrlaiiiinj; certain pnints 
by actual observation. This branch <if the subject is 
liurely malhemalical, eousijiing (if the rules for driiwiiig 
those curves through given [luinl.j, nr between, or touching 
given straight line*; and it is subdivlilcJ into two beads 
according as one or neither focus is yivcn. The t/iinl 
object is to ascertain the motion, jjlace, and times of bodice 
moving iu given trajectories generally ; and, aiuoug others, 
also of bodies descending, or retarded in ascending, by 
gravity. The fvurth branch treats of the converse inquiry 
into the figures of tlie trajectories, and tlie phiccs, tinier, 
and motion, when the nature of the ccntrijiclal force U 
known. 

It is thus manifest that the great importance of motion 
in the Conic Sections made Sir Isaac Newton cunsidci- 
those curves in particular, befuje diicusaing the gcnrral 
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shown the proportion of the force to the distance io the 
conic sections generally, their foci being the centres of 
forces. Let ua now see more in detail what the pro- 
portion is for the circle. Let S be the centre of forces 
and K of the circle, P T a tangent, S Y a perpendicu- 
lar to it, K M antl M P co-ordinates, S K = 6, KO=a, 
P M = 7/, and M K = j:. Then, by similar triangles, T K P 

STxKP ,, . 

— (because the 



and TSY, we have SY 
sub-tangent M T = ^, r 



TK ' ^ 
id a*=a;'+y*) 



fl* + ft* 



/2 a^ +2 bx-\ , 

( ^ J ; also S P = ^a' + 2 b 



X + y, and because 

by the property of the circle OS x SB or (a + ft) 
(a-ft)=a=-6*=PSxS7; therefore 

«'-*' „_^ HIT 2fl» + 2ft3: 



S V=- 



; and P V = 



+ 2bx + b* 

Now by the formula already stated as Bemoullli'a, 
but really Sir Isaac Kewton'e, the centrii>etal force in 
SP 



^"'^SYS^rR' 

and in the circle that ia constant being 



R being the radius of currature, 
the semi- 



diameter ; therefore the force is aa ^ 





8x 


if^a' + 2bz+l,' . 


or aa 




(2a' + 2 4i)" ■ ' 


or as 




B 0" X s r> 


[ia 


" + 2 4i)'xSl'" 


„,» 




DO' 


^■i 


I- + 2 « !)■ X P S>' 






Sl» 
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force i; 



P V^ 



I : or (becimse O B- is coustiuit) llie 



central force is inversely aa tlic square of llic tJlrtance and 
tlie cube of tlie chord juiutly. Of consequence, where S 
is ID the centre of the circle and h = n, the force is con- 
,-t;inl, SP becoming the radius and P V the diameter ; and 
if S is in the circumference of the circle as at B, or u = !i, 
then the chord and radius vector coinciding, the force ia 
inversely as the fifth power of the distance, and is also 
inversely as the fifth power of the cosine of tlie angle 
PSO. 

By a similar process it is shuivn that in an ellipse the 
force directed to the centre is as the distance. Indeed, it 
property of the ellipse renders this proof very easy. For 
if S Y is the perpendicular to the tangent T P, and N 1' 
(the normal) parallel to SY, and SA the aenii-cunjiigalc 




■xia ; S A is a mean proportional betivouu S Y and PN, 

lure of the ellipse is (iikc that of all conic scetioiw) 
Therefore 



we have to sub^tiluic thu^c v;dnw for S Y and the 
radius of curvaturo. lij in ihc esjireshion for (he central 
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foece, 



AS" 



; S P ; 80 that, neglecting the cooetant 



4AS^ 



4A& 

the centripetal force is aa the distance directly 

From hence it follows, conTcrsely, that if the centripetal 
force is as the distance, the orbit ia elliptical or circular, 
for by reversing tlie steps of the last demonstration wfl 
arrive at an equation to the ellipse; or, in case of the two 
axes being e'lual, to the circle. It also follows that if 
bodies revolve in circular nr elliptical orbits round the 
eame centre, the centre of the figures being the eenlj-e 
of forces, and the force being as the distance, the periodic 
time of all the budies will be the same, and the spaces 
through which they move, however diiFering in length 
from each other, will all be described in the eame time. 
This proposition, which sometimes has appeared paradoxical 
to tliose who did not sufljcienlly reflect on the subject, Ib 
quite evident from considering that the force and velocity 
being increased in proportion to the distance, and the 
lengtlis of similar curvilinear ami concentric figures being 
in some proportion, and that always the same, to the radii, 
the lengths arc to each other as those radii, and conse- 
quently the velocity of the whole movement is increased 
in the same proportion with the space moved through. 
Hence the times taken for performing tlic whole motion 
must be the same. Thus, if V and v are the velocities^ 
a. and r the radii, S and s the lines described in the 
times T and t, by two sucli bodies round a common 
centre, y:v"B:r, and S:s::R:r; and because I 



I 



and I 



y. ^ :■=■:. R :r, and S:j::TE: 



tr; or II : r:: TK : (r; and therefore T = /. Hence 
if gravity were tlic same towania flic sun tliat it i:i 
bclwecn the surfMC iind oeiilre of each pUuiet, m" if t!ie 
fiun were moveil but a very little to ouc siJp, so aa to be 
in tlie centre of the ellipse, the whole jihuieta would 
rovulve round him in the same time, and Saturn ami Umuiia 
would, like Mercury, complete their vast courses in about 
three of our lunar months lii:?te!id of 30 and SO years, — a 
velocity in the case of Uranus equal to 7a,U0U miles in a 
second, or nearly one-third that of light. 

It also follows from this proiiosition that, if such a law 
of attraction prevailed, al! bodies descending in a straight 
line to the centre would reach ii in the same time from 
whatever distanee tliey fi:ll, because the elliptic orbit 
beinif indefinitely stretched out in length and narrowed 
till it became a stniiiflit line, liotlies would move or vibrate 
in equal times through that line. This is tlie law of 
gravity at all points within the earth's surface, and Sir 
I. Xcwton has adajitcd one of his investigations to it, 
when treating of the pendulum. 

Another eunsoquencc <it' this [proposition is, that if t!ie 
centre of the ellipse be sujipored to be removed to an 
infinite di'tanee, and the figure to become a, parnbuhi, 
the centripetal force being diroctoil to a point infinllely 
remote, becomes constant and equable; a proi»isilion dis- 
covered first by Galileo. 

Sir Isaac Newton having treated uf tlic centripetal force 
in conic sections, where the centre of forces is the centre 
of the figure (and generally wlintevcr be the centre iu 
the case of the circle), proceeds to treat of that force wlicre 
it is directed towards the foeua of one or other of those 
curves, and not to the centre. It is easy to demonstrate 
a comijcndious theorem, that whieh forms the subject of 
his three fir.-t inoni^sitious. in u hich W- dolormim;--^ tlw 
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law of the force for the three curves (parabola, hyper- 
bola, and ellipse) severally. For this purpose a simple 
reference to the formulas already stated will suflSce; 
indeed our illustration of those formulas has already anti- 
cipated this. 

If O P A be a conic section whose parameter is D, 
S Y the perpendicular to the tangent T P, PR 
the radius of curvature at P; then SY : SP :: ^D 

: P N (the normal), and S Y = ^p^ ; also PR = 



4 P N^ 
]j2 • 



Substitute these values of S Y and P R (;? 



and R) in the expression formerly given for the central 




force 



SP 



-^ rj, and we have D^ . S P* 4 P N' 

P X R .. .> v., X — rrs or 



8 P^» 



D 



fT rrT72» which is (D being invariable) as the inverse 

square of the distance. Therefore any body moving in 
any of the conic sections hy a force directed to the 
focus, is attracted oy a centripetal force inversely as the 
square of the distance from that focus. This demon- 
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stration, therefore, is <juite gunerii) in its aiiiilio^ition to all 
the conic sections. 

It follows tiiat if a Ijody is irapcllcJ in a straiglit line 
with any velucity Avhatcvcr, from an instantaiiiiuiis furcc, 
and is at the same time constantly nctcd upon hy a cen- 
tripetal force which is inversely iis the ^tiiiarcof the di!?t;incc 
from the centre, the path which the hody dcscrihes will 
be one or other of the conic sections. For if we take tlic 

expression yr — ^r-pj and work backwards, multiplying the 

numerator and denominator both by S V, and thou mul- 

... , , , 8 13' . P N ' , . , 

tiplying tlie uenommator by i,-,y> — ^jj~"\"a' wc obtaui tlic 

cspresaiona for the value of SY, the perpendicular, and 
for R, the radius of curvature. But no curves can have 
the same value of S Y and R, except the conic sections j 
because there are no other curves of the second order, 
and those values give quaJratic equations between the 
co-ordinates, 

By pursuing another course of the same kind alge- 
braically, we obtain an ccjualion to the eonic sectional 
generally, according aa certain constants in it bear one 
or other proportion to one another. The perpendicular 
S Y and the radius of curvature are given in terms of the 
normal ; and cither one or the uthev will give the C(]uatinn, 

ThusR = *- - /' ^-J^,- = ^,..,;;,,3x(,/.■■ + -/-,■-)■ 
which gives D' rl j-^ = 4 // x I ./- // '/ -r - -/' .r d ;/) an 
equation to the co-ordinates. Now whether this be resol- 
vable or not, it jn-ovcs that only one description of curve;', 
of one order, can be such as lo huve the jiropcrly in 
question. The former opciatiuu of going back from the 
expression of the centnd force, proves that thr eonie see- 
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tiona answer thia condition. Therefore no other corves 
can be the trnjectoriea of bodies moving by a centripetal 
force inverecly as the square of the iHstance." 

It may be remarked that J. Bcrnoullli objecta (BKm. 
Acad, (les Sciences, 1710) to Sir Isaac Newton tbat he 
had assumed the truth of thia important proposition 
without any demon at rati (tn. But thia is not correct. He 
certainly gives a very concise and comi)endious one ; but 
he states distinctly that the focus and point of contact 
being given, and the tangent given in position, a conic 
section may be described which shall at that point of 
contact have a given curvature ; that tlie curvature ia 
given from the velocity and central force being given ; 
and that two orbits touching each other with the some 
oentri£jetal force and velocity cannot be described. This 
is in Bulistance what we have exjHiundcd in the above 
demonstration. But it must also be observed, as Laplace 
has remarked, that Newton haa in a subsequent probleta 
shown how to find the curve in which a body must move 
with a given veloeitj', initial direction, and position; and 
since, when the centripetal force is inversely as the square 
of the distance, the curve is ahown to be one or other of 
the conic sections, he has tlius demonstrated the proposition 
in question ; so that if he hud not done bo in the corollary 
to one problem, he has b the solution of another.f 

J. Bernouilli objects also to a very concise and elegant 

* The equation maybo resolved and integrated i there results, in the flnt 



inetanco, thecquatioD d x~ 



isd. 



< and tlicrcfuro the iniegnlii 



qnadrntic, c* i*— S py*— 2 cC i + C'+O'-O.— Another doraonatralion it 
given in the Appendix, No. S, 

t Syst^me da Monde, liv. v. chap. 6. Il is to be observed, ihM tiia 
Soventeentli Pnip. Bouk L, is exactly tlie same in the first as in the galise* 
quent editions, except llie imniateriul addition ufa Feiv lines to the demon- 
slrulion. Conseqaonlly, BcniouiDi must huve hccii nnare or it when he 
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solution of the inverse problem given by Ilcrrmnn in the 
some volume of the Rli^nioirci', !iikI which had been coni- 
miinicatcil to him before it wns presented to the Academy. 
Thiii solution proceeds ii[ion Iiis general cxpicMion for the 

ccntripetil farce,— — - -^^jr-i-t/-; and the objection made 

is tliat he works the problem (as be does in n few lines) 
by multiplications and divisions which show that he was 
previously aware of the snlutiim in tJie case of the conic 
sections. But this is no objection to a ?ulutioii which being 
of a problem already known, can only bo regarded as a 
demonstration that the former sobiliiin was exuct. It ia 
an objection wiiich, if valid, applies ccrlsiinly to the de- 
monstration which we have just given of the proposition ; 
but so it does to all the dcmon.^^tniliims of the ancient 
geometrical analysis. It is a more pubjtantial objeciion 
that Ilerrmaa oniitlcJ a constant in iii:^ integration; but 
by adding it, Bernouilli fhows thai the ei[na|iim which 
lli-rrman fuund, when thus corncled, cxjircsscs the conic 
sections generally. 

This truth, therefore, of llie mOLff.uy connexion be- 
tween motion in a conic section and a eentii|jct;d force 
inversely ns the s<|iinrc of the distniice from tiic focus, is 
fully established by rlgoTOus dcninnsti-ation "f various kinds. 

If we now compare the niolion of dillercut bodies in 
concentric orbits of llie .-^iinie Cunic secrioiis, wc shall find 
that the areas which, in a given tinic, their radii veetores 
describe round the same focus, are to one another in tliu 
snbduplicatc ratio of the par;inieters of those curves. From 
this it follows, that in the cllJiise whoi^c conjugate axis 
is a mean proportional between its transverse axis and 
parameter, the whole time taken to revolve (or the periodic 
time) being in the jiroportion of the area (tiiat is in the 
proportion uf the rcrlangle of the asc^; dirccily, and in 
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the subduplicatc ratio of the parameter inversely, ia in the 
sesquiplicatc ratio of the transverse axis, and equal to the 
periodic time in a circle whose diameter is that axis. It 
is also easy to show from the formula already given re- 
specting the perpendicular to the tangent, that the velocities 
of bodies moving in similar conic sections round the same 
focue, are in the compound ratio of the perpendiculars in- 
versely and the square roots of the parameters" directly. 
Hence in the ])arabola a very simple expression obtains for 
the velocity. For the square of the perpendicular being 
as the distance from the focus by the nature of the curve 
(the former being a^ + a x, and the latter a + x), the 
velocity is inversely as the square root of that distance. In 
the ellipse and hyperbola where the square of the per- 
pendicular varies differently in proportion to the distance, 
the law of the velocity varies differently also. The square 
of the perpendicular in the elUpse (A being the transverse 
axis and B the conjugate, and r the radius vector) ia 

B'xr.^^ ..B'xr 
. ■ j_ -; in the hyperbola, ---, or those squares of 



curves respectively, B* being constant. Hence the ve- 
locities of bodies moving in the former curve vary in a 
greater ratio tlian that of the inverse aubduplicate of the 

distance, or — „, and in a smaller ratio in the latter curve, 
while in the parabola --= ia their exact measure. 

To these useful propositions, Demoivre added a theorem 
of great beauty and simplicity respecting motion in the 

• By parameter is always to bo unifcrslwKl, unli'ss otherwise mGationed, 
the prindpnl pnrametcf, or iLo pftrnmEtor lo (hu principnl diamewt. 



J 



ellipae. The velocity iu nny point 1* ia to tlic velocity in 
T, the point where the conjugate axiu cuts the ciirvcj ns 
tlic square root of the lino joiniug the former point P 
and the more distant focus, ia to tlic square root of 
the line joining P and the ncnrcv locus. It follows from 
those propositions that iu the clti|iae, the coujiigiitc Jisis 
being a mean pniportiunid between tlie transverse and 
the parameter, and the periodic time being aa llie area, 
that Ja as the rectangle of tlic axes directly, and the 
square root of the parameter inversely, t being that time, 

II and !i the axes, and ji the jiaranicter, l=~-, and 

b"^ = It p\ tlierdore ali = n^'<t/i= ^'a^^ •-' p; and t = 
'•'a', and i'' = a''\ or tlie squitros of the periodic times 
are as the cubes of the mean distancca. So that all 
Kepler's three lawa have now been dcmonst rated, it priori, 
aa mathematical truths; Jirst, the ureas proportional to llie 
times if the force is ceutripct;il— iwowf/, the elliptical orbit, 
— and third, the scsquiplicnte riitJo of the times and dis- 
tances, if the force is inversely as the equiu-es of the dis- 
tances, or in other words if the force is gravity. 

Again, if wc have the velncily in a given point, llic 
law of the cenlripetal forrc, the absolute quantity of 
that force in the point, and the direction of tJie projectile 
or centrifugal force, we can find the orbit. The velocity 
in the conic section being to that in a circle at the given 
distance D as m to it, and the jjcrpcndicuhir to the tangent 

being p, the lesser axis will be -~-,^- — :i ^"il the 

greater axis — „ -., the signs hcing reversed in the 

denominator of each qiiiiiitity for thecato of thi.' by]irrbiihi. 
TTpnre the verv Ininortiint eon<-lii<.i,,ii lliiif the iVii-fli <if 
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the greater axis does not (]c[>cn(l at nil upon the direction 
of the tangential or projectile force, but only upon its 
quantity, the direction influencing the length of tlie lesser 
Rxia alone. 

Lastly, it may be observed, that aa these latter pro- 
positions give a measure of the velocity in terms of the 
radius vector and perpendicular to the tangent for each of 
the conic sections, we are enabled by knowing that ve- 
locity in any given ease where the cenfripetnl force is 
inversely as the square of the distance, and the absolute 
amount of that force is given, as well as the direction of 
the projectile force and the point of the projection, to 
determine the parameters and foci of the curve, and also 
which of the conic sections is the one described with that 
force. For it will be a parabola, an hyperbola, or an ellipse, 
according as the expression obtained for/)- (the square of the 
perpendicular to tiie tangent.) is as the radius vector, or in 
a greater proportion, or in a Icaa pruportlon. This is the 
problem above referred to, which John BernoulIIi had an- 
lirely overlooked, when he charged Sir Isaac Newton with 
having left unproved the important theorem respecting 
motion in a conic section, which is clearly involved in its 
solution. 

Before leaving this proposition, it is right to observe 
that the two last of its corollaries give one of those sa- 
gacious anticipations of future discovery which it iB in 
vain to look for anywhere but in the writings of this great 
man.* He says, that by pursuing the methods indicated 
in the investigation, we may determine the variations im- 
pressed upon curvilinear motion by the action of disturbing, 
or, what he terms, foreign forces; for the changes intro- 

• See a singular anticijMttioa rcajiMting dynamics, by Lord Bacon, in Be 
Aug. Lib. JXL, nnilcr iho head Translalion uf ExpcrlmeDta. It was poiiilcd 
oat to me by my learned Aiend B, Mootagne. 
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duccd by these in some pliiccs, lie saye, may be found, and 
those in tlie intermediate places supiilicd, by the analogy 
of the series. Tbia was reserved I'or Lagrange and La- 
place, whose immortal lai>ftur3 have reduced the llicory i>i' 
disturbed motion to almost as great certainty as tliat of 
untroubled motion round a point Ly virtue of forces di- 
rected thither.' 

AVe have thus seen liow important in deterniininr; all the 
qucstionsj both direct aud inverac, relating to the centri- 
petal force, are the perpendicular to the tangent and the 
radius of curvature. Indeed it must evidently be so, when 
we consider, Jirst, tliat the cnrvatnre of any orbit dcpcmls 
upon the action of the central force, and that tliC circle 
coinciding with the curve at each point, beside bciug of 
well-known properties, is the curve in which at all its points 
the central force must bo the same; and, xfcondli/, that tlic 
perpendicular to the tangent forms one side of a triangle 
similar lo the triangle of which the diflcrciititJ of the radius 
vector is a side; the other side of the former triajagle being 
the radius vector, the proportion of which to the force it- 
self is the material point in all such inquiries. The difiicidty 
of solving all these problems arises from the diflirulty of 
obtaining simple expressions for those two lines, the per- 
pendicular/) and the radius of curvature R. Tiic i^adius 
vector r being always \^x' + t/'- interposes little em- 
barrassment; but the other two lines can seldom be con- 
cisely and simply expressed. In some cases the value of 
F, the force, by t! r and dp may be more convenient tiian 
in others; because p may involve the investigation in his 
difficulty than R; besides that 71' enters into the exprcs.-ion 
nhich has no dlifcrentials. But in the greater nujnbi r of 
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instances) eepeciallj" wliere the curve ie given, the i 

mula -,,-, will be found most easily dealt with. 

ii. The next branch of the inquiiy relates to the de- 
Bcribing the conic sections severally, where certain points 
are given through which they are to pass, or certain lines 
which they are to touch. The subject is handled in two 
sections, (the fourth and fifth,) the first of which treats the 
case where one of the foci is given ; the second the case 
where neither focus is given. This whole subject is purely 
geometrical; and exhibits a fertility of resources in treating 
these difficult problems, aa well as an elegance in the manner 
of their solution, which has few parallels in the history of 
ancient or modern geometry. This portion of the Prin- 
cipia, however, is incapable of abridgment; and there is no 
advantage whatever in resolving the problems analytically, 
but rather the contrary; for with the exception of one of 
the lemmas, in demonstrating which Sir Isaac Newton 
himself has recourse to algebraical reasoning in order to 
shorten the proofs, the geometrical process is in almost 
every instance extremely concise, in all cases much more 
beautiful, and lees encumbered than the algebraical. The 
superiority of the former to the latter method of in- 
vestigation in such solutions is apparent on trying al- 
gebraically some simple case, as that of describing a circle 
through three points, or through two points and touching a 
line given in position ; no little embarrassment results from 
the number and entanglement of the quantities in the solu- 
tion. Even so great a master of analysis as Sir Isaac Newton, 
in solving the problem of describing a circle through two 
points, and touching a given line, could find no better ex- 

... - e^ /' v'^«A» + e=«*- (Pa ,, . ' 

pression than x = 5iZr"i 'although 

geonntrically the ConBtructiou is easy by drawing a circle 
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on one segment of the line joining tlie given points, and 
another on the given line.* These are comiiarativcly 
simple problems: in the more difficult cases of the conic 
sections this embarrassment is often inextricable.! 

To illustrate the application of these important pro- 
blems, let us suppose that by observution we obtain three 
points in the orbit of any phaet, and would ascertain from 
those points the position of the greater axis, and the focus 
in which the sun is placed, the eccentricity of the orbit or 
distance of the focus from the centre of the ellipse, and the 
aphelion, or greatest distance to which in its course the 
planet ever is removed from the sun ; this is easily done by 
means of Prop. XVIII. (Book I.), for that enables us to 
find the elliptical and hyperbolical trajectories, which pass 
through given points, when one focus and the transverse 
axis are given; and thus to find the other focus, and the 
centre of the curve, and the distance from the given focus 
to the further extremity of the axis, which is the aphelion. 

In like manner the problem which Sir Isaac Newton 
calls by far the most difficult of any, and says that he 
had tried to solve in various wayst, that of finding the tra- 
jectory of a comet from three observations, supposing it 
to move in a parabolic orbit, is reduced by an elaborate 
and difficult process of reasoning to describing a parabola 
through two given points, which are found in its own orbit 
from the observations. Xow Prop. XIX. of Book I. 
gives an easy solution of this problem.§ It is only to 

* The liWvc algclirnical soliilioii is ilint of I'rup. 43. of Iht Ariih. Univ., 
where Props. 59, 60, nncl fil. are nlso solutions of llit tlicee first problems 
of Sect. V. of the Priiiciijia. B. I. 

-f Sloria Agncsi's Instilazioni Anuliliehc uhDulliLi In elcgnnt nlgu- 
hroii^al inrcstigaiions of gcomutricnl |iroljk'ms, but ulfurds no grouuila 
for miNlifjing the ubovo remark. 

t Prnblcma hocco longe ciifBcilhuilim niullimode nggrcssiis (Lib. III. 
Prop, 41-). 

§ Several olhtr pioposiciuui nrc giieii in llie lir-l book fur ihe [purpusi: 
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deacrihe from each of the given points a, circle, with the di^ 
tancc of tJiat point from the given focus as a radius, and the 
straight line touching these two circles will be the directrix 
of the parabola, and the perpendicular to it from the focus, 
ita axis ; the principal vertex being the middle point of 
that perpendicular. The coincidence of the very eccentric 
elliptical orbits of the comets with the parabola, mokes this 
parabolic hypothesis answer for determining their places 
and times in the general case. 

The correction of the orbit thus found is reduced to 
finding the orbit of an ellipse which shall pass through 
three given points, and this ia done by the 21st propo- 
ailion of Book I., or rather by the 16tW lemma, to wlucfa 
it is a corollary, for inflecting three straight lines from three 
given points, the differences, if any, between the lines, being 
given. 

Sir Isaac Newton tried the accuracy of the methods 
thus found upon several comets, and particularly on the 
celebrated one of 1680, called Halley's comet, from the 
great labour which that mathematician, in aid of his illus- 
trious friend and master, bestowed upon the calculation of 
its orbit. The following is a short statement of the general 
result of a compai-Iaon between the places computed from 
the theory, and the places found by actual obscrvatioiv 
in the cases tried. 

of fadlilating tbo Bolution of thii difficult problem faj another method^l 
but the author infoniis at that ho subneqnenll/ fell upon the method n" ' 
ho bu givon in the third book, and which he prufcrs for its erraKr am- 
plicilj. — It is, however, veiy remarkable that ho overlooked the important 
ciicumatonco of there being a porism connected with his solutioo, or a 
caM in which the problem becomes indeterminate and has an inSnite nnmber 
of solutions ; and wiiat is still more singular that the case of the comet is 
that of the porlsDi, — so that the solution is nhollj inapplicable. This 
wasfint discoTBTcd b; F. Boscovich in I74g> it being found thai the solution 
had thrown the comet upoQ the wrong side of the sun. (See Life qf Si 
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First, as regards the comet of 1680, or llallcy's comet. 

In comparing four observationg with the geometrical com- 
putation, Sir Isaac Newtou fuimd aii error of 5' .1" on 
an average in the latitude, and about 1' in the longitude. 
But Halley, having afterwards made tlic computationa 
with greater accuracy by arithmetical operations, found 
the average error, on sixteen observations, in the latitude 
only about 52", and in the longitude 1' 28". The average 
error found on a comparison of the theory with twenty- 
one observations made abroad, was found by Halley only 
to be 50" in the latitude, and -57" in the longitude' 

Secondly, as regards other comets. 

In the computations of the comet 1665, the error was. 
on an average of eighteen observations, 8" in the latitude, 
and in the longitude 1' 25". In the latitude tbe errors 
by excess nearly balance those by defect, the one being to 
the other as 40 to 4ft. In the longitude, supposing the 
observation of December 7 accurately stated (which, from 
the error amounting to 7' 33", seems very doubtful), the 
errors by excess are sixteen times more considerable than 
those by defect. In the comets of 1682 and 168.3, on 
comparing the observations of Flamstead with the theory, 
the error was 1' 31" in latitude, and 45" in longitude, for 
eleven observations of the former comet, and for seventeen 
of the latter comet, 1' 10" in latitude, and 1' 2'.}" in lon- 
gitude. But the eoraet of 172.1 came nearer its computed 
place ; the average error of latitude on fifteen observations 
of Bradley, compared with the same number by Halley 
himself, and Pound (his uncle), was only 21 "J in the la- 
titude, and somewhat under 2j" iu the longitude. It is tn 
be remarked that this is apparently the case in which the 
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observatioDB were the most accurate, three eminent obser- 

vere checking each other, and no one observation differing 
from the computation much more tlian by the average of 
the restj while great diffcrencca occur in all the other cases, 
and give rise to a suspicion of error. For in the comet of 
1683, there was one day (Aug. 15) in which the latitude 
differed between three and four times, and the longitude 
three times more than the avemgc; and in the observationa 
of the comet of 1665 there are several errors in longitude 
of twice, and one error of no leas than five times, above 
the average. These particular observations, and not the 
theory, then, were probably at fault in those instances; but 
they affect the general average materially. 

The intimate connection between the purely geometrical 
parts of the Frincipia, the Fifth and Sixth Sections of the 
First Book, and the most sublime inquiries into the motions 
of the heavenly bodies, those motions, too, which ore the 
most rapid, and performed in spaces the most prodigious, 
may suffice to show the student how well worthy these 
mathematical investigations are of being minutely followed. 
Were they wholly unconnected with sueh important spe- 
culations in Physical Astronomy, and only to be regarded 
as a branch of the Higher Geometry, they would deserve 
the deepest attention, for their interesting development of 
general relations between figures bo well known as the 
conic sections, for the marvellous felicity of the expedients 
by which the solutions are obtained, and for the inimitable 
elegance with which the reasoning is conducted. As a 
mere matter of mathematical contemplation, beginning and 
ending in the discovery of the relations which subsist be- 
tween different quantities and figures, they afford matter 
of lasting interest to the geometrician. But it certainly 
heightena that interest to reflect that the same skilful and 
simple constructiou which enables us to describe a para- 
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bola tlirougb givca points, or touching given lines, be- 
elde gratiryiog a curioi^ity purely georautrical, loails us 
to calculate witliin 20" of the tru:Ii tJie pliicc of bocliL's 
revolving round the sun in orbits so eccentric tbat the el- 
lipse which tbey dcacribc coincides with a parabolic lini;, 
instead of being nearly circular like the path of our globe, 
although our own distance from that luminary is near a 
hundred milUons of milc:^. 

iii. "We are next to consider the motion of bodies in 
conic sections wliicli are given, and ascending or de- 
scending in straight lines under the influence of gravity : 
that is, the velocities and the times of their reaching given 
points, or their places at given times. This branch of the 
subject, therefore, divides itself into two parts, the one 
relating to motion In the conic sections, the other to the 
motion of bodies ascending or descending under ihc in- 
fluence of gravitation. The Sixth Suction treats of the 
former, the Seventh of the latter. 

(1.) In order to find llic place of a revolving body in its 
trajectory at any given time, we have to find a point such 
that the area cut off by tlic ratlins vector to that point 
shall be of a given amount ; for that area la proportional 
to the time. Thus, suppose the boily moves in a parabola, 
and that its radius vector completes in any time a certain 
epace, say in half a year moves through a space making 
an area equal to the square of D ; in order to ascertain 
its position in any given day of that half year, wo have 
to cut off, by a line drawn from the centre of forces, an 
area which shall bear to D' the eamo proportion that 
the given time bears to the half year, say 3 to in', or we 

have to cut oft' a section ASP — - ,, D-, A P being tlie 

]Ku-abola and S the foeu.. Tliis will t,o done if A H 
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be taken equal to three times A S, and B O being drawn 
perpendicular to A B, between B Oi B A asymptotes, a 






rectangular hyperbola is drawn, H P, whose semi-axia or 
semi-parameter is to D in the proportion of 6 to m; 
it will cut the parabolic trajectory in the point P, 
required. For calling A M = a- and P M = i/ and A S 
= a ; then A B = 3 a and y X (a; + 3 a) = half the 
square of the hyperbola's semi-axis, which axis being 
18 D» f^. \ 



6D^ 



and 



'(M)^ 



3D' 



-„-. or y 
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-5-' + 



Hud I , A M X P M = ; 



«)? = 



3 D» 



3D» 



SM.PM= SMP; therefore the sector ASP 

eo that the radius from the focus S cuts off the given area, 
and therefore P is the point where the comet or other 

body will be found in - j parts of the time. 

If the point is to be found by computation, we can 
easily find the value of y by a cubic equation, j' + 3 «" 
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and milking B L = //, L P panillel lo 

A SI, cuts A P in the point P required. Sir I^saae 
Kcwion gives a very elegant solution geometrically liy 
bisecting A S in G, and taking the perpendicular G It 
to ihc given area aa 3 to 4 A S, or to S B, and tlieii 
dcseribing a circle with the radius II S; it cuts the para- 
bola in P, the point required* Tiiia solution is infinitely 
preferable to ours by the hyperbola, except that the 
demonstration ia not bo easy, and the algcbi'alcal de- 
monstration far from simple. 

It is further to be observed, that the place being given, 
either of these solutions enables us to find the time. 

Thus, in the cubic equation, we have only to find 



or period of c. if. half a year, the body comes (n the pi.(iut 
P ina time which bears to D- the proportion of unity tu 
_ J "' ^' 

Sir Isaac Newton procecilti to tlic solution of the same 
important problem in the case of the ellipse, which is 
that of the planetary system, and is termed Kopler'a 
problem from having been proposed by him when lie had 
discovered by observation that the jilanctary motions were 
performed in this curve, and that the areas described by 
the radii were proportional to the times. In t!ie parabola 
which ia quadrablc and easily so, the area bciug tivii- 
thinls of the rectangle under the co-ordinates, the euliitioii 
of this problem is extremely easy. But the ellipse nut 

• Tilt niu'l siiigulnr relalion snlitisia 1ii:[nctii llio hvinHpnhn iiiul pii- 
ralmlie ureas, giviliy fiso id very tiiri.iu? I'lirisiu- i'.iiiin'tn.il nHli IJumlm- 
lurc-.— Si't I'iil. Tiunt 179S, I'avt ii 
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admitting of an expression for its area, or the ares of 
its sectors, in finite terms of any product of straight linee, 
the problem becomes incapable of a definite solution, 
Newton accordingly begins hia Investigation by a lemma, 
in which he endeavours to demonstrate that no figure of 
an oval form, no curve returning into itself and without 
touching any infinite arch, is capable of definite quadrature. 
It is rarely, indeed, that the expression " endeavour," can 
be applied to Sir Isaac Newton. But some have ques- 
tioned tlie conclueiveneea of hia reasoning in this instance. 
Tlie demonstration consists in supposing a straight Une to 
revolve round a point within the oval, while another point 
moves along it with a velocity as the square of the portion 
of the revolving line between the given centre and the 
oval, that is, as the radius vector of the oval from the 
given centre. It is certainly shown, that the moving 
point describes a spiral of infinite revolutions ; and, also, 
that its radius is always as the area of the oval at the 
point where that radius meets the oval. If then the relation 
between the area and any two ordinates from the oval to 
any axis is such as can he expressed by a finite equation, 
so can the relation bctneen the radius of the spiral and 
co-ordinates drawn parallel to the former, or the co- 
ordinates to the same axis. Therefore it will follow, 
that the spiral can be cut only in a finite number of points 
by a straight line, contrary to the nature of that curve. 
Indeed, its co-ordinates being related to each other by an 
algebraical equation is equally contrary to its nature; 
consequently the possibility of expressing the relation be- 
tween the area of the oval and the co-ordinates leads to 
this absurd conclusion, and therefore that possibility cannot 
exist ; and hence it is inferred that the oval is not quadrable. 
Sir Isaac Newton himself observes that this demon- 
stration docs not apply to ovals which form parts of curves, 
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being touched by brandies of infinite extent. But it iloea 
not even apply to all cases of ovals returning into tbem- 
et-lvea, and unconncetcd with any infinite branches. There 
isj for example, a large class of curves of many orders, 
those whose equation is y'" = »'" .ci"-'!™ x(«» — .(■"); and 
when m is even these curves are quaclrablc ; and in 
every case where iw and n are whole positive even num- 
bers, it ia the equation to a curve returning into itself. 
This is manifest upon inspection : forj't/ d .r =J'n i""' 
(a" — x')m d X is integrable because the power of j- with- 
out ia one less than that of x williiu the radical eign ; and 
because there ia no divisor there cEin be no asymptote; 

while it is plain that the — root of a' — x" is impossible 

when either +x or ~x ie greater than a, n and m being 
both whole even numbers. 'Wherefore the curve re- 
turns into itself; and as ,'/ — 0, both when .t=0, and 
wlieuj = -f- fl, or — a, therefore the figure consists of two 
ovals meeting or touching in the origin of the iibscissaj. 
These two ovals admit of a perfect quadrature; the in- 
tegral being C — —. — -y {"" — x") •■• ' Thus if 

„, = n = 2 the area is C - ^ iii' - .i-) I, the latter 
quantity being one-half of an area that has to one-third the 
rectangle of the eo-ordinates the same proportion which the 
ditTerencc of the squares of the diameter and abscissa lias 

to the square of the abscissa; fur '^ (a- — x'^) - = i ,ii/ x 



The particular inquiry respecting motion in the ellipse 
did not perhaps require the proposition to be proved in 
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given it. That the ellipse cannot be equored might per- 
haps be aufiieicntly proved from this consideration, founded 
upon a reasoning nnalogous to that on which the lenima 
in question proceeds. — If a curve be described such that 
its co-ordinates, or the rectangle contained by the co-or- 
dinates, shall always bear a given proportion to the areas 
of the ellipse on the same axis, this curve cannot be alge- 
braical, not merely because of its equation involving quan- 
tities not integrable (for that may be said to be the ques- 
tion), but because it will stop short, at a given line, which 
no algebraical curve can do. It will have no branch ex- 
tending beyond tbe perpendicular at the end of the axis : 
and moreover its equation is known to bo that of a tran- 
scendental curve. This reason cannot be applied to all 
curves returning into themselves ; because, as we have seen 
in one class, the equation to the curve, whose co-ordinates 
should express their areas, is algebraical ; and also because, 
in that class, the secondary curve is found to have two 
branches which meet in cusps, and so do not stop short. 
If described by the proportion of areas they would seem 
to stop short, that property only belonging to one of their 
branches ; but their equation discloses the second branch. 
It is one of many instances of a truth perhaps not suf- 
ficiently remarked by geometricians, that curves sometimes 
have particular portions to which certain properties belong 
exclusively, no other part of tlie curve having them. 

As the area of the ellipse cannot be found by alge- 
braical quantities, or by the description of algcbrMCal 
curves, the problem of Kepler cannot be solved otherwiso 
than by t ran hoc n dental curves, logorithms, circular arcs, 
or approximation. Sir Isaac Newton gives a solution by 
means of the cycloid described on an axis at right angles 
to tbe transverse axis of the ellipse, at a distance from 
its vertex which is a fourth proportional to half the trans- 




Terse axi?, the focal distance, and ihc eccentricity, and 
with ti generating circle whose mdiu9 is tiic distance of 
this perpendicular from the centre. A parallel to the cy- 
cloid's axis, at tlie point whose ahscissa is to the periphery 
of the generating circle in the proportion of the given 
time to the periodic time, cuts the ellipse at the place 
required. TLia solution requires a construction heside that 
of the curve descrihed ; but a cycloid may be described 
which ehall cut the ellipse directly .it the point required. 
If a circle is described on A B the transverse axis, and its 
quadrant A A is cut in O, in tlie given ratio of the times 
in which the elliptical area is to be cut ; and then a cycioid 
is described, whose ordinate P M is always a fuurth ]iro- 
portional to the arch O Q, the rectangle of the two axes 
and the distance between the foci ; or to O Q, A B x 
2 . C F, and 2 , C S, — this cycloid cuts the ellipse in the 
point required, P. Tiic equation to this curve Ci P is simple 




enough, and the construction easy ; for the ordinate is in a 
given proportion to the arc Q O of the quadrant. As, 
however, an arithmetical approximation by means of series 
is required in practice. Sir Isaac Newton gives two me- 
thods, both of great elegance and efficiency. 

It may be projjcr here to note the names given by astro- 
nomers to the lines and angles in the elli]ise connected 
mainly with tlie investigation of this problem. The sun 
being in the focus S, and P the plaiiet'e place, the aphelion 
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of the planet is B; the perihelion A; the arch BP, or 
angle BSP is the true anomal)r; BO being to the whole 
circumference as t5ie time in E P to the whole periodic 
time, BO, or O S B, is the mean anomaly, and Q B, or 
Q C B, is the eccentric anomaly, C being the centre of the 
ellipse : A and B are likewise called the apsides (or apsea). 




and AB, the transverse axis, is called the line of the ap- 
sides ; S C, or more generally -^-p is the eccentricity. 

(2.) The next subject of inquiry is the comparison of 
bodies moving in a straight line towards the centre of 
forces, with those moving by the same centripetal force in 
the conic sections whose axid ia that straight line- If the 
projectile force by which a body revolves in any of those 
curves round the focus as a centre, suddenly ceases, and 
the body falls towards the centre of the curve, it ia shown 
that its place at any given time, will be the point at which 
the line of deaeeut is cut by a perpendicular from the 
point of the curve where the radius from the vertex makes 
its area proportional to the time consumed in the fall. 
For take the parabola whose area ia § a^ y, and let the 
distance of the point where the body begins to descend in 
a straight line be c ; the parabolic aectore, which are as the 

times, are expressed by y x (■ — —^ 1 ( =j^y + 

(C— 3")5)or— ^ — X (j' + 3 C) ; and if another parabola 
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witb the 8ame vertex, and with a smaller parameter, b, ia 

drawn nearer the straight line, itasectoraare— ^(j- + 3C). 

Now the times in the first parabola, or the areas, at 
any two points referred to the abacissro t and :, being 

— g- (x + 3 C), and - — (s + 3 C), the times or areas 

in the second parabola will be — . — (r + 3 C), and ■ 

fr + 3 C), respectively; and therefore it ia evident that 
the areas at the distances x and ?, in the one curve are 
ill the same proportion to one another wilh the areas in 
the other curve at tli03c distances. If the parameter be 
continually diminished of the second curve, until that curve 
coincides with the axis, the same proportion holds ; and 
the times, therefore, in falling through the axis, will be as 
the areas of the first curve, corresponding to the points of 
that axia. — And so it may be shown in the elliiise and 
hyperbola. 

Hence it follows, that in the case of the parabola, the 
velocity of the falling body in any given point is equal to 
that wilh which the body wonld, moving uniformly, dc- 
acribe a circle having for its centre, the centre to which 
the body is falling, and for its diameter the distance of 
the given point from that centre. In the eircle, the ve- 
locity at the given point is to the velocity in the circle 
described from the centre, with the distance of the given 
point for the radius, as the square root of the distance fallen 
through to that of the n hole distance of the point where the 
fall begins. Thus let '/ be the distance of the given point 
to which the body has fallen, D the distance of t!ic point 
at which it began to fall ; the velocity in the case of a para- 
bola ia equal to that of the body moving in a circle, whose 
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radius ia ^ d; in the case of a circle, it is to that of a fa 
moving in a circle whose radius is rf, aa V D — rf : 
v' D. — And the like proportion subaiats in the case of the 
hyperbola. 

Further, a rule is thus deduced for determining, con- 
versely, the time of descent, the ijlace being given. A 
circle is to be described on A S = D, aa the diameter, 
and another from S the centre, towards which the body 

falls, with the radius — . P being the point to which it 

has fallen, if the area S X B be taken equal to S C A, 
the time taken to fall through A F ia equal to the time 



in which the body would move uniformly from B to X. 
Hence the periodic times being in the sesquiplicate ratio 

of the distances (( = d-a) and because 2 3 =2 ^'2, the 
lime taken to fall through the whole diatance to the centre 
is to the periodic time of a body revolving at twice that 
diatance round the aame centre aa 1 to 4 v' 2 ; and thus 
we can calculate the time (supposing the planetary orbitB 
to be circular) which any one wonld take to fall in a 
straight line to the aun, or any satellite to its principal 
planet, if the projectile motion were suddenly to ceaae. 
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The moon in this way would fiill lo the earth in about four 
hours less than five days.* 

The inquiry is closed with a solution of tlic gcncrid pro- 
hlem, of which the preceding solutions for the conic sec- 
tions, and for the force inversely as the squares of the 
distances, arc only parficnlar cases ; and the x'mxea and 
velocities arc found from the places, or the i>liices from the 
times and velocities, wliere a body ascends from or de- 
scends to the centre, influenced ijy a centripetal force of 
whatever kind. On the given straigiit line of ascent or 
descent a curve is to be described whose co-ordinates are 
the centripetal force at each point of the axis, or whose 
equation is 2/=X, X being a function of .t, the distance 
from the beginning of Ihe motion. Tlie area of the curve 
at each point is / y d .r =f X */ x ; and if that integral is 
equal to 7J, Z is as the velocity at the distance n—x, from 
the centre. Another curve described on the same axis, 

and whose equation is u = -^, gives by its areas / -y- 

= ^, the time taken to move through the distance a—x; 
it is equal to l- Tiiis is easily demonstrated; forj first, 

if the velocity be v, and ihe time (/ (, tJic space being 

d J.; we have the force// — ; aiidas(//= -^, there- 

fore D — —.—, and // d .r — v d i-, and J' ij d .r= — ; but 
Z^ = ,/ ydjr; therefore Z = — -, and the velocity is as 
tlie area Z, -Again; for tlie time in the other curve; 

* It is ecimraring the grcali'-^t wilb ihc ,'iiiiillofl tilings, looliscrrt tliiil [lie 
time of the rcTolntion of a, [ilniict rouiiil ilti? sun, or tlic jiluatliuj ycur. 
bears tlie same propurlioii to ihe lime in wliich llio ])liilict woiUii fall in llic 
sun, which the s<|iiarc of the eiilc of it bee's cell dues lo imu nf the nix Iri- 
unfilcs, or [') Ihe sixth part r,f ilie rhomlioiilnl ]ilatc. (!?ec Appenill-j tu vol. 
\.. Puley IllustrntC'l,) 
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%'2 . Z ; sho tl t : 



dx 



Pd X 
Therefore t = ^2 J ^=v'2.J, or the time is a8 , 

the area ^. In these exprcsaioas, therefore, to find Z and 
I we have to Bubatitute the values of X and Z in terma 
of X, and integrate. 

It is hardly necessary to add, that if, inetesd of the 
velocity and the time being sought (Z and ^), these ore 
given, and the place reached by the body be sought, we 
find it by the same constructioD ; and ascertaining what 
value of X gives the value of Z, the square root of the 
area. But it may be well to note here, that if O M be 
the curve, whose ordinate P M or y = X, the centripetal 



force at P in terms of A P or x, or the gravitation of 
any particle of a homogeneous fluid towards S at the point 
P ; then the column of that fluid whose altitude is A P 
will press at P, as the area A P M O, or as v'^, the square 
of the velocity acquired by a body falling through A P. 

iv. The next object of research is to generalise the pre- 
ceding investigation B of trajectories from given forces, and 
of motion in given trajectories, applying the inquiry to all 
kinds of centripetal force, and all trajectories, instead of 
confining it to the conic sections, and to a force inversely 
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as the square of the diatance. This forms the subject of 
the Eighth Section, which therefore bcnra to the Third, 
Fourth, Fifth, and Sixth, the same relation ihnt the con- 
cluding investigation of the Seventh Si.ction (on rectili- 
near motion influenced liy centripetal force) bears to the 
rest of that section. 

The length at which we before went into the solution 
of the problem of central forces (inverting somewlint the 
order pursued in the Prlncipta) makes it less necessai-y to 
enter fully into the general solution in this place. Wc 
formerly gave the manner of finding the force from the 
trajectory in general terms, and showed how, by means 
of various ditferential expressions, tins process was faci- 
litated. It must, however, be remarked, that the inverse 
problem of finding tJie trajectory from the force, is not 
so satisfactorily solved by means of those e.-spressions. 
For example, tlie most general one at which we arrived of 



— .r, 1 — / " — rj~\3 — beu]g]jut= „ ■ , . — Tt'°' 

the force inversely as tlie square of the distance, presents 
an equation in which it may be pronounced impossible to 
separate the variables so as to integrate, at least while 

rfX, the differential of , , remains in bo unmanageable a 
dx 

form: for then the whole cnuation is - , ■,,-,,- t-, 
1 -i (!,dj--U—a)d,/f 

= — — and thus from hence no equation to 

the curve could be found. It cannot be doubted that Sir 
Isaac Newton, the discoverer of the calculus, had applied 
all its resources to these solutions, and as the expressions 

for the central force, whether „-, ,i, nr -, y- , nr 
2 p^ . K 7'' li I- 
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d*x^/x*-\-f 



- (in Bome respects the Bltnplest of aU, being 

taken in respect at d t constant, and which is intcgrable 
in the case of the mverec squares of the distances, and 
gives the general equation to the conic sections with sin-' 
gtdar elegance), are all derivable from the Sixth Propo- 
rtion of the First Book, it is eminently probable that he 
had first tried for a general solution by those means, and 
only had recourse to the one which he has given in the 
Forty-first Proposition when he found those methods un- 
manageable. Thia would naturally confirm him in his plan 
of preferring geometrical methods ; though it is to be ob- 
served that this investigation, aa well na the inverse pro- 
blem for the case of rectilinear motion in the preceding 
Bection, is conducted more analytically than the greater 
part of the Principia, the reasoning of the dcraouBtratitm 
conducting to the Eolution and not following it synthe- 
tically. 

A is the height from which a body must fall to acquire 
the velocity at any point D, which the given body moving 
in the trajectory V I K (aought by the investigation) has 
at the corrcBponding point I ; D I, E K, being circular 
arcs from the centre C, and C I = C D and C K=C E. 
It is shown previously that, if two bodies whose masses are 
aa their weights descend with equal velocity from A, and 
being acted on by the same centripetal force, one moves 
in V I K and the other in A V C, they vn\\ at any cor- 
responding points have the same velocity, that is at equal 
diatnnccs from the cenire C. So that, if at any point D, 
D A or D P be as the velocity at D of the body moviog 
in A V C, D i or D F will also represent the velocity at 
I of the body moving in V I K. Then take D F=y ab 
the centripetal force in D or I (that is, as any power of 
the distance D C, or a-.r, VC being a, and C D, x) 
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V D F L will be^> d x. Describe the circle V X Y with 
C V as radiufl. Let V X=;zr, and Y X will be d Zy and N K 




X d z 
= . Then I C K being as the time, and d t being 

constant^ that triangle, or , is constant, and 

K N is as a constant quantity divided by I C, or as — ' 

X 

If we take — to \/ A VLB (proportioned to the force at 

any one point V and therefore given), as K N to I K, 
therefore this will in all points be the proportion ; and the 

squares will be proportional, or fy d x : ^ :: I K^, or 

K N* + I NS to K N^ ; and therefore f y d x-- 

%.%v.\W, ox d -''' 



X* x^ 



x^dz^ ^, « X d z 
x^ : — s— . Therefore 



w 



a 
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:c/\fj 



Qrf-r 

oj; and multiplyin 



(twice 



the sector I C K) 



and a d z =■ 



X* d z 



Again adz 



^di. 



.=-. — = twice tlie sector Y C X. 



Hence results thia conatructioa. Describe the curve oA Z, 
Buch that (D 6 = k) its equation shall be « = 



its equation may 



-P = 



X such that (D c= 

Then the differentials of 



the areas of these curres, or 

Qdx 

lively 



iV^ 



Q'and 



f d s, beiDg respeo- 
and 



,-\A-''' 



those being equal to - 



- and 



r the sectors whicli 



are the differcntiala of the areas VIC and V X C, the areaa 
themselves are equal to those areas ; and therefore from 
V X C being given (if the area c D V a be found), and 
the radius C V being given in position and magnitude, the 
angle V C X is given ; and from C X being given in 
position, and C V in magnitude and position, and also 
the area CIV, (if VDia be found), the point I is 
found, and the curve V I K is known. This, however, 
depends upon the quantities made equal to u and f 
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aevcraliy being expressed In terms of x, for tiiia !s necessary 
in order to eliminale 1/ from the equations to these curves; 
and then it is necessary to intcgmte these expressions; for 
else the angle V C X, and the curve V I K, are only ob- 
tiiined in difJerential equations. Hence Sir Isaac Newton 
makes the quadrature of curves, tliat is, first the inte- 
gration oify d r, to eliminate 1/, and then the integration 
of the equations resulting in terms of 71 and x, f and x 
respectively, the assumptions or conditions of his enun- 
ciation. — The inconvenience of this method of solving the 
problem gave rise to the investigations of llerniann and 
Bcmouilli. The equation of the former, involving, how- 
ever, the second differential of the co-ordinate, is to the 
rectangular co-ordinates; that of the lalfcr is a polar 
equation, in terms of ihc radius vector and nnglc at the 
centre of forces. 

To illustrate the difficulty with which this method of 
quadratures is applied, in practice — take the case of 
the centripetal force being inversely as tlic cube of 

the distaucc ; then y = —^ and the curve U L F is 

quadrablc. If we seek ihc cin-lu V X Y by rectangular 
co-ordinates X O, O V, we find the e([uation to obtain 
O V = D in terms of x, is of the form 

1 ,7^ (Z n Q a- .1 X 



^ -^ V / J '^ ■'■ ■ 



"v'2.r^'2c 



(e being the constant introduced by integrating /"?/(/ j:). 
Now there is no possibility of Integrating these two quan- 
tities otherwise than by sines, and wo thus obtain, nor 



86 Newton's pbincipia. 

C — a' arc sin. = 



= X arc COS. — t== — ^^• 

^fi' + 2 Q« v'2 c . Jf 

And if we get D from this^ in terms of cos. z^ we have 
then to obtain P C by similar triangles, and from IPC 
being right-angled and I C = x, to obtain P I, in order to 
have the curve V I K. 

But if we proceed otherwise, and instead of working 
by quadratures, take v the velocity of the body at I, or 

c 
in the straight line at D, and make 7 the area described 

in a second, and Q the angle VCI, we obtain as a 

polar equation to V I K, di = — == {x being 

in this case both C D and the radius vector). Then, 
to apply this general equation to the case of the centri- 
petal force being as -5, let the force at the distance 1 be 

put equal to unity, and supposing the velocity of pro- 
jection to be that acquired in falling from an infinite 
height, the equation to the trajectory becomes 

c d X • c 

dS = - , and integrating, 6 = = 

X log. -. 

The whole subject of centripetal forces, inverse and 
direct, under the four heads which we began by stating, 
has therefore been discussed, but always upon the assump- 
tion that the bodies acted upon move in orbits which 
remain at rest, and thus that the axis of the curve which 
they describe remains constantly in the same position. 
Another subject of inquiry is presented to us if that axis 



itself move,", rpvolving round the centre of forccB, and 
we are required to ascertain the line in which the body 
moves in tliia moving orbit, as related to the line described 
liy a body moving in a fixed orbit ; or conversely to 
ascertain the motion in the two orbits. This subject 
divides itself into two branches, according as the planes 
in which the motions arc perfoniiod pass through the 
centre of forces or not. Motions in the planes of the 
centre form the subject of the Ninth Section; the Tenth 
treats of motions in eccentric planes. Under the former 
division, a princi[ial object of investigation is that which 
indeed measures the orbit's motion, and is identical with 
it, the motion of the apsides ; in other words, the positions 
successively taken by the two points of the revolving 
orbit, where the tangents are perpendicular to the axis, 
and where, congci|ucntly, tlie moving body begins to 
come back towards the centre from its greatest distance 
in that direction of the axis ; while, under the latter 
division of the subject, a main [loint of discussion ia the 
vibration of penduluraB. 

i. If a body, revolving round a centre of forces, is acted 
upon laterally by any other force beside the centripetal and 
the centrifugal (or tangential), though the centre may re- 
main fixed, the orbit will not remain so. The axis of the 
curve described will move forward or backward, according 
to the direction of the disturbing force. This motion of the 
axis is considered as a revolving motion of the orbit, and is 
the subject of our present consideration. The great prac- 
tical importance of the inijuiry will presently bo shown, — 
Suppose a body moves in an ellipse that is very neai-Iy a 
circle, the centripetal force being inversely as the srjuare of 
the distance; the centrifugal force is in the direct proporlion 
of the square of the velocity and tlie inverse proportion 
of the distance, jointly I that is. (" being the distance. 
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and o the velocity in a circle^) as — ; and v being as -» 

the centrifugal force is as -^^ or inversely as the cubes 

of the distances. A C B is the fixed ellipse ; aCb, the 
one described by the body under the influence of a 
disturbing force^ or in any other way made to move 
in an orbit whose axis, b S, or line joining the apsides a, 
b, is revolving round S. Suppose the angular motion 




of the second ellipse to be in a given proportion to 
the motion of the body in the first, or that sp being 

equal to S P, the angle B S P is - of the angle b S v. 

n 

The diiFerence of the centrifugal forces of the two bodies 
must be equal to the difference of their centripetal 
forces. Calling T and t the centrifugal forces in the 
fixed and moveable orbits respectively; C and c the 
centripetal forces; T — ^ = C — c, and c = C + f 
— T, But T : ^ in the proportion of the squares of the 
velocities, or of the angular motions, that is as m' : n^ 
and T — ^ : t :: 7n^ ^ n^ : n!^ ; and because the centri- 
fugal forces are at different distances, inversely as the 
cubes of those distances, therefore the difference of those 
forced in the two orbits, being in a given ratio to either 
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of them, must be inversely as the cube of tlieir commou 
distaucc from the centre, or of the altitude of the revolv- 
iug body in its orbit. Hence it follows that il being the 
coiniuoii altitude or distance, and P the parameter, the 
force rei|uired to move the body in the moveable ellipse 

ia as J., X — i,~ii — ' and, conversely, if eucb is the force, 

the motion will be in a moveable ellipse : And again, 
if n be the transverse axis of the cUipae, the forces in 
the fixed and io the moveable orbit will he to each other as 

--^ and — 3- + P --^-,3-. Hence, in order that 

a body may move in a moveable ellipse, or an arc whicli 
advances or moves round in the direction of the body's 
motion, tlie centripetal force must vaiy in a higher propor- 
tion than the inverse srjuare of the diatiince, but lesi than 
the cube; and that the body may move in a retiring 
ellipse, or an arc which moves round in a direction 
contrary to that of the body's motion, the centripetal force 
must vary in a less proportion than the inverse sfjuarc of the 
distance. 

From these propositions, Sir Isaac Newtou ia enabled 
to ascertain the proportion of tho centripetal force to 
the distance, when the motion of the elliptical axis, that 
is of the apsides, or extreme points of it, shall be given; 
and conversely to ascertain the motion of the apsides 
when the proportion of the centripetal force to the dis- 
tance is given. Let 9 : fl be the proportion of the angular 
motion by which the body in the moveable orbit comes 
round to the same lines of apsides, to the angular motion 
of one revolution, or 360'"; then the centripetal force will 
be as the power of the distance il, which is represented 
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able orbit moves oaly tlirougli the game Bpace with ths' 
axis of the fixed orbit, that is if the moveable orbit coin- 
cidea with the fixed, then the centripetal force is as 

f/'-^ = rf-' = -— ; and conversely, if the central force la 

as y^, the line of the apsides haa no motion whatever. 

Hence the important proposition, that the inverse square 
of the dietance, the actual law of gravitation, ia the only 
proportion which prevents the line of the apsides from 
moving at all.— Again, if p : fl :: 363 : 360, or the line of 
the apsides advancca three degrees in each revolution, 
then the centripetal force is between the inverse square and 
! cube of the distance, but much nearer the for* 



mer; for ~^ — 3 bccomea nearly equal to 2 j-J j, or about 

2j.'^ . But suppose the excess of the angle between the 
axes in one orbit over that angle in the other orbit to 



or sny —'i-Bjihsat *'i^ the force as — -r—. In like man- 
ner, if some extrancoua force ia impressed upon the revolv- 
ing body, from knowing the amount of that force wo 
can find the motion of the apsides, and conversely. It 
is found by following the method of Sir Isaac Newton, 
that the advance in a single revolution on the 8up(>o- 
sition of the disturbing force being to the centripetal force 
aa 1 to 357-45, is equal to 1° 31' 28". 

Kow it is found that in the planetary motions those 

• Tlw wnoant of 12" ia often eivcn for the ndviuice of the utii at tlw 
cjinli's orliit 1 but wc liave followed La|iIiicc'B nnnibcr of 36" T", which 
on tho ■oxagedinalacalaigll"R9"', or II" 53". This uimtl ilitTcriiuco makca 
II difforooco of 1000 years iii ilio lolol ri'volution. 
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-variations of the centripetal force actually take pliicp. The 
action of the sun, for example, upon the moon, while 
she is acted upon by the earth, coiiiciJes with tliat of 
the earth in some parts of her orbit, ami in aomc parts 
opposes this action, thus alternately aihling to and taking 
away from the force of her gravitation towards the earth ; 
and this increase and diminution is greater at the greater 
distances of the moon from the earth. Hence the pro- 
portion of the centripetal force which keeps her in her 
orbit, is somewhat different from the exact i-.itio of the 
inverse square of tlie distance. There is more taken 
away from this centripetal force by the sun'a action 
while the bodies are placed towards each other in one 
direction, than there is added when in the other position ; 
and therefore there is a total diminution of the moon's 
gravitation, or the centripetal force decreases in a somewhat 
higher ratio than as the square of the distance increases ; 

in other words, the denominator of the expression -^ '^ 

greater than this exact power of d, which we have seen 
keeps the orbit and its axis fixed with respect to the 
centre, which in this case is the centre of the earth. 
Hence this axis of the moon's orhit revolves in the 
direction of the moon's motion, and in a certain period 
makes a complete revolution. So that at one time, 
half this period, the moon's greatest and lea t distances 
from the earth (her apogee and perigee) have ch.inged 
places, and at the end of the period they resume their 
former position. The amount of this motion of her 
apsides is about 3° in each revolution, or 39° in a year; 
BO that the axis of her ellipse revolves in nine years ; 

and the centripetal force is not as -j, but —^-r-, nearly 
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the proportion above shown to belong to a pn^reanon 
of the npsidca, equal to 3° in a. revolution. In like 
manner the orbit |of the earth is not immoveable, owing 
to the disturbing forces of the larger plaaets, Jupiter, 
Saturn, Mar9, and Venus. But the disturbance here is, I 
of course, incomparably more minute. The apsides of 
the eartli's orbit only move 11" 53"' in the year, instead 
of 39° ; and the expression for the centripetal force is ther&- 
fore, as we have Been above, the inverse not of rf*A, but 
of (fatiao- The axis of the earth's orbit thus revolves in a 
period of about|_I09,060 years. 

It is, however, to be observed that, although this motion 
of the axis of the earth's orbit is the rcBult of the theory 
of gravitation, and indeed affords a new proof of it. Sir 
Isaac Newton did not himself consider it as worthy of 
attention. He regarded it as indicating so very minute 
a deviation from the law of the inverse square of the 
distance, as not to alter sensibly the form and position 
of the orbits resulting from thence. He therefore did 
not give any calculation respecting it. To say that ba i 
was ignorant of it, or that lie affirmed the absolute 
quiescence of the planetary apsides, as some have done *, 
is wholly erroneous. The statements and methods in 
the Forty-fifth proposition and its corulhirics are quite 
general, applying to all bodies acted on by disturbing 
forces ; so is the Sixty -seventh, with the Sixth, Seventh, 
and Eighth corollaries, of general application ; and even 
in the proposition (the Fourteenth of the Third book) in 
which he affirms that the aphelia and nodes of the orbits 
are at rest, he refers to inequalities arising from dis- 
turbing forces, while in the scholium that immediately 
follows he expressly states the motion of the aphelion of 



* Builly, Hist. Ast. t 




Mare, and collects from tlicncc thitt of the Earth, Veiiuti, 
and ilercury, by the law which regulates tlic inotiun of 
the apsides, namely, the Besqiil plicate proportion to tlic 
diitances. By this he makes the motion of the Earth's 
aphelion 17' 40" in a century, or ID" 3G'" yearly, hcing 
not a second and a half JillOreul. from wliat it m now 
understood to be. 

The calculation of the motion of the moon's apsides, 
however, which he deduced from these propositions, diflercd 
widely from the truth. He made it, aa we have seen, 
amount to little more than ii degree and a lialfcach rcvii- 
lution', or about one-half of the truth; and Tor the ili;-- 
crcpancy between the theory and the phenomena he Mcenj.-i 
to have failed in accounting. Others, in the earlier part 
of the eighteenth century, having applied to the subji^ct 
a different investigation, but founded upon his ptijiciplff, 
obtMned a different result, but erring by exccKri ; for ihcy 
made the motion 3° 27' each revolution, or nearly ■1,'j" in 
the year instead of 39". About the year 17-l.j the liiruc 
great mathematicians of that age, Clairaut, Euler, and 
D'jVJembert, investigated the subjcet ; and applying the 
whole resources of analysis to itrf discussion as a case of 
the problem of three bodies, obtained general solutions of 
great beauty. However, they slil! found tiie theory diffLT 
with the fact nearly as much as Newton hiiueelf had done; 
and Clairaut was even driven by tljis to devise a new law 
for the purpose of explaining thi^ aj>parent diserepiiney. I le 

supposed the centripetal force to be not hm .^but as 

-,„ + ... In a very tihort time, however, he candidly 
d^ (l* •' 

gave up this theory, and annEiunircd the important fact 

that he had found the whole errur to arise from his hav- 
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ing in hie approximntion neglected aome qaantities at 
extremely minute, and supposing they could not affect the 
result, whereas one of the quantitica upon which the 
result mainly depenils, liaving n small numerator, is nearly 
doubled by the introduction of the quantities omitted. 
Upon again going through the investigation without those 
oniiseionp, this great geometrician had the satisfaction of 
finding that the result made the motion of the moon's 
apsides agree with the fact ; and both Euler and D'Alem- 
bert now found that in their solutions they bad, by a 
singular coincidence, fallen into the same error. Laplace 
has since in his great work' given a complete investi- 
gation of the problem, and the results to which he is 
conducted by the theory are also most satisfactory. He 
finds the amount to differ only one four hundred and 
forty-fourth part from that given by observation, which, 
reduced to our sexagesimal degrees, is only a difierence 
of 24" 12'" from the observed amount. His solatioo 
in the case of the nodes dooa not come so near tfas 
observation ; it is only correct within the 350th part ; 
and yet the success of the theory in the case of the nodea 
was always reckoned its great victory in tlie hands of Ita 
author, while the case of the apogee cast some donbt 
upon it. Laplace made a discovery in the course of thta 
inquiry of a similar variation tn the apogeal movement^ 
and that it becomes slower at the rate of \5" in 100 
years, which the recent observations confirm. 

It was certainly impossible for the Newtonian theory 
to obtain a more brilliant triumph. f But it deserves to 

• M-it. Ca liv. viL B. 16. 

t For Clairaul's papore, sec MOro. do I'Acad. des Sciencta, 1745 ud 
17tS. But there ia an admiralile paper of the same iUuBtriooi mathein*- 
tickii uii [he niotiana of the orbits in the Mem. for ITS4. Thu first cited 
Tolunio contains both Clairnut and D'Alembcrt's famous inrestiuatioB 
uf Iho ]>rolile]iL ol' llic three liiwlii's, lu wbk'h refcrcnie is made 
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bo mentioned, that the statement iitade by Bailly in even 
njorc incorrect upon this Biihjcct of llic moon's iijisiiics tlian 
upon the motion of the jjlanetriry axis. lie iisserla that 
Newton represented the theory as "giving the quantity 
of the moon'a apogeal motion willi exactness;" anil that 
this having been a mere dictum of hh without a demon- 
stration, philosophers waited to find it proved hy subse- 
quent inquiry, as the theory had been on au many other 
[Mjints. The great inaccuracy of the substance is assuredly 
not rendered the less distasteful by tlie manner of thi^^ 
statement. "II avait souvcnt parlu il la ranniere dcs pm^ 
phctcs qui diseut ce qu'on ne pent voir: nlurs c'c^it I.i fiii 
qui croit, il faut que la raisun sc soumelte." (Hist, i/r 
TAstion. iii. 150.) Newton never asserts anything which 
may not, from what he himself lays down, bo strictly 
demonstrated. He certainly leaves much to be supplied : 
but he never leaves the reader wlio would, with due know- 
ledge of the mathematics, follow his reasoning, to trout 
his word. Even tlie scholium at the close of the Luniir 
theory (after Pro/mxition xxxv. /?. iii. )> where more oi' 
the investigation is omitted than perhaps in all the rest ol" 
the Principia together, may be followed argumentatively 
by a learned and ddigcnt reader, as the Jesuits have shown 
in their inimitable commentary upon it. liut touching 
the particular instance referred to by Bailly, nothing can 
be more contrary to the fact than bis statement. Hir 
Isaac Newton in the general proposition which wc have ana- 
lysed above, after finding that any body acted upon by a 
disturbing force in the given proportion to the centripetal, 
will have by the theory a progressive motion of its apaides 
equal to 1" 31' 28", although ho had not in the whole 

aa haring l«cn uiiJcnuUn liy tli.Tn «in1 Kiikr ill iJn; »uiiiii liiiii;. — Rcr 
Lift of D'A]cml";n, ]■ 4i7.. wliLrctlit liiaiuiy oriliwctlttirnlcil untsiifatiuii 
is given ut iLnglh. 
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corollary made any particular application to the 
motion, adds, " the apsis of the moon has a velocity twice 
aa great nearly " (npsia lunae eat duplo velocior circiter), 
{Cor. 2. to Pi-op. xlv. B. i,);" and though in the propo- 
sition in which he applies his theory to find the disturbing 
force of the sun, (xxv, B. iii.) he finds it to be to the cen- 
tripetal force as 1 to 178J nearly (or double what he 
had argued upon in the former proposition), he is so far 
from deducing from thence any inference that the apsides 
by ihe theory move 3° in each revolution, that he makes 
no application at all of the proposition to finding their 
motion. But in the celebrated scholium where he sums 
up all the disturbances, he treats of this motion, and lie 
expressly shows that it only comes out to be anything 
like the true motion of 3° by an assumption contrary to 
the theory ; that is, by taking not the true equation to the 
Bun'a mean motion, but the equation on the hypothesis of 
its following the inverse triplicate ratio. The words ahove 
quoted from the general proposition upon the apsides in 
the first book, are quite sufficient to protect Newton's 
memory from any such aspersion as that now under con- 
sideration. 

It may further be remarked, that Bailly's general 
criticiBm on Newton's whole investigation of the moon's 
motion ia singularly unfortunate. He represents him 
as having only given a rough sketch of the subject, 
leaving others to fill up. He says, that this is the 
part of Newton's work most involved in obscurity; that, 
concealing the route he pursued, he plainly haa not 
taken the problem in ita full extent, but only shown ge- 
nerally, and by a few examples, that those irregularities 
could be deduced from the theory; though he renders 
• It U iBnmrkftb)B thai Ihpw wonin ore not in the flrsl edition of the 
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ample justice to Newton's transcendent merit* iu other 
respects. But here Bailly has a far higher authority than 
his own against him, justly as his own name is held in 
respect, Laplaee, in his earlier writings*, had seemed 
not sufficiently impressed with the inestimable valnc of 
that part of the Principia; and had, while he distinctly 
gave the work at large the "pre-eminence over all other 
pro<Iuctions of the human understanding," yet appeared 
to regard the theory of disturbed planetary motion, and 
especially of the moon's motion, as a sketch left for others 
to complete when the calcidus should he more improved. 
Yet in hia last work, the concluding part of tlie MO- 
canique Celeste, published the year before his death, he 
distinctly declares this very portion of the Princijiia to 
be among the greatest monuments of the aullior'a genius. 
" .Te n'hesite point a les regardcr (^rechcrchcs sur la theoriu 
de la lune) comme unc des parties les plus profondes 
de cet admirable ouvrage,"t 

It remains, however, that wo iiicntiou an unaccountable 
et.atemeat of the truly great geometrician whom wc have 
last cited. In treating of (he history of the lunar theory, 
he says that Newton, when seeking the correction of the 
sun's disturbance of the moon's gravitation towards the 
earth, "supposes that disturbance to be ,^7 of the moon's 
gravity, or that which results from the observed amount of 
the lunar apogee." (A/ec. Ci'i lib. xv. chap, I.) For this 
he refers to Cook iii. Prop. iv. of the Principia, wiiich is 
evidently a wrong reference, that proposition, and indeed 
that pari of the book, treating of other subjects. Nor can 
any place be found that Laplace could have iiail in his 
view, except the Twerily-first proposition of the Third 



98 



NEWTON'S PRINCIPIA. 



book, in which the 8un*8 disturbing force on the moon's 
motion is investigated. But respecting that proposition, 
it is wholly inaccurate to say that he there makes any 
hypothesis or assumption of the proportion between the 
disturbing force and the moon's gravity; for he deduces the 
proportion of 1 to 178f §, (or which is nearly the same thingt 
2 to 357,) from the duplicate ratio of the periodic timee, and 
deduces it as a consequence of the Seventeenth corollary to 
the Sixty-sixth proposition of the First book, which corol- 
lary comes easily from the Second corollary of the Fourth 
proposition of the First book. It is, therefore, wholly 
impossible to represent that position as a mere assumption 
to suit the observation of the moon's actual variations. 

ii. The next subject of consideration is the motion of bo- 
dies along given surfaces, not in planes passing through the 
centre of forces, to which case our inquiries have hi- 
therto been confined. 

Let a body move in any plane, in a trajectory, by a force 




directed towards a centre out of that plane, and we are 
to examine its motion under two heads, as we did the mo- 
tion of a body when the centre was in the plane of the tra- 
jectory ; that is, first, the curve described by the given force; 



and next the force, with the velocity, when the fiirve is 
given. 

For this purpose, let P be the pcrpeudicuhir t« C t.i t!ie 
plane from S the given centre, this being the sliortcl 
line from the point to tlie plane ; D the distance S P from 
the centre to nny point P of the curve ; the distance C P = 1/ 
of that point P to the centre in the plane, that is, to the 
point C where p falls on the plane: and let F, the central 
force, be represented by R S. It is evident that the force 
R S, acting in the line P S (without the plane"), is com- 
pounded of two, R K and S K, of which R K only can 
have any effect on the motion in the plime, tlic other S K 
which tends to draw the body out of the plane being by the 
supposition nothing, because the body moves wholly in ihc 

plane C P B E. But by similar triangles, R K = — p'';^— 

F. (/ 

= -w - ; therefore if the proportion of the centripetal force 

to the distance be known, that is, if F = D", RK = ./. 
D"-'. But Jy- = (f" + ;r, and D =; s'TP'^i'; therefore 
R K, the force acting at P towards the centre C, is d x 
(iP + /;') ^, which gives it in terms of the distance C P, 
and the given line SC. Thus if the central force is as 
the distance S P, the force acting towards the centre 
becomes equal to d, or as the distance on tJie plane. .So if 
the central force ia inversely aa the distance, then ii= — \, 

and the force to the centre on the plane is . or 
„ -J , and if it is inversely as the square of tJic dis- 
tance, the force on t!ic planu is - _. |l,it the 
central force being given in tiic iilanc, the invcstisfiUion 
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is reduced to tliitt fornicrlj explained, for finding motion! 
nnd triijectoriee when the centre la in the same plane with 
the motion. Hence in the case first put, of the force to- 
wards S being as D, and the force towarda C being, con- 
aequently, as ti, it follows from what was formerly showa 
respecting motion in the aame plane, that the curve de- 
scribed on the plane of the centre C, or P B, in thia case is 
an ellipse ; that the times in which the ellipse is described 
will be the same in whatever plane the bodies move; and 
that if the ellipse, by lengthening ita axis indefinitely, 
becomes a straight line, the vibrations of the body in that 
line will be performed in equal times to and from the centre 
on both sides of it. 

By a somewhat similar process, we find the motion and 
trajectory of a body moving on a curve surface, by a forca 
directed towards a given centre in the asisof ihe solid of 
revolution which forms that curve surfiice. It ie first 
shown, that if from any point of the trajectory P (? H on 
the curve surface (which being a curve of double curvature 
we shall call the double curve), a perpendicular ^ o ba 
drawn to the axis C S, and from any other point of the 
axis there be drawn a line equal and parallel to ff o, asCp, 
Cp will describe areas proportional to the times. By 
means of thia proposition and the former ones reapecting 
motion in the same plane, we are enabled to find the curra 
P /) A on the plane P B E, the points of which curve are, 
as it were, a projection on that plane of the trajectory, or 
double curve, P </ H; and having found P p k, the double 
curve is found by drawing perpendiculars to the plane 
P B E, from the curve P p h to the curve surface P G E, 
whose form is given. Thus suppose the solid to be a cy- 
linder, in which case the curve V p h will be the circle which 
is the section of the cylinder; then if the central force 
acts (by S being removed to an infinite distance) in lines 



]iarallcl to ihe asis, :inil we eiijijinst' (lie limlj In lir^^in ]{:* 

inutioQ in llic iluubli; curve I' y U, willi lUc siiJiii: \ilui'ily 

AS that given or central vclucity, vr'uh wliieh il would 

describe Fph,the double curve ia fouml by tiikiiii- lln' 

onJinatcd p y in a given pnipurliun lo tlie Mi[ti;in; nl 

P li- 
the circular ;ircli 1' />, ur as ' ; iin[| LijnHi.'ijiii:iilly I" // 1 1 

is a speciea of qu:idratrlx dcacrihcil un a cyliridi-r. 

The motion of [iciuIuluuiB isi cviilerilly ii ca-ii^ ni' inolmn 
in a curii-c surface by a force dlrcclerl tuwiirila ;i ]"iiiil in 
the axis of tlio eoH.l, of whleli BuliJ Lhe eurve rliM.:nbnl 
by the pendulous body 'n a scclimi ; iind Sir Iwcu; Niiwt'pji 
discusses this subject fully. As liulMei'vieiit tn lliin in- 
quiry, he gives some iriniurtaiil ]iruiierlieH ijl' llie ryc.liFid, 
or rather of the byiJoeyutnid and hypcrryl'iid : l-'nr bv i« 
not satisfied wiib the invcstjgalinn, wliirli i- "(illlr'ciiilv 
easy, of the onliiiary cycloid's jirnperlii -, lln: •■ui-m- di - 
scribed by a point in a circle or wheel runjiin;^ idr.tij; 
a. straight line, but examines what in more [lifHeiill, Ihe 
properties of the liypcrcycloid and Jiy[ioeyeloid, or ihc 
curves described by a wheel moving on llie convex, :iiid 
the concave great circle of a Bjiliere ri;.-'p(;eliv(ly. Of llieno 
properties the most inqKirtant is ibin. If I> In; tin; dia- 
meter of tlie sphcr", and il that of 1 lie wIuj'.I, the len^'.ib 

of the hypereycloid is equal to four timei . y CO I •'), 

or four times the length of a fourlli proj)ortiiin:d lo tin; "uni 
of the two diameters, the wheel's diameter and ibe hi]ilii'n;'f. 
It is then shown how a [icnduluni may he njade lo vi- 
brate in a given cycloid, or rather hypoeycloid, namely, by 
taking a distance, whicli is a. third jirojuirtional to ibo 
jKirt of U, which Ihe In pocy.doi-l ciil:, i,lf ([l.at ih, tb^: 
distaace of the hyiiereycluid lioui ihi.' •■^■\,^,.■ nl' the 
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Bpbere) and ^; and from that distance S so found, drawing 
two cycloids touching the aphere, or its great circle, and 




meeting in the point so found. If to that point S, a flexible 
line or thread be attached and bent round one of tbe 
cycloids SP, it will unrol itself and then bind itself 
round the other cycloid S P', and ita extremity will de- 
scribe the cycloidal curve P P' required, one of whose 
properties is, that all the vibrations in its arches are per- 
formed in equal times, however unequal the lengths of 
these arcs may be, provided that the centripetal force is in 
each part of the curve directly as the distance from the 
centre, and that no other force acts on the moving body. 
But the same solution may be generalised and applied 
to any given curve whatever ; for the curves found, and 
along which the flexible line is traced and from which it is 
then unrolledj are the evolutea of the given curve; and are 
found in each case by means of the radius of curvature 
being the curve formed by ita extremity, or the locus of the 
centres of the oaeulating circles to all the given curve's 
points. If the curve in which the body is to move be a 
circle, the evolute is, of course, a point, the centre of 
that circle, the radius of curvature being that of the circle. 
If the curve is a conic parabola, it will be found that the 
evolutcs, or the lines from which the pendulum's thread 
must wind off, are cubic parabolas, whose equatioa is 
y'' = {^xy, the length of the pendulum being unity. The 
only case of the problem investigated by Sir Isaac Newton 
is that of the cycloid, which has the remarkable i>roporly. 
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that its evolute is an equal and similar cyclwiit,— a property 
which it ba3 in common with another curve, ihe lugnritbniic 
spiral, whose tangent makes with the radius vector a con- 
stant angle. He investigated the case of hypucjciuidd anJ 
hypercycloida, rather tlian the common cycloids, because 
it b that of the earth's gravity, which above the surface ile- 
creaees inversely as the square of the distance from the 
centre, but within the sphere increases as the distance 
simply. 

It follows, from the propositions respecting the vibration 
of pendulums, that the limes of the descent of falling bodies 
may be compared together anil with the times of vibrations 
of the pendulum: So that the time of a vibration round a 
given centre being given, as a second, the time of the 
falling body's descent to the centre of forces can be found, 
or the equal time of vibration in the circular arch of 
90° with any radius, The time is to thi; given time as 

1 to ^ -Jj, L being the length of ihc pciiibdmn. and U 

the distance from the point of sni'pension to the eeutie 
of forces; and since D becomes infinite and (he lines in 
whicJi the central foi-ce nets purallei, and eincc half the 
length of the pendulum is to the line fallen through in the 
lime of one vibration as 1 to Di&G'J nearly {ilio proportion 
of the square of the diameter to that of the cireiiniferonec), 
we can easily ascertain tlje force of gravity at any point 
by the length of the jienduhim vibrating seconds. It is 
found to be in these latitudes about ;J4"44 ; consequently 
a body falls in a second through about Ifi feet 9 incbc:'. 
Hitherto we have only considered the molions and tra- 
jectories of bodies acted upon by force:* dircetud towards 
a fixed centre whether in the piano of llieir motion or out 
of that ]ilane, and supposing ihiit plane cither lo be lisfd 
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ancl resction are equal and opposite, by the third of the 
Laws of Motion origintiUy stated, it is evident that the 
case of a fixed centre cannot exist when the attractioD, 
which we call the centripetal force, proceeds from a body 
placed in the centre, unless, indeed, some counteracting 
force shall fix this body to one point; for if no force exists 
but the mutual action of the two bodiea, the central body 
must be acted upon by the one which moves round It, and 
its position must be atfected by this action. Hence, for 
example, if there were only two heavenly bodies, M and 
K, and the one, M, moved round the other, E, by a pro- 
jectile force originally impressed upon it, the other, E, 
would also move round M, unless the mass of the latter 
body was infinitely email, and its attraction, proportional 
to this mass, could not sensibly affect the larger body. 
Again, if two bodies, the one moving round the other, 
both together move round a third, S, the action of this 
third will affect the motions of the other two relatively 
to each other. Thus each smaller system will be atfected, 
both as to tho motions and orbits of the bodies comjiosing 
it, by the action of the body tn the common centre of the 
whole; and they will also be affected by the action of 
the bodies in the other systems, having the same com- 
mon centre. The inquiry, therefore, divides itself into two 
branches ; Jirst, tlio difference between the motions which 
we have hitherto Iwen considering when the centre waa 
fixed, and the actual motions of the system, as that of 
the moon and earth ^revolving round each other with a 
moveable centre ; secondly, the still more important dif- 
ference between the motions already considered, and the 
actual motions, which difference is caused by the mutual 
actions of the whole bodies on cacli, and varies both the 
motions and the orbits of all. 

i. SupiKiBC two bodies mutually attracting each other 
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and impcllcJ by a single origiaal force of projuction, as E 
aiid M, tlicir centre of gravity being G ; it is clear that 



if M moves a very siiijill space lo m by tlie attraction of 
E, ao will E move to e by the attraction of M, and the 
two triangles E G e and M G m will be similar in all 
resjwcts ; for the lines JI G, vi G and E G, e G are 
proportional, beeause the Bugments of the lines EM and 
e m arc always in the same proporlion, G being the ecntre 
of gravity, and those sef^nientfi, therefore, inveredy us the 
mafiscs of E and M. Therefore the curves which ihc 
bodies describe round the centre of gravity will be entirely 
similar. In like manner they will describe similar curves 
each round the other, and the radius vector of each from 
the other, as well as from IJio centre of gravity, will deecribe 
areas proj>ortional to the times. It follows from this and 
from what was before shown rcspceting ceiitri])ctal forces, 
that the two bodies will move in concentric ellipses round 
one another and romid their common centre of gravity, if 
the centripetal force is as the distance, and that each 
will describe one or other of the conic sections, having 
the other, or the common centre of gravity, in the focus, 
if the centripetal force is inversely as the stxiiarc of the 
distance. In like manner, because of the ratio between 
the squares of the periodic times and the cubes of liie dis- 
tances, it may be shown that il' T be the periodic lime of 



106 NEWTON'S PRINCIPIA. 

the periodic time of M moving in a ttuular figure round 

E at rest, T : ^ :: >/E : ^^M + E. Further if these bo- 
dies move with forces Inversely as the squares of the 
distances round their centres of gravity, and A be the 
greater axis of the ellipse described by M round E, a 
the greater axis of the ellipse it would describe round 
E at rest in the same time, and if M+E : m ::n : E, 
then A : a :: M -f E : m. Hence, if we have the periodic 
times of the planets, we can find the greater axes of their 
orbits by taking A' to a^ in the proportion of T* to t^ 
(the ellipse being supposed described round the sun), and 

multiplying it by j^^ So the masses may^ likewise, be 

found from the distances. 

The motions and paths of bodies thus mutually acting 
are now to be considered. — And first our author shows, 
that if two bodies act on each other, and move without any 
other, or foreign, influence whatever, their motion will 
be the same as if, instead of acting on one another, some 
third body placed in their centre of gravity acted upon 
each of them with the same force with which each acts 
on the other ; and the same law will prevail (but referred 
to the distances from the centre) which prevailed in their 
mutual actions when referred to their distances from 
each other. Suppose the bodies M and E to attract 
with forces directly as their masses M and E, and in- 
versely as any power n of their distances, that is, suppose 

M , E 

D«' ^''^ D 

tances of the centre from M and E are C and c re- 
spectively; then because C : c :: E : M, and C : C -I- c 
(or D) :: E : E + M, a body in the centre will attract 

M with a force as j.^, if it be equal to - . , that 



their attraction to be as t^-„, and f=^^ and that the dis- 
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E with B force equal to ,.,., if it be cqud to ,-;--- -,-. 

If B = 2, or the force be aa the inverse square of tlic 
distance, the body placed in the centre will lie equal to 

(V iUT"' ''" "~ ~^' °^" ^'"^ attraction be directly as the 

distance, the body will be in both the ease of M and 
E equal to E + M ; and if the attraction be aa the square 
of the distance directly, the central body will be in tJic 

two caaea or the two bodies, ^-^ — - and r, — - 

respectively. 

Kext as to the absolute trajectory of the bodies tlius 
acting on one another, or their path in space, we have 
an investigation analogous to those inquiries formerly in- 
slituted where the centre of forces was fixed. For the 
body or bodies beiug known (by what we have last shown) 
whose mass gives at the centre the same attractions as iJie 
two bodies exercise on each other, we can delerniine for 
each of these bodies the path in which it will move, pro- 
vided wc know the initial direction nnd vehicily. Thus 
let m = 2 in the last expressions, wc have for llie mn,=s by 
which M is attracted towards llie common cenire of gravity 

ri-F -,^r-„: and nroeccdinK a? was formerly shown in the 

(M + E)* ^ ° ■' 

case of immoveable centres, wc hnd that if the curve do- 
scribed round the centre at rest be a circle, if that centre 
moves in a straight line, the orbit in space will lie of the 
cycloidal kind; if the centre moves in a circle, it will he 
an epicycloid or hypercycloid; and if the curve be a conic 
parabola, the motion of the centre will eliange ihis into a 
cubic parabola, which will tbu:^ ipc liic p:ah arising I'mm 
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its parabolic motion combined with the advance of the 
centre of gravity. The moon in this way describes thirteen 
cycloidal curvea in a year, and all of them concave towards 
the Bim. 

It appears then, that the orbits of the system composed 
of our earth and its satellite, must be considered as traced, 
not by either of these bodies but by their centre of gravity. 
While neither body describes an ellipse round the sun, but 
both revolve ronnd each other and round their centre of 
gravity, that centre itself describes an elliptical line — a line 
which would be a perfect ellipse if no disturbances of an- 
other kind than those which we have been considering in- 
terfered to alter the form of the orbit. To these disturbances 
we now proceed. 

ii. While the primary planets and their satellites are 
influencing each other and while the whole motion of each 
subordinate system round the snn, the common centre, ia 
the elliptical orbit described by the centre of gravity of 
each such system, there are disturbing forces exerted on 
each planet by the rest, and on the motions of satellites bj 
the action of tlic sun also ; so that many sensible deviations 
take place from the motions, and from the orbits, which 
those bodies, both primary planets and satellites, would 
have, if they moved round the common centre undisturbed ; 
that is, if they described elliptical orbits round the sun 
by hia attraction, without any other force acting on them, 
except that attraction of the sun on each planet, and 
the attraction of each planet on its satellites. If no such 
disturbances existed, and ihe only forces that acted were 
the mutual actions of the primary and satellites on each 
other, and of tlie sun on the common centre of gravity of 
the primary and satellites, the centre would describe an 
ellipse round the sun, aud tlic primary and satellites 
would describe ellipses round cacli other and round that 
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centre of gravity. Such, however, is not the case ; and we 
are now to consider the effects of tlie disturbance occa- 
sioned by the sun's action upon llic satellites, and the 
disturbance occasioned by the action of the planets on one 
another. — This forms the subject of Sir Isaac Newton'a 
investigations in the second branch of th.at section which 
WG have been considering ; an inquiry regarded by aonie 
as the most extraordinary portion of the great work 
which forms the principal monument of his genius. From 
thia opinion it is difficult to withhold our concurrence; hut 
it may be admitted that here, as in the operations for find- 
ing orbits from given forces and conversely, the great 
improvements of modern analysis have afforded easier and 
more manageable methods of investigation. That this 
must be true as regards the planetary disturbances, will 
be apparent upon a little reflection. 

The grand problem in every ease is to find the precise 
effect of a disturbing force upon the path of a given body 
moving by a combined centripetal and projectile force; 
nnd what baa been called the Problem of Three Bodies 
presents the simplest case of the question, being the deter- 
mination of the motions of two bodies acted upon by one 
another and by a third body. But though this is the 
simplest case of the general question, it baa been found 
to present difficulties of ihc highest order; and a general 
and rigorous solution of it has been found to exceed the 
powers of the most improved analysis. In the time of Sir 
Isaac Newton, that analysis of which he was the inventor 
had not attained any thing like ils greatest perfection. 
Hence, in grappling with the subject, be bad much of 
the difhculty to contend with, which made him give less 
convenient formulas than we now possess for the solution 
of the other problems relating to orbits and motions. The 
mere iDi[)rovcmcnt of tlic integral calculu:; liy tlic advan- 
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tugeous approximations through aeries, logaritlims, 
tlie arithmetic of sinesj would have afforded important faci- 
lities fur these inquiries ; because the solution must come 
always to an integration. Accordingly Eulcr, D'Alem- 
bert, and Clairaut, availed themselves of that improve-^ 
mcnt to investigate the problem, as (ve have already seen. 
But soon after their researches had led to the important 
result formerly described, a great refinement was intro- 
duced into the calculus, which bore directly upon the sub- 
ject of these inquiries ; and this exceedingly facilitated 
the solution of the problem in its more extended application. 
We allude to the invention of the Calculation of Varia^ 
tions by Euler and Lagrauge. 

We have In the introductory part of this Analytical 
View explained that this calculus enables us to examine 
the transition of one curve into another in certain circum- 
stances, by showing how those lines may be found which 
have certain properties in relation to other lines of a 
different kind, and thus to investigate problems with 
respect to curves whose nature changes under the inves- 
tigation, because the relation between their co-ordinatea 
is variable, and is indeed the thing sought for. It is 
evident, tlierefore, that this calculus has its immediate 
application to the subject in question. For the effect of 
the disturbing force is to change at each moment the 
nature of the path, which, but for that force, would be 
described; or the inclination of orbits to one another, 
which, but for such disturbances, would subsist; or the 
position in space, which, but for the disturbance, these 
orbits would have. Now, those changes produced by 
mutual disturbances, really comprise all the effects of the 
disturbances on the planetary system. Thus, beside the 
precession of the equinoxes and the motion of the apsides 
and nodes, which we have just now gencrnlly stated, 
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the alteration in the furm of tlic curve incUidct! aUo tliu 
change of its eccentricity, and the accclerati'jn civ ivlor- 
dation of the motion itself. ilencc, we have at once 
proved that the determination of those elFects which arL-^e 
from disturbing forces, is in a peculiar manner the pm- 
vincc of this new and refined aniilysis, the Calculus ui' 
Variations. ThereforCj beside the facilities afforded liy 
the irQ[>rovement of older methods nf investigation, the 
adJilioTi of this new instrument to our means of solving 
the problem has established an entirely novel method, 
and opened an almost unknown field of inquiry, from 
which the original author of i;U these discoveries was 
necessarily shut out. Instead, tlicrcforc, of minutely going 
over the steps of his solution, as applied to the celestial 
motions, we shall show the course which he pursued by 
demonstrating its fundamental princi|)le3; but wc shall 
begin by stating ci^ncisely the results of the mure recent 
investigations aa affecting the science of physical astro- 
nomy, and shall reserve the fuller discussion of this subject 
for tlie account of Laplace's work. 

In considering the motions of the planets and their 
satellites round the sun, we may first regard him as from 
hia magnitude and distance so little affected by tiicir 
attractions, that his motion is trifling, and cannot sen- 
sibly affect that of the other bodies; so that he may he 
viewed as at rest ; and then the smaller bodiea will both 
move round one another, and rounil tin- larger and more 
distant body aa if he were fixed. But not only will the 
movement of these bodies be thus affected by their mu- 
tual actions ; they will also be affected in their motions round 
one another by the action of the third body, the sun : and 
this action will disturb and alter their relative motions, as 
regards both their velocities, the forms, and the ])0.-iticn8 
of their orhifi^. Tluis the position of the moon's path 



IIS 



NEWTON'a PKINCIPIA. 



round the earth is aiTectcd by the sun's attraction, 
is, by her gravitation towards the sun, which combines 
with her gravitation towards the earth to determine her 
absolute motion ; and both the position of the axis of her 
orbit (the line of apsides), and the position of the line 
joining the interacctiona of her orbit's plane with the 
plane of the earth's orbit (the lino of nodes), are continu- 
ally changing ; and we have seen in a particular manner 
how the apsides revolve in one period of time (about nine 
years), and the nodes in another, (about nineteen* years). 

But there is a variation in the rate at which both the 
line of the apsides and the line of the nodes revolve. 
The quantity by which both of those lines advance in 
each year sensibly decreases ; so that the period in which 
each effects a complete revolution becomes longer and 
longer. It appears that the former line revolves now 8' 2" 
slower than in the earliest ages of astronomical obser- 
vation, about 25J centuries ago ; the latter line only 
]' 42" 14'" ^- the former motion diminishing each century 
by 36" 41'"; the latter by 7" 51"'. 

It is er^ually found that the disturbing forces accelerate 
the moon's motion by a very small quantity; or that 
she revolves round the earth in a period of about 11" 7'" 
shorter than slie did a century ago ; her angular velocity 
being increased between the 12 and 13,000 millionth part 
of her total velocity in the period of 100 years. This 
makes the yearly acceleration wholly insensible; and the 
total acceleration, or shortening of her periodic time since 
the creation of our species GO centuries ago, only 11 
minutes and 7 seconds, supposing it to go on as the 
times; but it increases in a lower proportion (probably as 
the cube of the times); so that its total amount is more 
considerable, and Laplace reckons it at about 7' 30" for 
the last 25^ centuries. This acceleration had not 
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unobserved in Halley'e time, and it waa disciisscd acutely 
by Mayer ; but its cause was first discovered by Laplace : 
it is the sun's action upon tbc moon, combined with the 
variation In the orbit of the earih, tbe eccentricity of 
which has been diminishing regularly, tlioiigh by an 
extremely small quantity (only ^'.0OOOUU76(>7 of the 
greater axis of our orbit) ; so that the orbit haa been 
fllowly approaching more and more to the circular form. 

It ia a great proof of the usefulness of the calculus in 
these investigations, that this great geometrician appears 
to have discovered the connexion between the earth's 
diminishing eccentricity and the acceleration of the moon's 
mean motion, by the careful examination of the mere 
equation or algebraical expression. For the reciprocal 



the Biin'a attraction combined with the earth's, is found 
to be represented by an expression, which, among other 

3 ft' m" e'^ 

terms, contains this : — ,r — in wliich n* Is the 

4 a'^ 

ECmi-axis of the earth's orbit, m'' the maaa of the sun, 
and e the eccentricity of the earth's orbit. Conaef|Ucntly, 

as e' decreases, — increases, the term being negative; 

and therefore a itself decreases as c' decreases ; in other 
words, the moon's orbit is diminished, and her velocity 
augmented, in consequence of the earth's eccentricity 
decreasing. But if the diminution of the greater axis is 
not admitted as necessarily lessening the orbit, we may 
recollect the relation between the times and the mean 
distances, the squares of the former being as the cubes 
of the latter; ami the mean motion is, of course, in- 
versely as the periodic time. — ITowever Laplace fur- 
nishes us with a still closer reason, and illustiates the 
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use of tho calculus, us it were, by a new triam]^ is 
another part of the Micanique Celeste.* For the equation 



of the I 



I angular motion ia ehown to be » = 



t being the time, a the tranevcrse axis, and ft the sum of 
the mnsses of the two bodies, in this case the moon and 
the earth. Therefore n, the mean motion, must neeea- 
saril; be accelerated aa a, the axis, is diminished. 

And here in passing, wc also observe how Kepler's law 
of the seaquiplicate ratio may be anew proved, but only if 
we make ft = S (the sun), and neglect the mass of the 
planet. For take two planets whose mean motions are n 
and n* round a third body, and their mean motions be- 



ing aa 



of 



and 






and because (2 tt being 360°), 



2 ir, therefore * = - 



, and ('= 



ai 



and t 



--=^ ; consequently (' ; i'* :: a' : a'* 

— being Kepler's law, which is thua demonstrated. But. 
it is only demonstrated and is only true if V ^ is the sams 
to both planets, that is, if f*=S in each case. Now, this 
may be assumed in the case of those bodies revolving round 
the sun, or of the satellites of Jupiter and Saturn revolving 
round those primary planets, because of the great dispro" 
portion between the central body and the others, (the largest 
of them, Jupiier, being less than a thousandtli part of the 
8un.) But the law would not hold true if fi were taken, 
which in strictness it ought to be, as S + 1', the sum of 
the masses of tho central and tlie revolving body ; for then 
It. would differ !n eaeli instance, and the seaquiplicate pro* 
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portion would he destroyed. Ileiico, wc arrive through 
the calculus at this important conchislon, that the law only 
holds, if the mutual actiona of the planets on each other 
are neglected, and that, therefore, the law is not rigorously 
true where, as iu the case of the earth and others, the 
actiona of the other planets are sensible. 

Agwn, the inspection of the algebraical expressions shows 
that the -variation in the eeeentricity of the earth's orbit 
produces, likewise, the retardation of tlie apsides and 
nodes ; and this discovery was also made, apparently, by 
the mere inspection of the expressions which the calculus 
had furnished. Thus the expression fur the motion of the 
perigee (or apsides) involves the integral f e'^ d v (v being 
the true anomaly);* and this quantity is positive. There- 
fore the decrease of the eccentricity of tlie earth's orbit, 
causes a decrease, also, of the perigcal motion of the moon. 
And one of the terms of the equation to the motion of the 
nodes contains the same integral y e'^ (/ w; consequently 
the same eccentricity is likewise the cause of the variation 
in the period of their revolution.t 

Now wc have seen liow extremely small these irregu- 
larities in the moon's motion are which the theory gives 
by this analytical process, and that they are hardly sensible 
in a whole century ; yet it is found that the deductions 
of the calculus are in a remarkable manner confirmed by 
actual observation. Practical astronomers, for cxnmplc, 
wholly ignorant of Laplace's discoveries, have ascertained 
that the secular variation in the motion of the moon's 
ap^des, ascertained by comparing the eclipses in the Greek, 
Arabian, and Chaldean astronomy, with those of the last 

" Angle of the ratUua vcelnr wiih iho nxia of the orUi. 

t Mcc, CfL liv, vii. ch. 1. This womlcrriil chapter is a nitre Bcrios 
of inegnitions, and contiuns. from ihc inspection of (ho tqiiaiion', Ihtjse 
estiaorduiftry discoveries rcEi>ectmg the laws of Ihc uuiTcrsc. 
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century, is altout 3.3, or 33 tenths of the moon'a Aiean 
motiun ; and thia is the exact result of the calculus. Laplace 
also discovered, chic0y by aimilar means, a very small 
secular inequality in the moon's motion never before sus- 
pected, and produced by the sun's attraction," It was 
found by observing, that the divisor of some of the frac- 
tional terms of the equation which shows the inequality 
is extremely small, and that, consequently, the irregu- 
larity may become sensible. A correction of the tablea 
was thus introduced hy this great geometrician, in which 
the theory approaches, on an average, to within jjf, of 
the actual observation. The sign of this inequality being 
negative, it is a retardation of the mean motion, and is to be 
set against the secular acceleration. It must be observed, 
moreover, that the errors of the theory, as compared with 
the observation, are half of them by excess and half by 
defect ; so that they may be siud to balance each other. 
The maximum of this inequality is little more than 15", 
and its period is 184 years. 

Hitherto of the moon; but we are, in like manner, con^ 
ducted by the same refined, though complicated, analysis 
to the variations in the orbits, and consequently iu the 
motions of the earth and of the other planets, as well as of 
the satellites of Jupiter and of Saturn. The most remark- 
able variations produced upon these orbits are the changei 
in their eccentricity and in their aphelion ; the former 
being constantly, though slowly, shortened — the latter 
moving round in slow revolutions, as the line of the 
moon's apsides revolves, but revolves much more swiftly. 

The expressions obtained in the ease of any one planet 
for the eccentricity and perihelion longitude (revolving 
motion of the axis), are mainly composed of the maesee. 



c, Cl'I. Uv. vii. ch. 5. 
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distances, eccentricities, and perilielion longituilc of tlic 
disturbing bodies, witb the known eccentricity and longi- 
tude of the planet in question at a given epoch. Hence 
we perceive that on these circumstances depends the varia- 
tion of the eccentricity and the revolution of the axis of 
the planet. Thus the secular variation of the eccentricity 
of the earth's orbit is 0.000045572 of e, the eccentricity 
which at the epoch (1750) was 0.016814 of the semi-axis 
major of its orbit; and it has the negative sine in the 
expression; consequently the eccentricity is on the decrease, 
as we before observed. Tliis diminution of the eccentricity 
amounts to about 18" 79'" yearly (or about 30UO miles). 
We have already observed that the annual revolving mo- 
tion of the axis of the earth's orbit is 11" 53'", and its 
jjeriod 109,060 years. The examination of the expres- 
sions for these irregularities shows, as might be expected, 
that Mars, Venus, and Jupiter bear the most considerable 
share in producing the variations.* Cut it is a truly re- 
markable circumstance that the direct action of thoac 
planets upon the moon'M motion is hardly sensible com- 
pared with their indirect, or, as it is sometimes called, 
reflected action upon the same body, through the mcdiimi 
of the sun and the earth. For these planets. Mars, Venus, 
and Jupiter, by altering the eccentricity of the earth's 
orbit, very sensibly affect the motions of the moon, as we 
have seen, while directly their action is Incomparably less 
perceptible. 

The perihelion longitudes of all the other planets are 
increasing, or their orbits advancing, except Venus, 
whose apsides are retrograde; and the cccentrieitiea of 
Venus, Saturn, and Uranus, are decreasing, like that 
of the earth, wliilst those of the other planets are on the 
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inereaae. These variationB are greater in Saturn than in 
any of the others,— considerably greater than the varia- 
tions of Mars, which cornea the nearest to them. The 
variation in the eccentricity of Jupiter's orbit is nearly three 
times as great as in the Earth's ; that of Saturn between 
five and six times greater than the Earth's; while the 
variation in the perihelion longitude of the former is 
about five-ninths of the Earth's variation; and Saturn's 
exceeds the Earth's in the ratio of about 25 to 18, and 
exceeds that of Mars only somewhat more than as 49 
to 48. 

TVTien the attention of mathematicians and astronomers 
was first directed closely to examine the disturbances of 
these planets, it appeared hardly possible to reconcile such 
vast and numerous irregularities, aa were found to exist, 
with the theory of gravitation, or indeed to reduce them 
under any fixed rule whatever. The case seemed to be- 
come the more hopeless when so consummate an analyst 
as Euler, the great improver of the calculus, f^ed in 
repeated attempts at investigating the subject, committing 
several important errors which for a time were not de- 
tected, but which showed, or seemed to show, a wide dis- 
crepancy between the theory and the observations. By 
one discovery, indeed, to which his researches led him, he 
may be said to have laid the foundation of the most ex- 
traordinary step which has been made in the knowledge 
of the planetary system. We allude to his theorem on the 
periodicity of the eccentricities and aphelia of Jupiter and 
SatuTD. But in most other respects his attempts signally 
failed. D'AIembert made little progress in this inquiry ; 
but at length Lagrange, and stlil more Laplace, by apply- 
ing all the resources of the calculus, in its last stage of 
improvement, and after the method of Variations had been 
systematieed, succeeded in reducing the whole to order, 
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and (liscovcreJj while investigating these motions, the 
great law of the stability of the universe. 

The circumstance which mainly contributes to render 
the irregularities in the motiona of two planets great, and 
wliich especially augments the disturbance of Jupiter's 
eatcllttes, is that their mean motions should be commeu- 
fiurable, which those of Jupiter and Saturn are after a very 
remarkable manner. Five times the mean motion of 
Saturn are equal to nearly twice that of Jupiter; and the 
three first satellites of Jupiter are so related to each other, 
that the mean motion of the first, added to twice the mean 
motion of the third, is equal to three times that of the 
second; while the longitude of the first added to twice that 
of the third, and subtracted from three times that of the 
second, makes up exactly 180°. Laplace showed, that this 
proportion, if it was not originally fixed between those 
satellites, must have been established by the action of the 
attractive and disturbing forces ■*; and it is a truly remark- 
able thing, that when the theory had given a value for the 
three mean motions, M — 3»j + 2fA = 0, the comparison 
of the eclipses for a century was found to make the expres- 
sion only 9", and consequently to tally with the theory 
within that very small difference. The observation of the 
effects which were produced upon the equations which 
resulted from the analysis, by the proportions above stated 
between the mean motions of Jupiter and Saturn, induced 
Laplace to suspect that this made quantities become of 
importance, which from the high powers of the denomi- 
nators might otherwise have been insignificant. For one 
of the terms in the equation to i r (variation of the radius 
vector of the first satellite), for example, had for its dcno- 
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minntor 4 (n' — n)^ N'' in wli'ich n and n' are the mean 
motions of the first and second satellite, and N » composite 
quantity not materially difiering from n', which diffbra 

faardly at all irom ^, inasmuch as Jt = 2 n', while n' = 

2 n" (n" being the mean motion of the third satcUite) ; and 
hence the above denominator becoming little or nothingj 
the term is of large amount ; and so of B r, the variation of 
the anomaly.* He accordingly undertook the laborioua 
task of examining this complicated subject by considering 
all these quantities ; and he arrived at the discovery of, 
among other inequalities, a retardation of Saturn's motion 
of about 3" 6'" yearly, and an acceleration in Jupiter's 
motion of about 1" 18'". Another irregularity in Saturn's 
motion with respect to the vernal and autumnal equinox 
had been observed by astronomers in the last century, and 
could not be explained. Laplace found this, like all the 
rest, to follow from the Newtonian theory. In shorty 
when summing up tho subject in one of his concluding 
books, he naturally and justly exclaims, "Tel a etc le 
sort de cctte brillautc dticouverte, que chaque difficult^ 
qui s'eat (ilev^e, est devenuc pour clle uu nouveau aujet 
de triomphc ; ce qui est le vrai caract^ du vrai systSme 
de la nature." f 

There is no sensible disturbance produced by any 
of the satellites, except the moon, upon the motion of 
their primaries, from the extreme smallness of their 
masses compared with those of the sun and of their' 
primaries; for S r is equal to a series in whidir 

M' M' TiT' ^'''' ""^ factors of each term {, m, m', Stc.,' 

• Mec Ca liv. viii. r]i. I. *. 

f Ibid.lir. xv. eh. 1,— SjH. dii Uoodt, lif. i. ch. 3. 

; Ibid. liv. ri, ch. 4. 
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being the masses of the satellites, aud M that of the 
]>laneta. Now, iu the case of Jupiter i. = . ; .^ - 

and jrr arc somewhat greuter; but the grc^itcst of the 

- only. But in the case uf the 

earth this factor amounts to about - - ; so that < r ami 
h V become sensible ; and will he so, even if, in- 
stead of -.., we take the factor ^ , whicli is more 

correct.* 

When Lajihice began his colcl-ratcd investigations of 
the orbits of Jupiter and Saturn, he found that, on substi- 
tuting numerical values for the quantities in the expres- 
sion of tlie mean movement of the one body as lufliicuced 
by the action of the Other, the sums destroyed one ano- 
ther, and left the whole effect of this disturbing foi-ce equal 
to nothing, or the mean motion of neither jdanet at all 
affected by the other. The formulas eould bo in each case 
reduced to terms only involving two co-cfticicnts ; and tlicse 
destroyed one another.^ lie soon found that tlie same 
principle applies to all the heavenly bodies ; that their 
mean motions and mean distances (the great axis of IJieir 
orbits) are not afl'ected by any changes other than tliose 
which occur within limited periods oF time; that conse- 
quently the length of tlic solar year is iircciscly the same 
at any one period of time, as it was at a period so far 
distant, as tn enable the chanirfia which arc nritihiced 
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that the squares of the mosses, and the fourth {wwers of 
the eccentri cities, aud the angles of tlie orbits, are neg- 
lected in the calculus." But Lagrange afterwards showed, 
that the theorem holds truC] even if these quantities be 
taken into the account. The examination of the moon's 
motion demonstrates the same important fact, with respect 
to the permanency of the greater axis and mean motion 
of the phuiete ; for if the solar day were now y^g of a 
second longer than it was in the age of Hipparchus, the 
moon's secular equation would be augmented above 42 per 
cent, or would be in that large proportion greater than it 
now is known to be. Therefore there has not eveu 
been the smallest change of the mean movement of the 
planets. 

The other changes irhich take place in the orbits and 
motions of the heavenly bodies, were found by these great 
geometricians to follow a law of periodicity which eecurea 
the eternal stability of the system. The motion of the 
earth's orbit we have already seen is so slow, that ita axia 
takes above 109,060year8 to perform a complete revolution; 
but after that time it occupies precisely the same poaitioa 
in space as it did when this vast period of time began to 
run. So the eccentricity of the earth's orbit has been for 
ages slowly decreasing, and the decrease will go on, or 
the orbit will approach nearer and nearer to a circle, until 
it reaches a limit wliich it never can pass. The eccen- 
tricity will then begin slowly to increase until it (^in 
reaches its greatest point, beyond which the orbit never 
can depart from the circular form. The same principle 
extends itself to all the phinets. Tims, tlie time of the 
secular variation of Jupiter's eccentricity is 70,400 yeara. 

All these deductions are the strict analytical coose< 

■I. liv. 11. I'll, 7. una a, (setts, ii anil 63.) 
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qnenccfi of the cquatlona to the eccentricity' of the pla- 
netary orbits, obtained by the investigation of the total 
effect of the mutual actions of the heavenly bodies. There 
results from that analysis this remarkable theorem. That 
if the eccentricities of the different planets be called e, i/, 
«", &c., their masses m, m', m", &c., and their transverse 
axes a, a', a", &c., and if the integration be made of the dif- 
ferential expression for the relation between the differentials 
of the eccentricities multiplied by the sines of the longitude 
and the differentials of the time, and for the relation be- 
tween the ditTerentials of the eccentricities multiplied by 
the cosines of the longitudes and the differentials of the 

foe, (_ -j^. »d -jjj^. ^-jj-. and -^^^ j 

&C., we obtain the equation e^.tn. -^a + c'*, m'. ■/a' + e" *, 
m". ^^fl"j &c. = C*; C being a constant quantity. Now. 
as all the motions are in the same direction, -^ a, ^'a', &&, 
are all positive. Hence, it follows that each of the quanti- 
ties t.m. v'o, e', m\ ■Jii',^t:-., is less than C; and sup- 
pose at any one period the whole eccentricities e, c', e", &c,, 
to be very small, which is known to be true, C, which at 
that period was the sum of their squares, must be very 
small, the other quantities m, m'. Sec, being wholly con- 
stant, and v'a, ^/ a', &c., being invariable in considerable 
periods of time. Therefore, it is clear that the varia- 
tion in any one of those eccentricities, as e, never can 
exceed a very small quantity, namely, a quantity propor- 
tional to VC— e'*— e"', &c. The whole possible amount 
of the eccentricity is confined within very narrow limits. 
It never can for any body, whose eccentricity is e, exceed 
a quantity equal to 

• Mec. Ci-1, liv. ii cb. 6, r, (stcls 53. S5. .■.;, SB), 



NEWTON 8 PRIKCIPIA. 



y^c- 



r.. ^/c. 



So ihat the eccentridtiea never can exceed a very small 
quantity. 

Thu3 the changes which are conBtantly taking place ia 
the planetary orbits are con^Dcd within narrow limita; 
and the other changea which are the conaeqiiencee of thia 
alteration of the orbits, as, for instance, the acceleration 
of the moon which we before ehowed arose from the varia- 
tion of the eccentricity of the earth's orbit, are equally con- 
fined within narrow limits. Those changes in the heavenly 
paths and motions oscillate, as it were, round a given 
middle point, from which they never depart on either 
hand, beyond a certain small distance ; so that at the end 
of thousands of years the whole system in each separate 
case (each body having its own secular periods) returns to 
the exact position in which It was when these vast succes- 
sions of ages began to roll. For similar theorems are 
deduced witli respect to other revolutions of the system, 
whose general destiny is slow and constant change, but 
according to fixed rules, regulated in its rate, confined 
in its quantity, limited within bounds, and maintaining 
during countless ages the stability of the whole universe 
by appointed and immutable laws. 

Laptace examined in the last place the possible i 
upon the celestial motions of the resistance of a subtle 
ethereal medium, and of the transmission of gravity or 
attraction not being instantaneous, hut accomplished in 
a small period of time. The result of his analysis led 
him to disbelieve in both these disturbing causes. lie 
found that in order t" produce its known effects, the trans- 
mission of gravity, if effected in time, must be seven 
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millions of times swifter tlian that of light) or HI thou- 
sand millions of miles in a secontl.' 

iii. The great system of most interesting truths which 
we have now been contemplating is the work of those who 
diligently studied the doctrines unfolded by Sir Isnac New- 
ton, respecting the motions of bodies which net upon each 
other, while they are moving around common centres of 
attraction. lie laid down the principles upon which the 
investigations were to be conducted ; he showed how they 
must lead to a solution of the questions proposed, touching 
the operation of disturbing forces; and he exemplified the 
application of his methods by giving solutions of these 
questions iu certain eases. Although his successors, tread- 
ing in his steps, have reaped the great rewards of their 
learning and industry, and arc well entitled to all praise 
fi>r the skill with which they both worked and improvcil 
the machinery that lie had put into their hands, ^ — at once 
improving the calculus invented by him, and felicitously ap- 
plying it to advance and perfect his discoveries, — yet the 
distance at which his fame leaves theirs is at least equal to 
that by which a Worcester and a Watt outstripped those 
who, in later times, havo used their mechanism as the means 
of travelling on land and on water, in a way never foreseen 
by those great inventors. Strict justice requires that we 
should never lose sight of the truth repeatedly confessed by 
Euler, Clairaut, Dclambre, Lagrange, Laplnec, that all 
the advances made by them in the use of analysis, and in 
its application to physical iistronomy, are but the conse- 
quences of the Newtonian discoveries; so that we are guilty 
of no exaggeration, if we regard the most brilliant achieve- 
ments of those great men only aa corollaries from the pro- 
[Kisitiona of their illustrious master. Let ns briefly sec 
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bow he Lud the deep and solid foandationa of the iahUe 
which we have been surveying. 

After cxaminiog the motions of a system of two bodies 
with respect to one another, and their common centre of 
gravity, and in spacej aa those motions are affected by the 
mutual attractiona of the two bodies thcmaclves (in the 
manner which we have already described), Newton pro* 
ceeds to the great problem of the Three Bodies, as it has 
been termed, because the solution is so difficult, that gene- 
rally the attempt has been confined to the case of three only, 
this also being sufficient for determining the more impor- 
tant disturbances of the moon'a motions. The inquiry, 
however, is general in the PrincJpia; and its subject is, 
the motion, produced by the mutual actions upon one ano- 
ther of the bodies in a system. Thus, for example, tha 
inquiry already analysed regards the effect produced upon 
their motion in space, by the mutual attractions of the 
earth and moon ; that to which we now are proceeding 
regards their motion, as also influenced by the disturbing 
force of the sun, and indeed, even by the smaller but 
not evanescent diaturbing forces of the other planets. So 
as the former inquiry may be extended on the same prin- 
ciples to the motions of Jupiter and Saturn, and their 
satellites; this new inquiry applies also to the disturbanoes 
of their systems by ours, and of our system by theirs. 

Newton b^ins by showing that if the attracting force 
increases as the distance of the bodies from each other, 
any two, M and E, will revolve round their common 
centre of gravity, G, in an ellipse having G for its centre. 
This is plain from what was formerly proved when treat- 
ing of the conic sections, and also more lately respecting 
the centre of gravity. If, then, each of these is attracted. 
In the same manner, by a third body S, this force, b^g 
resolved into two, one parallel to the line joining M and 
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E, the other parallel to the line joining E and G, the 
former force will only accelerate the motion of M and 
E round G by an addition to the miitnal attraction of M 
and E ; the latter force will draw the centre G towards S 
or towards G', the common centre of gravity of ihc three 
bodies, and combined with the action of M and E upon 
their centre G will make G revolve in an ellipse round 
G', the common centre of the three, round which aleo, in 
like manner, S will describe an ellipse, G' being the centre 
of thoBO two ellipses. Thus the bodies M and E will de- 
scribe an ellipse round the centre G, and the centre G 
and body S will describe cUipsca round the centre G', 
both G and G' being the centres of these ellipses ; and 
so of any greater number of bodies. — Jlorcovcr, the ab- 
solute amount of the attractive force in each centre will be 
as the distance of the centre from the bodies or centres of 
gravity severally, multiplied by the masses of the bodies. 
So that E and S arc attracted to G by a force as (M + E 
+ S) multiplied by their respective distances from G. — 
Lastly, the times in which these ellipses arc described by 
the bodies and the centres, are all equal by what was 
before proved respecting motion when the force varies as 
the distances. 

This law of the centripetal force is the only one which 
preserves the entire cllipticity of the orbils, notwitlistand- 
ing any mutual disturbances; but it produces, at great 
distances, motions of enormous velocity. Thus we have 
seen that Saturn would move at the rate of 75,000 miles 
in a second (or a third of the velocity of light itself), were 
there no disturbance from the other bodies ; but the dis- 
turbance might greatly accelerate this rapid motion. If 
the law be the inverse square of the distance, there will be 
a dpnartnro from (he rllinlir.il form of the nvliitfi :iinl 
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that the several resulting forces arc not directed towards 
the several centres. But this departure will be less con- 
siderable in proportion as the body in the centre of any 
system, or in the common centre of any number of sya- 
tcms, is of a magnitude exceeding that of the revolving 
bodies, or systems of bodies, because this will prevent 
the central body moving far from its place, or much out of 
a straight line ; and also the departure will be less ' in 
proportion as the bodies, or systems revolving, are at a 
great distance from the centres or from the common centre* 
because the diminution of tins distance increases the 
inclination of the lines in which the disturbing forces act* 
and thus disturbs the motions of the bodies among them- 
selves, — Again, if the law of the attraction varies from the 
inverse square of the distance in some, and not in others^ 
the disturbing effect will be increased. So that we may 
Infer the universality of the law and also the small amount 
of the disturbing force, and its acting in nearly parallel 
lines, if we find the ellipticity of the orbits not much de- 
ranged, and the proportions of the areas to tha times not 
greatly interrupted. 

Nenton proceeds to examine more minutely the disturb- 




ances caused in a system of Three Bodies, of which two 
smaller ones move round a third larger one, and all attract 
one another by forces inversely as the squares of the dis- 
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tancGB. Let S attract il with a force inversely as tte 
square of the distance ; call the mean distance = 1 ; the 

mean force will be ^ = 1- Let the distance from S, 

successively taken by M in moving round E, or its true 

Take 



S L = s-vsj. and drawing L N parallel to M E, the 
forces at M are L \ + Q (_Q buiiig a quantity tliat 
aud S N. Now L X : M E :: 
SL. ME yi E 



MEV ■ 



SL : SM;andLN^ - ^ ^^ - 



eequently it will increase the attraction of E, but it will 
not be inversely aa the square of the distance; and there- 
fore M will nut describe an ellipse round E, and the force 
N S does not tend towards E, iiur does the force resulting 
from compounding L N, or XI E, or L N + M E, with 
N S, tend to E. So that the areas will not be proportional 
to the times. Therefore, also, this deviation from the ellip- 
tical form and from the pro])ortioniil description of the arena 
will he the greater, as the distances L N and N S are smaller. 

Again, let 8 attract E with a foree a.s ^.i-.,; 

if thia were equal to S X, it would, by combining ivilh 
S X, that is, with the iiitraction of S on JI, [iroduce 
no alteration in the relative motion of M and E. There- 
fore, that alteration is ouly caused by the ditlerence 
8 



the nearer SX is 
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3MV' 



the nearer S N is to u 



1 



propOTtion of S L 

the mean force upon M ; and the nearer the forces exerted 
by S on M and on E approach to equality, the lesa will 
the elliptical orbit be disturbed, and the more nearly will 
the areas be described proportionally to the times. If the 
disturbing force of S nets in a plane different from that in 
which M and E are, M will be deflected from the plane 

of its orbit; because the force SN — bt?-, ^'il not poM 

through E; consequently this deflection will be greater or 
lesa in proportion as this diSbrence is greater or less, and 

will be least when 

of S upon M. 

We have hitherto been supposing S, the greater body 
round which M aud E revolve, to be at rest while they 
revolve round each other (the case of the earth and of 
other planets having satellites). If we now suppose E to be 
the greater and central body, and that M and S both move 
round E (the ease of the planets round the sun), a similar 
proposition may be demonstrated with respect to the dis- 
turbances : And it is further clear in this ease that if S 
moves round G, the centre of gravity of M and E, the 
orbit of S will be less drawn from the elliptical form, and 
its radius vector will describe areas more nearly proportional 
to the times than if it moved round E. This appears 
clearly from observing that the direction of the centripetal 
force towards G, that is S G, must be nearer J^ than Mj 
that the attractive forces by which 8 is drawn are aa 

irj T ji — „„- ; that their resulting force lies in the liDd 

S G ; and also that S M varies, while S E remainB the 
same, or nearly so. 



I 
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In all these cases the absolute attractive forces are ae the 
masaea of the attracting bodies; and if there are a uum- 
ber of these, A, B, C, E, &c., of which A iittraets all 

the rest with forces as , „, - , S-c, (D, </, &c., being the 

distances from A,) and B also attracts A, C, E, &c., 

with forces as f^-^, -.,, the absolute attraction of A and 

B towards each other arc as the masses A and B. Hence 
in a system, as of a planet and its satellites, if the latter 
revolve in ellipses, or nearly so, and describe areas jjro- 
portional] or nearly so, to the times, the forces are mutually 
as the masses of the bodies ; and conversely, if the forces 
arc proportional to the masses, and ellipses are described 
and the areas as the times, tlie mutual uttraction? of all 
are inversely as the squares of the distances. 

It is proved, by reasoning of the same hind, that the 
disturbing force of S is greatest when M is in the points 
C and D of the orbit (or the qiaiihutiiyes), and least when 
M is in A and B (or the line of conjunction and opposition 
called the ni/ii/i/ies). Wlien M is moving from C to A and 
from D to B, the disturbing force accelerates the motion of 
M, which then moves along with the disturbing force. 
When M moves from A to D, and from B to C, its mo- 
tion is retarded, because the disturbing force nets against 
the direction of M's motion. 80 M moves more swiftly 
in syzygy than in quadrature, and its orbit is more curved 
in qu Int re tl n n J ygy. But it ^viil recede further 
fron E n quilrat re u les^ the eccentricity of the orbit 
should be auci as to co ntcrbalancc this recession: for the 
operat on of t! e co b ned forces is twofold ; it both makes 
the 1 ne of ap des u e forward in one point of the 

hodv'ft r<>vnh,tl(m iii.d !.ii^l,-iv:ir<l in nnnthrv. bnt ,.„,vo fnr- 
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vance Bomewhat each revolution (as we before saw) ; and 
it also increasea tlie eccentricity of the orbit between qua- 
drature and sjzygy, and diminishes that eccentricity be- 
tween ayzygy and quadrature. So of tlie inclination of 
the orbit, which is always diminished between quadrature 
and syzygiea, and increased between eyzygy and qua- 
drature, and is at the minimum when the nodes are in 
quadrature and the body itself in syzygy. 

We found before that the force L N was as g..,^ . 
The forces L N and N E are directly as the mass S, and 
when S is very distant, the forces L N and N E vary as 

;T-p5, or inversely as the squares of the periodic times ; 

and if at a given distance the absolute disturbing force 
be as the magnitude of the disturbing body, whose dia- 

meter is d, these forces are as ij-p^ • or as the cube of the 

apparent diameter of S. Also if instead of one sa- 
tellite, H, moving round E, we have several whose orbits 
are nearly of the same form or inclination (like the first 
three of Jupiter), the mean motion of their apsides and 
nodes each revolution are directly as the squares of theii 
periodic times, and inversely as the squares of the planet's 
time, and the two motions (apsides and nodes) are to 
one another in a given ratio. 

We now have one of those extraordinary instances which 
abound in his writings, of Sir Isaac Newton's matchlees 
power of generalization ; of apprehending remote analogies, 
and thereby extending the scope of his discoveries. Having 
shown how the disturbing forces of bodies in a system act 
upon their motions witli respect to each other, he now 
examines the effect of such forces upon the constitutioa 
of the bodies themselves. lie supposes, for 



example, ^| 
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that a number of masaea of a fluid revolve round E at 
equal lUstances from it by the saiuc hiwa of attraction by 
whidi M moves round E, and tliat these masses arc tlms 
formed into a ring; then it follows that the portions of this 
ring will move quicker in syzygy tlian in quadrature, that 
ia, quicker at A and B than at C and D; o.Uv, that the 
nodes of the ring, or the intcrscctiona of its jdane with the 
jilanc S E, will Lie at rest in eyzygy, and move quiekest lu 
quadrature, and that the ring's axis will oscillate as it re- 
volves, and its inclination will vary, returning to its first 
position, unless so far as t!ic precession uf the nodca carries 
it forward. Suppose now E to be a solid body with a 
hollow channel on its surface, and that E increased in 
diameter imtll it meets the ring, which now fills tJiat 
channel, and suppose E to revolve round its own asis- — 
the motion of the fluid, alternately accelerated and re- 
tarded (as we have shown), will differ from tiie equable 
rotatory motion of the solid on iU asis, liciug quicker than 
the globe's motion in syzygy, and slower in quadrature. 
If S exerts no force, tlie fluid will not have any cbba and 
flows, but move as round a centre that is at rest; but 
if the varying attraction of S operates, being greater 
when the diatauee is less, the disturbing force acting in the 

direction S L, and being as cprp, will raise tlic fluid in A 

and B, or iu syzygy, and fi-om ihence to quad r;il. lire, C 
and D, while the force LN wili depress it iu quadrature, 
C and D, and from thence to sjzygy, A and 1!, .11' we 
now suppose the ring to become solid, and the size of E 
to be again reduced, the incliuatiou of tlie ring will vary, 
and oscillate ; and the precession uf its nudes will continue 
the same — and so would the globe, if, without any ring 
at all, it bad an accumulation of matter in flic cqLiator, 
or bad mutter of greater dciu-ily tWiv ihuJL elsewhere, hlkI 
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at the polee. If, on the other hand, there is more matter 
at the poles, or matter of a less dense kinil at the equator, 
the nodes will advance instead of receding. So that by 
knowing the motion of the nodes, we can estimate the 
constitution of the globe; and a perfectly spherical and 
homogeneous globe will move equally and with a angle 
motion only round its axis. No other will- 

The Sixty-sixtli Proposition, or rather its twenty-two 
corollaries, constitute perhaps the most extraordinary por- 
tion of the Principia. AVe have seen that Sir Isaac 
Newton here deduces most of the leading disturbances in 
the motions of three bodies, for example, the moon, 
earth, and sun, from the propositions which had been 
before demonstrated. We perceive in succession the mo- 
tion of longitude and latitude ; the various annual equa- 
tions, motion of the apsidee (in which, however, by omitting 
the consideration of the tangential force, he calculated 
the amount at one half its true value), the evectlon', the 
alteration, and inclination ; the motion of the nodes. Even 
the doctrine of the tides, and the precession of the equinoxes, 
are all handled clearly, though concisely, in this pro- 
position. The greater part of the Third Book is occupied 
with the application of these corollaries to the actual case 
of the moon, earth, and eun; and it is not any exaggeration 
to affirm that the great investigations which have been 
undertaken shace the time of Sir Isaac Newton, and of 
which we have just been surveying the principal results, 
are an application of the im])roved calculus to continue the 
inquiries which he thus here began. 

The propositions respecting the masses of the attracting 
bodies which we considered before the corollaries to the 

• Loplace has erroneously sialed iliat Newton overlgokecl the Gvectioni . 
bill il form!, ihoui;!! not by niirni?, the auli.ii:(;i of Iho iiiuili corolliuy to ibU I 
Kixt}i-iiL\tb I'mjinBiiiuii. 
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Sbtty-sixth Proposition (althougli they come Inter in the 
Principia), and the latter of those corollaries, naturally lead 
to the subject of the next two sections, the one upon the 
attraction of spherical bodies, the other upon that of bodies 
not spherical. 

i. The attraction exerted by spherical surfaces and by 




hollow spheres is first considered. If P be a particle ai- 
tunted anywhere within ABDC, and we eonccive two 
lines A D, B, C, infinitely near each other drawn throiijili 
P to the surface, and if these lines revolve round a P i, 
which passes from the middle points a and h, of the small 
arcs D C, and A B, through P, there will two opposite 
cones be described; and the attraction of the small circles 
DC, AB upon P, will be in the lines from each point 
of those circles to P, of which lines C P, D P, are two 
from one circle, and A P, B P, two from the other cin-'Io. 
Now this attraction of the circle C D is to that of the circle 
A B, as the circle C D to the circle A B, or as C I)- to A 
W {the diameter^), aiul by similar triangles C D'^ : A B 
:: P C : P A-. But by hypothesis, the attraction of C D 
is to that of A B as A P' : PC-; therefore the attraction 
of DC is to the opposite attraction of A B as A P-, to 
P C-, and also as P C= to A P^ or as A P^ x P C' to A P^ 



136 NEWTON'S FRINCIPIA. 

Leing opposite they destroy one another. In like manner, 
any i)articlc of the spherical eurface on one aide of P, 
acting in the direetion of a P, is equal as well aa opposite 
to the attraction of another particle acting on the opposite 
Bide, and so the whole action of every one particle is de- 
stroyed by the opposite action of some other particle ; and 
P la not at all attracted by any part of the spherical sur- 
face J or the Burn of all the attractions upon P is equal 
to nothing. So of a hollow sphere ; for every such sphere 
may be considered as coiupoaed of innumerable concentric 
Bpherieal surfaces, to each of which the foregoing reasoning 
applies ; and consequently to their eum. 

We may here stop to observe upon a remarkable in- 
ference which may be drawn from this theorem. Sup- 
pose that in the centre of any planet, as of the earth, 
there is a large vacant spherical space, or that the globe ia 
a hollow sphere ; if any particle or mass of matter is at any 
naoment of time in any point of this hollow sphere, it 
must, aa far as the globe is concerned, remain for ever 
at rest there, and sulfer no attraction from the globe itself 
Then the force of any other heavenly body, aa the 
moon, will attract it, and bo will the force of the sun. 
Suppose these two bodies in opposition, it will be drawn 
to the side of tlie Bun with a force equal to the dif- 
ference of their altrnrtions, and thia force will vary with 
the relative position (configuration) of the three bodies; but 
from tJie greater attraction of the sun, the particle, or 
hody, will always be on the side of the hollow globe next 
to the flun. Now the earlh's attraction will exert no in- 
fluence over the internal body, even when in contact with 
the internal surface of the hollow sphere ; for the theorem 
which we have just demonstrated is quite general, and 
npplies to particles wherever situated within the sphere. 
Therefore, although the earth moves i-ound ils axis. 
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tbe body will always continue moving so aa to shift its 
place every iiialaiit anil retain its position towards tlie 
sun. In like manner, if any quantity of movable particles, 
thrown off, for example, by the rotatory motion of tlie 
earth, are in the hollow, they will not be attracted by the 
cartb, but only towards the sun, and will all aceuniiilate 
towards the side of the hollow sphere next the sun. So 
of any fluid, whether water or melted matter in the hollow, 
provided it do not wholly fill up the epace, the whole of it 
will be accumulated towards tbc sun. Suppose it only 
enough to fill half the hollow space ; it will all be ac- 
cumulated on one side, and that side the one next the 
eun; consequently the axis of rotation will be changed and 
will not pnss through the centre, or even near it, and will 
constantly be altering its position, llciicc wo may be 
assured that there is no such hollow in tbe ghibo filled 
with melted matter, or any hullow at all, inasmuch as there 
could no hoilow exist without such accumulations, in con- 
sequence of particles of the infernal sphcrica! surface 
being constantly thrown oft' by the rotatory motion of the 
earth. 




If A HKBbe aspbcrieal section (or great circle), PKIC 
and PIL lines from the [lartiele P, and infinitely near 
each other, SD, SE perpendiculars from tbe centre, 
and I y perpendicular to the diameter; then, by the 
similar triangles PIK, P /' D, we find that tbc curve 
surface bounded by 1 H, .ind formed by the revolution 
of lUKLI round the diameter A B, and wIiIl-Il is 
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I P" 

proportional to I H x I j*, is as „ p^v ; and if the attrac- 
tion upon the particle P is as the surface directly, and 
the square of the distance inversely, or p-yn that attrac- 
tion will be as -p p^. But if the force acting in the 

line P I b resolved into one acting in P S and another acting 
in S D, the force upon P will be aa p-j, or (because of the 

similar triangles PIQ, PSjj) aa pi:. The attraction, 

therefore, of the infinitely small curvilinear surface formed 

P 1 

by the revolution of I H is as p p^r, or asTs-uj ; that 

is inversely as the square of the distance from the centre 
of the sphere. And the same may be shown of the sur- 
face formed by the revolution of KL, and so of every part 
of the spherical surface. TLei'efore the whole attraction 
of the spherical surface will be in the same inverse du- 
plicate ratio. 

In like manner, because the attraction of a homogeneous 
sphere is the attraction of all its particles, and the mass 
of these is as the cube of the sphere's diameter D, if a 
particle be placed at a distance from it in any given 
ratio to the diameter, as m. D, and the attraction be 
inversely as the square of that distance, it will be directly 

as D*, and also as — j— rpi and therefore will he in the aim- 
pie proportion of D, the diameter. Hence if two similar 
Bolids arc composed of equally dense matter, and have an 
attraction invereely aa the square of tlie distance, their at- 
traction on any particle similarly placed with respect to 
llicni will be as their diameters. Thus, also, a particle 
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placed within a hollow splieroid, or in a solid, produceil 
by the revolution of an ellipsis, will not lie attracted at all 
by the portion of the aolid between it and the surface, hut 
will be attracted towards the centre by a force proportioned 
to its dUtance from that centre. 

It follows from these propo^iitions, first, that any par- 
ticle placed within a sphere or spheroid, not being afi'ectcd 
by the portion of the sphere or spheroid beyond it, aud 
being attracted by the rest of t!ie sphere, or spheroid in the 
ratio of the diameter, the centripetal force within the solid 
is directly as the distance from the centre ; — secomlli/, that 
a homogeneous s])hcre, being an infinite number of liollow 
spacea tuken together, its attraction upon any particle placed 
without it is directly aa the sphere, and inversely as the 
square of the distance ; — lUlriUi/, tliat spherea attract one 
another with forces proportional to their masses dircetiy, 
and the squares of the distances from their centres in- 
versely ; — foiirthl'j, that the attraction is in every case as 
if the whole mass were placed in the central point ; — 
fifthly, that though the sphcrcB be not houiogcneuua, yet if 
the density of each varies so that it is the same at equal 
distances from the centre of each, the spheres will attract 
one another with forces inversely as the squares of tlic 
distances of their centres. The law of attraction, however, 
of the particles of the spheres being changed from the 
inverse du|ilicate ratio of the distances to the simple law 
of the distances directly, the attractions acting towards 
the centres will be as the distances, and whether tlic spheres 
are homogeneous or vary in density according to any law 
connecting IJic force with the distance from tiie centre, 
the attraction on a particle without will be the same aa if 
the whole mass were placed in the centre ; and tiic 
attraction upon a particle within will bo the same as if 
the whole of the body con)i>nfcd within the si>ln:ncal 
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surface in which the particle is situated were collected 
in the centre. 

From tlicBC theoreniH it foUowH, that where bodies move 
round a sphere and on the outside of its surface, what was 
formerly demonstrated of eccentric- motion in conic sections, 
the focus being the centre of forces, applies to tills case of 
the attraction being in tbe wbole particles of the spbere; 
and where the bodies move within the spherical aurfjtce, 
what was demonstrated of concentric motion in those 
curves, or where the centre of the curve is that of the at- 
tracting forces, applies to the case of tbe sphere's centre 
being that of attraction. For in the former case the cen- 
trijwtal force decreases as the square of the distance in- 
creases; and in tlie latter case that force increases as the 
distance increases. Thus it is to be observed, that in the 
two oases of attraction decreasing inversely as the squares 
of tlio central distance (the case of gravitation beyond the 
surface of bodies), and of attraction increasing directly with 
the central distance (the case of gravitation within the sur- 
face), the same law of attraction prevails with respect to 
the corpuscular action of tbe spheres aa regulates the 
mutual action of those spheres and their motions in re- 
volution. But this identity of the law of attraction is con- 
fiucd to these two cases- 
Having thus laid down the law of attraction for these 
more remarkable cases, instead of going through others 
where the operation of attraction is far more complicated, Sir 
Isaac Newton gives a general method for determining the 
attraction whatever be the proportions between the force 
and the distance. This method is marked by all the geo- 
metrical elegance of the author's other solutions ; and 
though it depends upon quadratures, it is not liable to the 
objecUons in practice which we before found to lie against 
a similar method applied to the finding of orbits anci forces ; 
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for the results are easily enough obtainetl, and in con- 
venient forms. 

If A E B ia the sphere who^c attraction ujion the [loinl 
P it is re(|uired to determine, whatever be the [iroportioii 
according to which that attraction varies with the distance, 
and only auiiposing equal particles of A E B to have equal 
attractive forces; then from any point E describe the circle 
E F, and another e y infinitely near, and draw E D, « (/ 
ordinatcs to the diameter A B. Tlie sphere is composed 
of small concentric hollow spheres E tJ'F; and its whole 
attraction is equal to the sum of their attractions. Now 
th:it attraction of E c _/" F is proportional to its surface 
multiplied by F /', and the angle D E i- being equal to 
D P E (because P E r is a right angle by tlie property 

of the circle), therefore E ;■ — — ^-n , and if we 

call P E, or r F = r, E D = >/, and D F = .-■, D d will be 

dj-, and E ;■ = — '•; and the rinii generated by the rc- 

Tolution of r E is equal to r E x ED, or cE xi/; therefore 
this ring is equal to yLr, or the atfractiun proportional to 
the whole ring E c will be proportional to the sum of all the 
rectangles PDxDr/, or {a—.i)i!.r; that is, to the integral 

of this quantity, or to 1^ ; whicli by the properly of 

the circle is equal to ■ -• Tiicrcfore Ihe attraction of the 

solid F.cJ'F will be as_i/^xF_/; if the force of a particle 

F/on P be given; if not, it will be as //-x F/x/that 

force. Now d ^ : ¥ f :■. r : PS, and therefore F/ = 

PSxrfr ,., .. .. ™ .p. . /xPS xr/.rx/ 
— -jand the attraction of Ec/J- is as — ; 

or taking^/" = r" (as any power of the distance P E), then 
the attraction of F. rfV is as P S . /■'■'/- (/.>. Take D N 




(=w) equal to P S. r"-' yS and let B D = i, and the curve 
B N A will be described, and the differential area 'NT) dn will 
be ndz= (by construction) PS. r"-' y'^dx; consequently 
udz will be the attractive force of the differential solid E e 
fF; and fudz will be that of the whole body or sphere 
A E B, therefore the area AN'B = /ud z la equal to the 
whole attraction of the sphere. 

Having reduced the solution to the quadrature of 
A N B, Sir Isaac Newton proceeds to show how that 
area may be found. He confines himself to geometrical 
methods; and the solution, although extremely eleganti 
is not by any means so short and compendious as the 
algebraical process gives. Let us first then find the 
equation to the curve A N B by referring it to the rec- 
tangular coordinates D N, AD. Calling these y and x 
respectively, and making P A = i, AS (the sphere's 

radius) = a and P S, or o +^, for eonciacness, ='^. Thea 



DE^ = 2aj: 



P E = 



/ (ft + xy 
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= Via + 2 (a 4-*)x = v^6« + /x; and DN = y= (by 
construction) ^ ^ r~~~ > *^® attractive force of 

the particles being supposed as the -th power of the dis* 

tance, or inversely as (J* +/*)^- This equation to the 

curve makes it always of the order — x — . If then the 

force is inversely as the distance, A N B is a conic hyper- 
bola ; if inversely as the square, it is a curve of the fifth 
order; and if directly as the distance, it is a conic 
parabola ; if inversely as the cube, the curve is a cubic 
hyperbola. 

The area may next be determined. For this pur- 

1 >• J /^ f(2 ax — x^) d z T 

pose we have fydx = / •< a _'^__ , Let 

J 2(b^-\-fxy' 

2 (af + b^) =^ h, this integral will be found to be 



4 (a + by 



b-» 



X (2 a + J)» (6' + fx)^ - (^' +/^) ' 

o — n 

1 / J^"" 

+ C; and the constant C is -p- — — j-r x (-z 

4 (a-f oj* v5 — 71 

4- ^ — ' P *]• This m every case gives 

an easy and a finite expression, excepting the three cases 
of n = — li n = 3, and 72 = 5, in which cases it is to be 
found by logarithms, or by hyperbolic areas. To find 
the attraction of the whole sphere, when jt = 2 a, 

^^^ ^^""^ 4 (a + by ^' (3^ (2 ° + *^"" - T^"" 
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^ for the whole area A N B, or the whole attrac- 
tion. If P is at the surface, or A P = 6 = 0, and 
n = 2, then the expression becomea as a, that ia, as the 
distance from the centre directly. We may also perceive 
From the form of the expression, that if n is any number 
greater than 3, ao that n — 3 = — m, the terma i*"" 
become inverted, and b is in their denominator thus ; 

,1^° ^'^/'^ Hence, if « > 3 and A P = 6 = 0, or the 
(1 - it)b" 

particle ia in contact with the aphere, the cxpresuon 
involves an infinite quantity, and becomes infinite. The 
construction of Sir Isaac Newton by hyperbolic areas 
leads to the same result for the case of n = 3, being one 
of those three where the above formula fails. At the 
origin of the absciasEe we obtain, by that construcHon, an 
infinite area; and this law of attraction, where the force 
decreases in any higher ratio than the square of the 
distance, ia applicable to the contact of all bodies of 
whatever form, the addition of any other matter to the 
spherical bodies having manifestly no effect in lessening 
the attraction. 

By similar methods we find the attraction of any por- 
tion or segment of a sphere upon a particle placed in the 
centre, or upon a particle placed in any other part of the 
axis. Thus in the case of the particle being in the centre 
S, and the particles of the segment li B G attracting with 

forces as the - power of the distance S O or SI, the 

curve A N B will by its area express the attraction of 

the spherical Begmenf, if DN -- ■• ^" *-' 




A S = (I, as before ; /// '! x may be roiiiul ;i3 before \\y 
integrating - — — -- — '- — — — . 'i'lie fluent is 

'■S^-'-^^' + e-"^c = ;^,-^^,; 

aDil the whole attraction of the segment upon the [larticle 
at tlie centre S \i equal to — - — ■ — + "T^j"~7'o. 

Tliu3, li n -2 the attrition \s as - ~ , or aa B- 

dlrcctly, and as S B inversely; and if c = o, or (lie at- 
traction is taken at the centre, it ia cquiil lo <i ; ami If 
the attraction is aa the distance, or » — 1, lliun the 

attractive force of the segment is -j (<i- — v')-. 

ii. Our author proceeds now to the attractions o( 
bodies not spherical; an imjuiry nut |)crhaps. in its 
greater generality, of so much interest in the science of 
Physical Astronomy, where the masses which form the 
puhjects of consideration arc cither epherical, or very 
nearly spherical, to which our examination has liitbcrto 
been confined. But this concluding part, nevertheless, 
contains some highly important truths available in astro- 
nomical science, because it lead?, among oilier things, to 
determining the attraction of spheroids, the true figures 
of the planets. 

The attractions of two similar bodies upon two similar 
particles similarly situated with respect to them, if tjiogc 

atiractions are as the same power of the distances -, are 

to ouc aniillicr as the masses diveclly, and the )/"' power 
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logous sides of the bodica ; and because the masses iire as 
the cubea of these sides, S and s, the attractions are aa 
S*. «" ; «'. S", or aa a""^ : S"~'. Therefore, if n = 1, 
the attraction is as S' : s^ ; if the proportion ia that of 
the inverse square of the distance, the attraction ia as 
S : s; if that of the cube, the attraction is as 1 : 1, or 
equal ; if as the biquadrate, the attraction is as « : S ; 
and 60 on : and thus the law of the attractive force may 
be ascertained from finding the action of bodies upon 
particles similarly placed. 

Let us now consider the attraction of any body, of 
what form soever, attracting with force proportioned to 
the distance towards a particle situated beyond it. Any 
two of ita particles A B attract P, with forces as A x AP 
and B X B P, and if G ia their common centre of gravity, 
their joint attraction is aa {A + B) x G P, because B P, 
being resolved into BG and G P, and AP into AP 
find G P, and (by the property of the centre of gravity) 




GPxA=:APxG, therefore the forces in the line A P 
destroy cnch other, and there remain only P G x B and 
P G X A to draw P, that is ( A + B) x P G ; and the 
same may be shown of any other particles C and the 
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centre G' of gravity, of A, C, and B, llie iittractiun ol' 
tlic three being (A + E + C) x O'P. Therefore the 
whole body, whatever be ita form, attriicta 1' in the line 
P S, S being the body's ocntrc of gravity, and with a 
furee proportional to the whole niaaa of the body multi- 
plied by the distance P S. But as the mutual attractions 
of spherical bodies, the attraction of whose particles is 
as their distance from one another, are as the distances 
between the centres of those bodies, the attraction of the 
whole body A B C is tlie same with that of a sphere of 
equal masa whose centre ia in S, the body's centre of 
gravity. In like manner it uiity be demonstrated that the 
attraction of several bodies A, B, C, towards any particle 
r, ia directed to their common centre of gravity S, and is 
equal to that of a sphere placed there, and of a mass ci]ual 
lo the sum of the whole bodies A, B, C ; and the at- 
tracted body will revolve in an ellipse witii a force 
directed towards its centre as if all the attracting bodies 
were formed into one globe and placed in that centre. 

But if we would find the attraction of bodies whose 
particles act according to any power « of the distance, wc 
must, to simplify the question, suppose these to be sym- 
metrical, that is, formed by the revolution of some plane 
upon ita axis. Let AMCIIGbc the solid, M Ci the 
diameter of its extreme circle of revolution next to tlic 
jiarticle P ; draw P 51 and ji m to any part of tlie circle. 
and inGnitely near each other, and take P D = P M, and 
P ,. = P m ; X> <l will be equal to o ]M {</ « being infi- 
nitely near D N), and Ihc ring formed by the revolution 
of XI m round A B will be as the rectangle A M x I\l m, 
or (because of the triangles AP M, in o M, being similar, 
and Dd = o M) P M X I) tl, or P D x D ./. Let 1) N 




-i- X D d X PD, or ae b 1/ d X, and the whole attrac- 



F 

II d ft 



tion of the circle whose radiiis ia A M, being the sum of 
all the rings, will bo aa i, ft/ d t, or the area of the curve 
L N I, which is found by substituting for j/ its value in t, 
that ia x" . This fluent or area is therefore = hj'x' d x 
h jr"+' — fi"+* 

= t^ + c:»ac = ^ 

= P E in order to have the whole area of L N I, which 
measurca the attraction of the whole circle whoee nidiua ia 

+ 1 



F A, we have {x being = P 6 = c 



Also, making P b 



for 
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that attraction. Then taking D N' tn the same proportion 
to the circle D E in which D N is to the circle A F, or as 
eijual to the attraction of t!ic circle T) E, Vfc have the 
curve R N T, whose area is ei^iiai to the uttriiclion of the 
soli.l L H C F. 

To find an equation to this curve, then, and from 
ihenee to obtain its area, we must know the law by wliich 
D E increiiscs, that is, the proportion of D E to A D ; in 
other words, the figure of the section A F E C B, whose 
revclution generates tlie solid. 

Thu9 if the given sohd be a spheroid, we find that its 
attraction for P is to that of a sphere whose diameter in 

equal to the spheroid's shorter axis, as tJ- — . „ ' - to 
— — A and « being the two semi-axes of the ellinsoid, d 

the distance of the particle attracted, and L a constant 
conic area which may be found in each eiisc ; the force of 
attraction being supposed inversely as the squares of the 
distances. But if the particle ia within the spheroid, the 
attraction is as the distance from the centre, according to 
what wc have already seen. 

Laplace's general formula for the attraction of a spherical 
surface, or layer, on a particle situated (as any pmlielc 

must be) In its axi^, is '—-^ — // 'U' " f '^ f ^. '» 

which _/■ is the distance of tiie particle from the point where 
the ring cuts the sphere, c its distance from the centre of 
the sphere, or the distance of the ring from that centre, 
(/ « consequently the thickness of the ring, tt the semicircle 
whose radius is unity, and F the function of_/'rc[iresentii)g 
the attracting force. The whole attraction of tlic spjicrc, 
therclore, is the integral taken from / = r — u to _/' 
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= r + «, and tlie expresBiim becomes - — '- + 

J fdf X J df F with (r + u)—{r-u), aubsUtuted for/, 

when / results from thia integratioD. Then let F =-^ 

or the attraction bo that of gravitation; the expreaaion 

2v.ndu p ^ df 2ii . udu 

becomes - J fdf y. J —= -^ x 

/' V _ 1 - ^ ' ■ " '^ " „ _ (r + «)-(r - «) ^ 
2 ^ J- r ** 2 

8 V u (f u 
X 

cient of d r, taking the differential with r oa the variable, 

is + j ■ — ; consequently the attraction is inversely 

as the square of the distance of the particle from the 
centre of the sphere, and ia the same as if the whole sphere 
were in the centre* 

The First Book of the Principia concludes with some 
propositions respecting the motion of infinitely small bodies 
through media, which attract or repel them in their course, 
that IB to say, of the rays of light, which, according to the 
Newtonian doctrine, are supposed to be bodies of thia kind, 
hard and elastic, and moving with such rapidity as to 
pass through the distance of the sun from the earth, or 
y5 millions of miles, in seven or eight minutes, that ia, 
with a velocity of above 211,000 milea in a second. Sir 
Isaac Newton shows that, if the medium through which 
they pass attracts or repels them from the pcrpendicuhir 
uniformly, they describe a parabola, according to Galileo'n 
law of projectiles ; but if the attraction or repulsion bo 

• Mec. Cel. liv, ij. ell. 3. The expression is here UeTclopctli but it 
cuiiici ilea with theanalyBis in § II, 
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not equable, another curve will be Jcacribcd ; yet, that in 
cither ciiae the sine of the .ingle of incidenec (or that miide 
with the plane where they enter the medium), is to the sine 
of the angle of refraction (or that made with the phinc 
they emerge from) in a given ratio ; that the velocities 
before incidence and after emerging arc inversely aa the 
sined of incidence and refiiiction ; and that if the velocity 
after incidence is retarded, and the line of incidence inclined 
more towards the plane of the refracting medium, the 
small bodies will be reflected back at an angle equal to 
that of incidence. 

He then remarks on the inflexion and deflexion which 
light suflera in passing, not through, but by or near bo- 
dies, aa discovered by Griraaldi*, and as confirmed by his 
own experiments. He shows that tlie rays are bent moyt 
probably in curve lines, the nearest rays towards the bend- 
ing hotly, the furthest rays away from it; and he infers 
that, in refraction and reflexion, a similar curvilinear bend- 
ing takes place somewhat before the actual point of re- 
fraction and reflexion. He further mentions the colours 
formed by flexion, as three coloured fringes or bands, 
" trea colorum fascias." T, however, long ago showed 
(Phil. Trans. 1797, PartII.)t that this is not the real fact; 
having found that a much greater number of these fringes 
arc formed by flexion, and that they are, like the prif!- 
raatlc sjicctrum, images of the luminous body. This ex- 
periment has been veiicatod by Sir David Drewster and 
others ; nor can any doubt be entertained that there arc 
innumerable fringes decreasing in breadth, and in the 
breadth of the d.ark intervals between them, until they 
become evanescent. But as if it were the fate of all tins 

• Grimaiai lermcJ il iUffr<iciio». 

t In rhil. Trms^ IMoil, mul SI."ni, liisl. .1; I'raiuc. IMJ4, n\v my nilnv 
l>a|wraon Iiiflusion.slioiviiiK Uiv ^.iniojiliiinumL'iiuii. w-vrW nt- iIr' ililliTi^iiI 
llosihility of lliu r.iys. 
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great man's discoveries, that nothing should ever be added 
to them but bj the use of means which he had bimselt' 
furnished, it was only by applying a form of experiment 
which Sir Isaac Newton had used in examining the 
colours of thiok and thin pktes, that this important £act 
waa nacertuined, he not having subjected the phenomenon 
first observed by Grlmoldi to that mode of investiga- 
tion.* 

The Fourteenth Section concludes with an elegant so- 
lution of a local problem in Descartes's Geometry, for 
finding that form of refracting glasses which will make 
the rays converge to a given focus, a problem, the de- 
monstration of which Descartes had not given. The 
brilliant discoveries made by Sir Isaac Newton upon the 
rcfrangibility and colours of light, not belonging to dy- 
namics, he pursues the subject no further in this place, 
having reserved the history of those inquiries for his 
other great work, the Opticsf, perhaps the only monument 
of human genius that merits a place by the side of the 
Principia. 

The truths which we have been contemplating respect- 
ing the attractions of bodies are fruitful in important 
consequences respecting the constitution of the uoivt;rae. 
\Vc have seen that the law of attraction which makes it de- 
crease as the squares of the distances increase, and the law 
which makes it increase as the distances decrease, are the 

* The Undulatory Theory of light, tnwurds trhicb philoiopben hftve of 
Into yuiLTB appeared lo lean, is no excQption to this remark; for Ihe pnnci^ 
pit's of that Theory maj be found in the Eighth Sectioa of tbo Second 
Duok of the IMncipiii, and the Scholium which coneluilcs that Section 
aecTni to aiilicipalo the application of its principles to Optical Scieace. 

t An abstract of thcao discoveries had bceo given in the liOclionca 
Optica) nt Cambridge seventeen years before tlie publication of the lYin- 
cipiain 1687- The Optics only appeared in 1T04. 
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only laws wliich jireservc tlie pro i>ort ions bclwccii llic force 
and the distance, tbe same for the attraction of tlic particles 
of IjoJies, anil for tlic attraction of the niassL'3 in nliidi 
lliuse particles may be distrilititcd — the only la*\s which 
make the attraetiou of bodies the same with that of their 
iiias3 placed in the centre of gravity. Now these two 
huvs regulate the actions of bodies graviliUiiig tuwards 
eueli other, tlio one being the law of gravitation beyond 
tlie surface of attracting bodies, the other, the law of gra- 
viiatiou between the surface and the centre. Thus, then, 
there is every reason to believe that this law pervades 
the material world universally, acting in precisely the 
same manner at the smallest and at the greatest distances, 
alike regulating the action of the smallest particles of 
matter, and the niiglilicst masses in which it exists. This 
action, too, is everywhere mutual; it is always in direct 
proportion to the masses of the allractcd and atimcting 
bodies at ctjual distances; where the masses arc equal, 
it is invergely as the squares of the distances beyond the 
holies, and witliin the bodies, as the distances from the 
centre; and where the masses and distances vary, it is 
as the masses divided by the squares of the distances in 
the one case, and as the masses multiplied by the dis- 
tances in the other. This law tiien pervades and governs 
ihc whole system. 

The discoveries which astronomers have made since 
the death of Newton, upon tJio mure remote pails of tlic 
universe, by the help of improvements in optical instru- 
ments, have further illustrated the general prevalence uf 
the law of gravitation. The double 6xcd stars, many 
of which had long been known to astronomers, and which 
were believed to retain at all times their relative posi- 
tions, have now been fiamd to varv in tlifir di,-taiiccs 
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Rccelcratecl, HOinctimce retarded, but apparently round 
one another, or rather round their common centres of gra- 
vity. A course of observations continued for above 
twenty years, led Herschel to this important conclusion 
about the year 1803 ; his son has greatly added to our 
knowledge of theae motions; and Professor Struve, of 
Dorpat, applying geometrical reasoning to the subject, cal- 
culated the orbits in which some of the bodies appear 
to move. One of the most remarkable is the star y Vir- 
ginia, on which Cassini had made observations in 1720.* 
It has now been found that one of the stars of which 
it is composed is smaller than the other ; that the revolv- 
ing motions of the two during the first 25 years had a 
me»a annual velocity of 31' 23"; during the next 
21 years, of 29' 17"; during the nest 17 years, of 
only 2' 42"; and during the last two years (1822, 
23) of no less than 52' 51". The elder Herschel 
calculated the time of their wliolo revolution, the pe- 
riodic times of those distant suns, at TUS years; it is 
now supposed not to exceed 629. Another pair of stars 
are found to revolve round one another in between 43 
and 44 years, while a third pair take 12 centuries to 
accomplish their revolution.! Although oiu- obserTations 
are far too scanty to lay as yet the ground of a system- 
atic theory of these motions, they appear to warrant us in 
aaauming that the law of attraction which governs our 
solar system extends to those remote regions, and as their 
8UHS revolve round one another, each probably carrying 
about with it planets that form separate systems, we shall 
probably one day find that equal areas are there as hero 
described in equal times, and that the orbits are ellip- 
tical ; or, which would come to the same thing, that the 

* Mem. AcwL dcB Sciences, 1720. 

t HlU. Trans. 1803, p. SSSj ib. 1824, P.ut III. 
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SCSI iui|iUcatc proportion of the [icrioLlic ihiies anil moan 
tlistancea is observed ', from whence the conclusion would 
of neceasity follow, that the centripetal force followed 
the rule of the inverse square of tlie distance, and that 
gravitation such as wc know it in our part of the uni- 
verse, likewise prevails in theic barely viuible regions. 
Tiiua additional confirmation accruea to the fiist great 
deduction drawn from tJie theorems rei-pccting attraction 
ill the Principia. 

[jut other interesting corollaries are also to be deduced 
from these propositions. Tliey enable us to ascertain, 
lur example, the attractions, the masses, and the figures 
of the heavenly bodies. 8ir Isaac Newton buhlly and 
happily applied them to determine tbcrc important par- 
ticulars, apparently so far removed beyond the reach of 
the human faculties. 

1. The wcighlJ of bodies at the surface of the different 
planets were tints easily determined. The law by whlcli 
the attractive force of spherical bodies decreases sia tlio 
s(|uare uf the distance increases, whether those bodies be 
homogeneous or not, provided their densities vary in the 
same proportion, and the other law regulating the pro- 
portion between the periodic times and the distances of 
the planets, enabled him to compute the atti-actiou of 
each planet, fur equal bodies at given distances from thcij' 
centres, by comparing the observed ilistances and periodic 
times of each ; and he was thus also enabled, by knowing 
their diameters, to ascertain the wciglits of bndies at their 
surfaces. lie found in this manner, iJiat the same body 
whicJi at the surface of the Eartli weighs 435 pounds, at 
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that of the Sun weigha lO.nOO, at that of Jupiter 943, 

and at that of Saturn 549. 

2. So too the masses of matter in each planet and in 
tiie satellites mny be aBcertainctl. The motioDB of the 
satellites of Jupiter and Saturn afford the easiest means 
of determining the masses of those planets ; and the 
motions of tlie other planets round the Sun enable ua to 
solve the problem, though not so accurately, as to them. 
The mass of Jupiter compared with that of the Earth 
may be easily supposed to be prodigious, when we find all 
his satellites revolve round him so much more rapidly than 
the Moon does round the Earth, although all of them but 
one have much larger orbits. Thus the second satellite 
revolves in a seventh of our lunar month, though its path 
is half as long again : and hence, its velocity is between 
10 and 11 times as greiit. Sir Isaac Newton ascertained 
the masses of Jupiter, Saturn, and the Earth to be to 
that of the Sun as tcVyi soWt TirgVffB' *" ^ respectively. 
In like manner the densities are found, being aa the 
weights (first found) divided by the axes. Thus he 
determined the relative densities of Jupiter, Saturn, and 
the Earth to be as 94J, 67, and 400, to 100, the density 
of the Sun. Laplace has ascertained the mnsaes of the 
heavenly bodies by an entirely different calculus, founded 
upon the comparison of numerous observations with 
the formulse for determining the disturbances. The result 
is extremely remarkable in one particular. It agrees to 
a fraction, as regards Jupiter, with the calculation of 
Newton, making ihe mass of the planet jfi'^y. But the 
observations of Pound respecting Saturn's axis, on which 
Newton had estimated Saturn's mass, were subject to 
considerable uncertainty ; so at least Laplace expltuns 
the differeiice of his own results; but he admits" that 

• M6p. ai. liv. >ii. eh. IG. 3. ^4. 
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even in his tiny there prevailed consiJcraWe iinccrtiiinty 
respecting tlila pLinct'e mass, while tli.it of Jujiitcr, buing 
well ascertaineJ, agrees perfectly with Sir Isaac Newluii's 
deduction. Laplace gives the masses of the four gi'eal 
planets thus, that of tlic Sun being unity: Veiuis sj?^r.r.<2' 
Mars ajj^Tj;;; Jupiter — - '; — ^ (dilfcniig by y'',* uiiiy 
from Newton's, who indeed did not insert decimals at allj ; 
and Saturn ,j-j',.uu-' The Moon's mass lie makes ;~, 
that of the Earth being unity, while the greatest of 
Jupiter's satellitea ia only 0,000088497a, Jupiter being 
unity. Tills great geometrician's observations upon Sa- 
turn's ring are jicculiarly worlliy of attention. Tlic ex- 
treme lightness of the matter of which the planet consists, 
has already been shown; it is six times lighter than llie 
mean density of the Earth ; or, if the mean sjiecific 
gravity of the latter be taken as 5 f, that of water being 
as 1, the matter of which Saturn is composud must he 
only 3J times heavier than cork, and lighter than India 
rubber. But Laplace has satisfactorily shown that bis 
rings must be composed of a fluid, and that no othci' con- 
struction can account for ibeir permaiience.J 

3. Sir Isaac Newton, lastly, by the principles wlneli wc 
have been explaining in the hitter part of our Analysis, 
investigated the figures of tlie heavenly bodies. TJius he 
especially examined that of tJie Earth. This pluncl, in 
revolving round its a.\is, gives those particles the gi'catcst 
tendency to fly o/Twliich move with tlic greatest velocity, 
that is, those which are furthest from their centres of ro- 
tation ; in otlier words, those which arc nearest the equa- 
tor; while those near tlie poles, describing niucli smaller 

pIt-j-I.-.^ nifivn iiiit.-1i sinwrr n.nd li:ivi' far h's^i t.-ndi'lirv t.. 
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11; off. Hence there is an accumulation of matter towards 
the equator, which is raised, while the poles are depressed 
and flattened, and the equatorial axis is longer than the 
polar. By comparing the space through which heavy 
bodies fall in a second in our latitudes with the centrifugal 
force at the equator, he found that the gravity of bodies 
there is diminished 3^^ at least, or that the equatorial 
axis is, at least, ^^ longer than the polar. But he con- 
sidered this estimate as below the truth, because it docs 
not make allowance for the effect produced on gravitation 
by the increase of the distance at the equator from the 
centre. Accordingly, by a skilful application of the 
method of false position, he corrected this calculation, and 
ultimately brought out the proportion to be that of 229 to 
230, making the equatorial axis about 34^ miles longer 
than the polar, the whole axis being about 7870 miles. 
He also estimated the two axes of Jupiter to be as 11^ to 
lOj, supposing the density of the body to be the same 
throughout ; but if it ia greater towards the equator, our 
author observed that the difference between the axes 
might be decreased as low as 13 to 12, or even 14 to 13 ; 
which agreed well enough with Cassini'e observations in 
those days, and still more nearly with Pound's. But 
more accurate observation has since shown that the dif- 
ference ia considerably less, the disproportion being not 
more than that of 1074 to 1000 ; so that the planet must 
be very far from homogeneous and its equatorial density 
■ greatly exceed its polar. Thus, too, accurate measure- 

V mcnts of a degree of latitude in the equatorial and polar 

regions, and experiments on the force of gravity, 
as tested by the length of the pendulum vibrating 
seconds in those different parts of the globe, have led to 
a similar inference respecting the Earth, its axis_being now 
ascertained to bear the relation, not of 230 to 229, as 
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Xewton at last concluded, nor even tliat of '2Si) to ^f^H, 
.iccording to liU first ap|iroxLiiialioii, but only tlint of 3:i6 
to 335 *, being an excess of little more than ii3} niilus. 
The cjilciilation uf Newton wad furmeil on the supposition 
of the Earth being homogeneous; and it ia wortiiy of 
remark, that although the Inter observations, by proving 
the flattening at the poles to be less than he, on this 
hypothesis, assigned it, liavc shown the Earth not to be 
homogeneous, no eorrection or improvement whatever 
has been made on his theory hi tins rcs[ieet. We find 
Laplace, on the contrary, jn the very passage to which 
we arc now referring, assuming his jireeisc fraction ^jl^ 
as the one given by llic tlieary upon the siippnsilinn of 
the globe being homogeneous, ami reasoning upon that 
fraction, t 

Now it is fit that we here pause to conleinphite pcrliaps 
the most wonderful tiling in the whole of the Newtonian 
tliscoveries. The subject of curvilinear motion, or mo- 
lion produced by centripetal force?, was certainly in a 
great measure new, and Sir Jrniac Newton's treatment ol' 
it was in the highest degree original and aucccssful. But 
the laws of attraction, the principles which govern the 
nmtual actions of the planets, and generally of the masses 
df matter, on each other, was still more eminently a 
field not merely unexplored, but the very existence of 
which was unknown. Not only did he first discover tiii^ 
field, not only did he invent the calculus hy means of 
which alone it could he explored, and without which 
hardly a step could he made across any iiortion of it ( fiir 
the utmost resources of geometrical skill in the hands of 
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lyais, would have failed to do anything here), but the 
great discoverer actually coinpletcd the most ditficult in- 
TCBtigation of this new region, and reached to its most 
inacceasible heights, with a clearness so absolute, and a 
certainty so unerring, that all the subsequent researches 
of his followers, and all their vast improvementa on his 
C*lcuIuB, have not enabled them to correct by the fraction 
of a cipher his first results. The Ninetieth and Ninety- 
first Propositions of the First Book, containing the most 
refined principles of his method, are applied by him in 
the Nineteenth of the Third Book to the problem of the 
Earth's figure; hia determination of the cUipticity, sup- 
posing the mass homogeneous, is obtained from that appli- 
cation. A century of atudy, of improvement, of dis- 
covery has passed away ; and wc find Laplace, master of 
all the new reaourccs of the calculus, and occupying the 
heights to which the labours of Euler, Clairaut, D'Alem- 
bert, and Lagrange have enabled us to ascend, adopting 
the Newtonian fraction of j^g, as the accurate solution 
of this speculative problem. New admeasurements have 
been undertaken upon a vast scale, patronized by the muni- 
ficence of rival governments ; new experiments have been 
performed with improved apparatus of exquisite delicacy; 
new observations have been accumulated, with glasses 
far exceeding any powers possessed by the resources of 
optica in the days of him to whom the science of optics, 
M well as dynamics, owes its origin; the theory and the 
(aet have thus been compared and reconciled together in 
more perfect harmony ; but that theory has remained un- 
improved, and the great principle of gravitation, with ila 
most sublime results, now stands in the attitude, and of 
the dimensions, and with the symmetry, which both the 
law and its application received at once from the mighty 
bund of its immortal author. 



NOTE. 

The argument in page 130. is siicciiiclly ami jio- 
[lularly stated respecting the supposition of :i liollow in 
the centre of the Eiirth, and several steps arc ouiilteit. 
One of these may he here mentionetl in case it slioiiW 
appear to liavc been overlooked. Suppose a mass in de- 
taehcd from the hullow sphere M, and impelled at the 
same time with that sphere by an initial projectile force, — 
then its tendency would be to describe an elliiJtic orbit 
round tlie sun, the centre of forces, and it" it were detached 
from the earth it would describe an ellipse, and be a smiill 
planet. But as IJie accelerating force acting upon it would 
be different from that acting on llie earth, tlic one bein^ 

„s ~fi, and the other as —^^ (D being the dis- 
tance and S the mass of the sun), it is mauilust that, sooner 
or later, its motion being slower than that of the hollow 
sphere, if m be placed in the inside, it must come in con- 
tact with the interior circumference of the sphere, and 
cither librate, or, if fluid, coincide with it, as assumed in 
the text. Where parts of the spherical shell come oil' by 
the centrifugal force, of course no sucli step in the 
reasoning is wanted; nor is it necessary to add that 
neither those parts nor any other witliin tlio hullow shull 
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II. 



HiTHEETO we have considered all motiou as performed 
in vaevo, or in a medium nhicti ofTera no resistance to the 
action of forces upon bodies moTing in any direction. It 
waa necessary that the subject should first be discussed 
upon this supposition; and the hypothesis agrees with 
the fact as fnr as the motions of the heavenly bodies are 
concerned. But all the motion of which we have any 
experience upon or near the surface of the earth, is per- 
formed in the atmosphere that surrounds our globe ; and 
therefore, as regards all such motion, a material allow- 
ance must be made for the resistance of the air when we 
apply to practice our deductions from the theory. It is 
also obvious that a still greater effect will be ]>roduced 
upon moving bodies, if their motiou is performed in a 
denser Buid, as water. Further, the pressure and motion 
of fiuids themselves form important subjects of considera- 
tion, independent of any motion of bodies through them 
and impeded by them. These several matters form the 
subject of the sciences of Hydrostatics, Hydraulics, and 
Pneunmtics ; the first treating of the weight and pressure 
of watery fluids, the second of their motion, the third of 
aeriform or clastic fluids. They are discussed in the 
Second Book of the Princlpia. It consists of Nine Seo- 
tions ; of which the First Three treat of the motion of 
bodies to which there is a resistance in different propor- 
tions to the velocity of the motion ; tlie Fourth treats of 
circular or rather spiral motiou in resisting media; the 
Sixth, of the motion and resistance of pendulums; and 
part of the Seventh discusses the motion of projectiles; 
while the rest of the Seventh, and the whole of the four 
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remaining sections, treat of the pressure nuJ motion of 
fluids tliemselvea and propagated in pulses, or otherwise, 
tlir.)ui;li fluids. AVe shall arrange tlie subjects under these 
Five heads, instead of following the precise order of the 
work itself.* 

Two observations arc applicable to this branch of the 
subject, and to the treatment of it in the Principia ; and 
these observations lead to our distinguishing this portion 
of that great worlc from the rest. 

First. Much more had been accompli shed of discovery 
respecting the dynamics of fluids before the time of Sir 
Isaac Newton, in proportion to the whole body of the 
science, than in the othur branches of Jlcchanics. The 
Newtonian discoveries, therefore, eflected ii less consider- 
able change upon tins department of Physics than upon 
Physical Astronomy and the general laws of motion. As 
early as the time of Archimedes the fundamental principto 
of the general or undequaquo pressure of fluida had been 
ascertained ; many of the easier problems, and even some 
of the more complicated, had been investigated by its .lid. 
When dynamical science was newly constructed by the 
illustrious Galileo, the progress whieii lie made may almost 
be said to have formed Hydrostatics nud Ifydvaulica into a 
system ; and Pascal's original and inventive genius, soon 
afterwards applied to it, enabled him clearly to perceive 
the hydrostatic paradox, and even led him to a plain an- 
ticipation of the hydrostatic press.f Torricclli about the 
same period reduced the atmosphere under the power of 
weightand measure, making it thesnbjcct of calcuhitionby 
the beautiful experiment which first ascertained its gravity. 
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wliicb had long been suspected but not proved. Fasoil 
lirst extcndeil the Torricellian experiment to all tlie perfec- 
tion, indeed, which it has ever attained, by shoning the con- 
nexion between the height of places on the earth's surface, 
and that of the mercurial column; thus demonatrating 
Batisfnctorily the pressure of the atmospherical column. 
Torricelli had also, from experiments on the spouting of 
water, inferred that the velocily of the spouting column, 
or jet, is as the square root of the height of the reservoir 
of fluid whose pressure causes the flow. So that the fun- 
damental priuciples being ascertained, considerable progress 
was also made in their systematic application, when Sir 
Isaac Newton came to treat the subject ne a branch of his 
general dynamical theory, and to investigate the laws of 
fluids by means of those profound principles which he had 
established with respect to all motion. Thus more waa 
done before his time, and less consequently left for him to 
do here, than in the other branches of the genend subject. 
Secondly. It ia also true tliat the work which he pro- 
duced upon this branch of science, did not attain the same 
perfection under his hands, as the rest of the Principia. 
Although he treated it upon mathematical priuciples, he 
left considerably incjre to be done by his successors than he 
loft to be added by those who should follow him in the 
field of Physical Astronomy. A great step was almost 
immediately made by J. Bernouilli, in ascertaining the 
cflcct^ of the air's resistance upon the motion of projectiles; 
and an error so apparent was pointed out in one of the 
Propositions in the Principia (Book II. Prop. 37*), that 
the correction coming to the author's knowledge, he struck 
it out of the second edition, then in the press. His ori- 
ginal solution of the problem as to spouting columne, 
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having differoi] from the rule wiiicli Turriwlli liaJ tluilucoil 
expcrimentnily, Newton agnin invest ijrn ted tlic qiictftkm I)y 
:i different iind an ailmirable process; but even now the 
subject reinaina in a very un?.i lis factory state, Xor c:in it 
be said that the science of byOroilynnuiica gencraiiy liaa 
attained the perfection of tlic other brandies of Mcchiiniciil 
pbilosopby; while it is certain that tlic application to it of 
Ihc calculus by Eulcr and D'Aleiubcrt*, and etill more by 
Clairaut, lias greatly added to the theorems left by Sir 
Isaac Newton; and the rcsearcbea of Laplace upon ca- 
pillary attraction form a department of science almost 
unknown before the latter part of the eighteenth century. 
The etatcuicnt of these particulars was necessary in 
order to place the relative merits of the (liffercnt brandies 
of the Principia in their tmc light. That a great Improve- 
Micnt was accomplisbcd in natural knowledge by this por- 
linn of Sir Isaac Newton's discoveries, none can doubt. 
That Ihc Second Book displays at every step the profound 
sagacity and matchless skill of its author, is undeniable. 
That it would bnve conferred lasting renown upon any one 
but himself, had it been the only work of auothtr man, i.-i 
certain. Nor can wc forget that in rating its importance 
as we have ventured to do, we only undervalue this portion 
of the Principia, by applying to it the severest of stand- 
ards, comparing it with th<! discovery of the laws which 
govern the system of the universe, and placing it in con- 
trast with the other parts of that unrivalled etlbrt uf hnniaii 
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CHAPTER I. 

THE ELEMENTAKY TRlNCirLES OF nVDUOSTATICS, AND THE 
LAWS OF DENSITY OF AN ELASTIC FLUID COLLECTED ROUND 
A CENTRE OF FOBCE. 



I. Elementary Principles of Ht/drostatics. 

1. What a fluid is, the terras viscosity, solidity. Sec 

2. What the foundation is on which the theory of Hydrostatics is huilt. 

Newton, XTX. 

3. The fundamental equation by which we know the properties of a fluid 

in equilibrium. Note I. 

4. Three consequences of tliis equation. Note I. 

(1.) That there must in all cases be a certain relation among the forces. 
(2) Level surfaces are surfaces of equal density. 
(3.) Level surfaces are surfiices of equal temperature. 
.5. Newton, xx., Fliuds under the action of gravity only. 

II. The Law of Density in a comprcssibh Fluid under the Acliou of a rrnfra! 

Force. 

1. Solution of the question — defect in the application to ].hysi(al qn<»s- 

tions, Newton, xxi. xxii. Sec. 

2. First apphctition. Measurements of In ii^hts. Note IT. 

Second (ipplication. Form of our atm<>s]ihere, the /odiaeal light not 
part of the Sun's atmospliere. Note II. 



I. 1. '^Hydrostatics'* is tliat ])art of .-tatics wliicli treats 

of the CqnUibrillin of flliuls. //////// /x ////// hndi/ irhnsr j>nrt:< 
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yield to any force ivipressed on it, and by yielding areeanly 
moved among themselves. This its Newton's definition. It 
includes gases uud aeriform bodies, as well aa those to 
which we, in ordinary conversation, apply the terms "fluid " 
or " liquid." 

The fundnmcntal idea of a fluid \s, that of a body whose 
particles may bo moved amongst each other on the appli- 
cation of the slightest possible force. It is therefore 
directly opposed to a rigid body, whose definition la that 
its particles cannot be moved amongst each other, no 
matter how great a force is applied. It is evident that 
no substance that we meet with in nature is strictly either 
a fluid or a rigid body ; but they approach more or less to 
the one or the other. When they partake more of the 
fluid than the rigid nature, they are called " viscous ;" 
when the contrary, they are called " solid." These two 
are therefore indefinite terms, and no clear boundary can 
be drawn between them. 

2. Tlie science of Hydrostatics is divided into two parts. 
In one we assume certain general principles as the grounds 
of all our reasoning. We may consider these as established 
either by experiment, or as truths which it is the office of 
the other part of the science to demonstrate. In the other 
we make certain general assumptions as to the constitution 
of a fluid, and then we attempt to deduce fiom these the 
general principles on which all the rest of hydrostatics ia 
founded. This division occurs in most mechanical sciences. 
Thus, in Geometrical Optics, we assume the laws of 
reflection and refraction ; it is the part of Physical Optics 
to establish their truth. It is not here our office to enter 
into the science of Molecular Hydrostatics; we must post- 
pone, therefore, such consideration to a future chapter. 

The mathematical theory of Hydrostatics is founded upotv 
two laws. 
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1. The prcsauro of the fluid upon any clement of ii 
Hurfact; exposed to it is normnl to that surface. 

2. Any pressure communicated to a. fluid niiiss in 
equilibrium id equally transniittod tliiuugli tlic whole fluid 
ia every direction- 
Consider any point ill a fluid, and let iiu indefinitely 

Fiiiall plane pass throiigli it ; by the second law tlie pres- 
sure is the same, whatever be the inclination of tho plane 
to the liorizon:hy the first it ia normal, and proportional 
to tlic area of the plane. Let this urea he a; then the 
pressure may be represented by yi a. This cjuantity p is 
therefore what we seek to find. It is what the pressure 
would be if the area were unity, and the pressure constant 
over that area. It is therefore called the " pressure referred 
to a unit of area." 

The law expressing the equality of pressures in idl diiec- 
tions ia true in viscous as well as [icrfcct fluid:J. The dif- 
ference is this, that in the latter the tninsinission of t!ic 
pressure is effected in a moment, in the former it takoB 
time. During this interval the law is not true; hut when 
a sJiort time has been allowed to pass, the fluid takes up its 
form of equilibrium, and the pressure becomes equal in all 
directions, 

These two laws are not independent. Tlie first con- 
tains the second. For, let thu fluid contained within tho 
]iyriimid O ABC in the interior 
of the fluid become solid. Thia 
is allowable, for, the fluid being in 
equilibrium, the pressure on the 
solidified element will be borne 
and resisted in exactly the same " 
way that it was while still fluid. Let ;i be the pressure 
referred to a uuit of area on tlie plane C O A at O, '/ 
that on a plane parallel to I! V A tliroiiph O. Let tin; 
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pyramid diminish without limit, the pressures on the two 
aiJos C O A and B C A will be normal and respectively 
equal to 

p X area C O A, 7 x area B C A. 

Resolving these, parallel to O B, we have 
p area C O A _ area C O A 
y area B C A ~ area B (J A ' 
beoaiise this latter ratio expresses the cosine of the incli- 
nation or the two plaacs ; hcnco 

p = q. 

Similar equations hold by symmetry for the other sides. 
And therefore the pressure ia equal in all directions. 
This includes Prop. xix. of Section V. 



n^' 



ote I. 



5. Newton proceeds to consider the equilibrium of a sphe- 
rical mass of fluid, like our atmosphere, resting upon a 
spherical concentric bottom, and gravitating towards tlie 
centre of the whole. The object is to determine the pres- 
sure on any point A of the bottom. Divide the fluid into 
concentric orbs of equal thickness t/x. Now any part of 
a fluid at rest may be supposed to become rigid ; for it 
will then resist and bo resisted by the remainder of the 
fluid in exactly the same manner as before. Draw, then, 
any cylindrical canal from the point A to any point B 
in the surface of the fluid, and suppose its superficies to 
become rigid. This canal will be divided into element* by 
the concentric orbs. Let d s ha the length of any one 
of these elements, and F the force of gravity ; then the 
weight of that element is Fds. This acta directly to- 
wards the centre, that is, along dx. Resolving along the 
cnnal, the force with which this element tends to preas 
the bottom of the canal is Fdx. The same is true for 
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all the dements; licncc ihc whole prcfsiire on liic hotlom 
of the caniil ii» 

■''""• 

that Is to say, it is cquii! to Uic wciylit ol' a cjlinJcr oC 
fluiil, whose base ia tlic area of the part .'( of ihc Ijuttoiii, 
nnJ whose nltitudc is the snnie as that of the f^upcrlncuiii- 
bciit fluid. 

The Lottom is not pressed by the whuk ictii/hl of the 
incumbent fluid, but only that part winch is descnbed 
above; and it will be the eame whether the fluid rises per- 
pendicularly above A in a rectilinear direction, or whether 
it be contained in crooked cavities and canals, whether 
these passages be regular or irregular, wide or narrow. 

If a body of the same specific gravity as the fluid, and 
incapable of condensation, be ininicrsed in the fluid, it will 
neither acquire motion by the pressure of the fluid, nor 
any change of figure. Any portion of a fluid at rest may 
clearly be supposed to become solidified without affecting 
the eriuilibrium. Let a part of the fluid equal and similar 
to the body about to be immersed licccime solid ; removing 
it we may replace it by this boily, and the equilibrium 
will still subsist. It also follows that the resultant of all 
the pressures exerted by the fluid on the solid ia a force 
equal to the weight of the fluid displaced acting upwards 
through the centre of gravity of the volume of the body. 
If, therefore, a solid be inmicrsed in a liquid, it will remain 
at rest if it be of the same density as the fluid. Eut if it 
be of greater density, it will be no longer sustained by 
the resultant pressures, and will sink to the bottom. If it 
be of less density, it will riic to the surface, being acted 
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and comparative. Absolute gravity ie the whole force 
with which the body tcnda downwards. Relative gravity 
is the excess of gravity with which the body tends down- 
wards more than the ambient fluid. The bodies, therefore, 
which wc call light, and which appear to fall bo slowly, or 
even seem to rise in the air, ars light only in compnrison 
with the air. If there were no air, their apparent gravity 
would be their real gravity, and all bodies are found to 
fall when placed in a vacuum. 

II. 1. Having discussed some of the fundamental proper- 
ties of fluids, and obtained the equations of equilibrium, we 
can proceed to apply them to some of the great problems 
that Nature presents us with. The first case which Newton 
considers is tlie law of density in a compressible fluid 
which is attracted according to any law by a force tending 
towards a given centre. He does not consider this pro- 
blem in its most general form, nor would there be any 
advantage in doing so. The only forees which present any 
interest are those which vary according to some power of 
the distance. 

Let us assume that the attraction upon any particle 
whose mass is a unit, and distance from the centre t, is, 



where ft is some constant quantity, of n + 1 dimensions. 
The fluid will manifestly arrange itself ay mmetrically round 
the centre of force. We may therefore consider only those 
particles that lie in the axis of x. Take therefore a small 
rectangular element at a distance x from the centre of the 
earth, and whose sides are dj: dy dz. This element must 
be at rest under the action of the fluid pressures on its 
sides and ils own gravity. If p be the pressure referred 
to a unit of area at this pointj these two preaaarea will be 
clearly 
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// dy ,lz and -(^, + 'i/-' ,/r) ,/.-/ ./,- 

acting iiloiig tlic axis of .t-. Anil lUc wuiglil Will be 

-p. -^-.</j' '/// dz; 

ami siticf tlicrc is equilibrium tlio sum uf tliC'^e must be 
ZLni. The cquatiou of lluid cquilibi'iiEm ia tlitii 

•'r=-r-~.-'i' 11 )■ 

Tu solve the [iruhlcm we require the relntion between jt 
aiij ^. In fluiila gencnilly we have 

C = <P (2)- 

This ia ill c liiw which Newton lukea Tor graiited in the 
two coses which he liiis worked nt length. lie uUo states 
the results that wtnild be nn-ivcd at il' we ii:ul assumed 
other laws ; and, aa we shall sec, La|)lacc lias l>ceri led to 
believe that tlm above is fiir from being Iruc wltliin the 
('arth. 

Substituting from tlie iceimd trjuatiipu the vuUic uf^j in 
llic first. 

Hence dividing by f and inlegrating, 

xte, = C + _;-'^;; - - - {■•). 

whore C is some unknown eonstant. Iluiiee 

wliere D is the density at the centre or af an iiifniitc dis- 
tance, according as n is le;s or greater tliaii unity, and can 
only be determined by tome of the giv^j) eunditiuns of llic 
fluid. 

Oeneraliy, we eoticlude from the above, that wln'ii ihe 



174 Newton's rBiNCiriA. 

rcdprocala of the (n — l)"" powers of the distancea e 
arithmetical progreaaion, the densities at those points will 
be in geometrical progression. 

Two cases of the above are worthy of notice, when 
B=:2 and when n = 0. In the former the force attracts 
ioversely as the square of the distance, and the density at 
any point is given by 



that is, if the distances be in harmonical progression, tbe 
densities will he in geometri«al progression. In the latter 
case the force is constant and equal to ^, and the density 
is given by 

f = D ■.'■'• 

that is, if iKg distances decrease in arithmetical progressiou 
the densities will decrease in geometrical progression. 
These coses we might suppose to bear some analogy to the 
state of our atmosphere, the former holding when the 
changes of elevation are great, the latter when they are 
small. 

There is one case, especially considered by Newton, in 
which the preceding general formula fails, viz. when 
B = l, for then log p in equation (3) appeare to be always 
infinite; but this is not really the case, for C is also 
infinite and negative. The form of the integral haa 
changed, and by merely repeating tlic proceae, we get 
K log p = C — /x log X 

.: p = D . j'- 
The preceding-investigations are not, however, of any 
very great practical utility. They are all founded on tbe 
Gupposition that the compression varies as tbe density. 
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Now tliid is only true when the temperature is constiirt. 
AVhcn it ia uot, we have seen that the true law U that 

,, = » f (1 + . 0. 

If, however, we attcniiit to use this erniation, wc require 
to know the law according to whicli t, the tciuiicraturo, 
varies as we ascend inio the air and descend into the 
earth. We can have but little assistance iu determining 
this from observation. As Humboldt* has remarked, our 
c.TperimentuI knowledge of llie interior of tlie earth is 
limited in the extreme. Ihe greatest depth hcluw tlic 
surface of tlic sea tliiit has yet been obtained, is jirohahly 
that of the salt-works of Ncw-Salzwerk, near Alinden, 
in Prussia; yet this was only 199;J feet, or less than 
i-JuUTj P^""' "f earth's radius, Tlic observations even on 
these small depths arc liable to aenous errors, — -as tiic 
different periodic variations of temperature caused by the 
diurnal or annual heating of the surface, the greater 
esposure to the surface air, &c. TIic temperature of 
water at the bolUim of the salt mine was 90-8° Fahren- 
heit, giving a mean decrease of 1° Fahreniieit for every 
.OS-S feet. If we tried to make our observations on the 
law of density instead of that of temperature, — for the 
knowledge of either would enable us to integrate the 
eriuations, — wc can succeed no better. The dippings of 
strata beneath the surface, which rise afraia nt known 
distances, only reach some twelve thousand feet below tlic 
surface of the sea ; and if to tliia we added the height of 
the highest mountain, we have only a knowledge of 
f^^tli part of earth's radius. 

We have also observations made on the temperature of 
the air at the summits of mountains, and in balloon 
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Dscents. The former will not furmsli us with the re- 
quired law, because the presence of the mouDtaiu will 
affect the temperature of the air by ils radiatioD of the 
Bolar raye. Gay Lussac, in his celebrated aerostatic aeccnt 
of 3816'12 fathoms, found the temperature at the upper 
station 14'9, giving a depression of 1° for every 9514 
fathoms. A great variety of obscrvationa have been 
made, and many empirical laws invented to suit them. 
To mention only one : Mr. Atkinson, in the second volume 
of the Tranutctions of the Astronomical Society, asserts, 
that at an altitude of h feet the depression in temperature 
will be given by 



^='+20-6 



nearly. We might make use of these results, and by 
repeating our calculation in the manner indicated, obtEun 
various formulas to determine the density at any point. 
But Buch results can never bo very trustworthy. 
11. 2. Note II. 




■iiition of gravity, 
tlia planet Jupiter. 



CHAPTER II. 

TQE ViaVRZ OF TEE EARTH. 

1. NcTrton'B calculation of the etlipticitj of the earth — its defects. 

a. An Bccnratu invcstigatiaa of the etlipticitj on tbe Gnppoaition that the 

earth is homogeneous — tLe form thus found proved to be stable. 

Note m. 

3. Newton's calcniation of the law of \e 

4. Newton's application of his theory tc 

5. The figure of the earth considered 

Laplace's results. Nolo IV. 

a, Tbe form of the strata. 

ft The law of variation of gravity. 

6. The law of density in the interior of the earth. Note IV. 
T. Whether the interior of the earth is solid or fluid- NotelV. 

8. Measures to determine by observation the clliplieity of the earth's 
surface. Note FV. 
a. Measurement of degrees. 
fi. Observations on the pcnduiutn. 
-f. Astronomieol observations. 

1. In the eighteenth proposition of the third book, New- 
ton considers why the earth and planets are [irotuberant at 
their etjnator. He does not investigate the form of the earth, 
hut merely shows that if it had been originally fluid, the 
matter, hy its ascent towards the equator, would enlarge 
the diameters tliere, and by its descent towards the poles 
it will shorten the asig. And even if the earth had not 
been originally fluid, jet if the earth were not higher at 
the equator than at the poles, the seas would subside 
about the poles, and rising towards the equator, would 
lay all things there under water. 

Tokdug for granted that the true form of the earth is 
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a spheroid, Newtoo proceeded to calculate its elUpticity. 
Thia he does nearly aa follows; — 

(1.) From Picart's andCaasini's measures of a degree, 
he finds, supposing the earth spherical, that ita radius 
must be 19,615,800 Paria feet. From some observations 
on falling bodies at Paris, he calculates that the force of 
gravity at that place is such, that a body will fall 2174 
lines in the firat second of its dcacent. Knowing the 
earth's radius, and its time of rotation, it is easy to cal- 
culate the centrifugal force at the eijuiilor; viz., Buch that 
under its action, a body would describe 7.54064 linee in 
the firat eecond. Since the resolved part of the centri- 
fugal force perpendicular to the earth varies as the square 
of cosine of the latitude we can calculate the centrifugal 
force at Paris, and then atldiug it to the force of gravity, 
calculate as above, we find the whole undiminished force 
of gravity at that place to be auch, that a body would 
describe 2177.267 lines in the first second of it« descent 
The undiininislied force of gravity at the equator will differ 
from this by a very small quantity ; hence rejecting small 
quantities of the second order, the ratio of centrifugal 
force at the equator to equatorial gravity is as 1 to 289. 
Thia ratio is still in use. 

(2.) If we took a spheroid, whose axes arc as 101 to 
100, by a simple application of Prop. XCL Book I., 
Newton shows that the force of gravity at the pole is to 
that at the equator aa 501 to 500. Take now two canals, 
from the surface to the centre; let one meet the surface at 
the pole, the other at the circumference. That there may 
be equihbrium the weighta of these two canals must be 
equal. Conceive these divided by transverse parallel 
equidistant eurfaoea into parts proportional to the wholes ; 
the weighta of any number of parta in the one leg will 
be to the weights of the same number of parts in the 
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other as their magnitude and the iiccelcrative forces of 
their gravity eoiijunctly; that ia, as 1111 to 1(10, and 
500 to 501, or as 505 : 501, The diitcrence, viz., four 
parts, must be su|.iportC(I by the centrifugal force. IIciicc 
the ratio of the centrifugal force bears to gravity llic ratio 
4 : 505. 

(3.) Newton now brings in the rule of jirojiortion. If 
a centrifugal force j-gj cause a difference of elevation of 
the two legs -,—, what difference will a centrifugal force 
j^ipg make V The calculation gives a. result ^l-,, or the 
diameter of the earth at the equator is to its diiimetcr at 
the pole as 230 to 229. The riitio of the difference of 
these diameters to the equatorial diameter, is called the 
rUipticiti/ of the pluiiet. 

This investigation of Newton ia manifestly altogether 
defective. He assumes not only that the epheroid ia a 
- form of equilihriunij but that the elliiiticity is always 
proportional to tlie ratio of the centrifugal force to gravity. 
These two assertions are indeed true, but they are not 
self-evident. It was IMaclaurin wlio first demonstrated 
their truth. It is very remarkable in how wonderful a 
manner Newfoii often arrives at correct results by means 
the most inadequate. Of this there arc many other 
instances besides the present one. lie guessed the mean 
density of the earth — he determined by analogy that the 
velocity of wares varied as the square root of their 
length. Another analogy led him to a curious result in 
regard to the tides. 

2. Note III. 



.1. Newton remarks that the force of gravity will not bc- 
the same at all poiuts of the earth. For draw any radius 
OP = rfrom the centre to any puini P in the circuiu- 
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Then the earth, being coDsidered homogeneous, 
the attraction of the spheroid on any point Z in O P, 
resolved along this radius, will be proportional to its 
distance O Z from the centre. The same is true for the 
centrifugal force. Hence altogether the resolved part of 
gravity at any point Z in O P resolved along the radius 
varies as OZ. Let it be represented by az, where r=OZ, 
and HI may vary with the position of P. The whole weight 
of the column ia therefore 



f:- 



and this must be the same for all radii ; hence » varies 
inversely as r", and therefore the attraction varies as 

-j= — , when Z lies on the surface. Hence the force 
of gravity towards the centre must vary on the sur- 
face of the same planet reciprocally as the distance of the 
bodies from the centre of the earth. As the earth ia 
very nearly spherical, this must be also very nearly true 
for the whole force of gmvity. Let G then be the force 
of gravity at the equator, g that at the point P, whose 
latitude is k and radius r, then 



?=G- 



- ^^^l—^cos'f, 



= G { 1 -f € sin' X [ nearly. 
We shall show in another chapter that the foree of 
gravity is proportional to the length of the seconds' pen- 
dulum ; hence if / and L be the lengths in the latitude X 
ind at the equator, 

'=L (1 + sain'A}. 
The value of I was known in the latitude of Paria, 
whence that of L can be found, and thence the length in 



1 
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any latituJe. NewtoD now refers to a number of obser- 
vfitions on the Icogtl: of the sccunOs' pciiduluni in viir'ioua 
latitoJcs, a3 a means of testing the truth of his theory. It 
ap|ieareil that the length of the seconds' peniiuluiit dues 
decrease as we aiiiiroach the equator in tlie ratio of the 
:-quarc of the sine of the latitude, and so far observation 
confirms the theory. But it also appeared that llifi 
decrease of gravity was t/i-duler than that given by the 
theoretical expression. Wlicuce Newton eoncluduil tJitit 
the value of Ej aa given by tlicoi-y, was a little too switH. 
Here, however, he was wrong; for if the eartli be con- 
sidered as heterogeneous, an exactly opposite conelnsion 
will follow from Clairaut'a thcoreiii. 

The planet Jupiter, owing to its great angular velocity, 
is very protuberant at its equator, and thus the difference 
of the lengths of ita two axes could be determined with 
tolerable accuracy. This planet, therefore, furnished 
Newton with a good test of the truth of his theory. Since 
the centrifugal force varies as the square of the angular 
velocity, and inversely as the radius; and gravity in 
different planets varies as the radius and as the density 
conjointly, hence the ratio of the centrifugal force to 
gravity varies as tlie square of the angular velocity 
directly and the density inversely. The elliptieity by 
what x»rccedes has the same proportion. On s.ubf'tituting 
the known numerical values of these quantities, we Hnd for 

the elliptieity of Jupiter 777. Cassini observed in the year 
lt>91, that the diameter of Jupiter from c!ist to west is 
greater by about -r'jth part than tlie other diameter, Mr. 
Pound with his 123 feet telescope and an excellent 
micrometer, measured the diameters of Jupiter in Ihe 
year 1719, and found them on four occasions to have the 
ratios 12 to 11, 13^; to 12;. I'.li to 11-;, 14^ to 13^L. 
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Thus Newton found a great discrepancy between the 
results of observation and theory. He accounts for this 
by remarking that there are two causes whose effects have 
not been allowed for. Firsty the diameters of Jupiter will 
appear in the telescope greater than they really are. The 
magnitude of the correction to be applied depends on the 
size of the telescope, md the care that has been taken in 
its construction. The greater diameter of Jupiter being 
37'^ the lesser, according to the above ratio, will be 
33'' J^5'", add thereto Z" for the effects of aberration, 
and the apparent diameters of the planet will be 4(y' and 
36'^ 26''', which are to each other in the ratio of 11 5^ to 
10^, very nearly. Secondly, Newton remarks that the 
theory assumed Jupiter to be of uniform density. But 
this is not likely to be true. 
5. 



6. 
7. 

8. 



. Note IV. 
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a. TIic mellioil usi'il lij- Xtii'lim. 

a Tlicnietlioil siipi.liL'.i bv llii.' llano t iivy Tlii^ory. Scriiuu IV. 

1 . Pa ht of tlic theory of the motion of a liciily in a rci^ist- 
ing lu'iiJiiitii is cimtiiiiicil in tlic first futir sretioiis of thi; 
scconil boob- The nwniier in which u lueiliiitn rn^ii-t-i t!ic 
njfition of a hnily moving in it is not tlic snhjcct of ihJa 
inquiry. It uianifi!stly dcjienil.'* on ii grtat niaiiy circum- 
stances which wc ehall [jrcsctitly cou.siJci". At [ircscnt we 
shall assume that the cliimgca of rosistunci; tliruugiioitt 
tlic motion dL'pend only on the chaiiyts of voiocily. Again, 
the rcsistunce will greatly ilqicnd on the form of the hoJy, 
and will change, therefore, as tlic hody during its niotiuii 
opposes difi'ercnt faces to the resistance of the fluid. It" 
the resultant of the rcaiatancca on the several parts of the 



r 
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body doea not pass throiigli the centre of gravity, the 
resistance itself will tcml to cause rotation in the body. 
To simplify our analysis we shall consider the bodies to 
be indefinitely small particles. 

The principle on which we proceed is, that the motion 
of the particle will be the same as if the resisting medium 
were removed, and that, first, a retarding force la substi- 
tuted in its stead, which acts along a tangent to the mo- 
tion of the jMirticle, and depends only on the density of 
the fluid and the velocity of the particle at the moment 
under consideration, and that, secondly, all the impressed 
forces are, by the buoyancy of the fluid or other causes, 
diminished in a known ratio. 

In considering the motions of bodies in vacuo we exa- 
mined the effects of various laws of gravitation besides 
that which we know to exist in nature. So we may now 
examine the consequences of supposing the resistance to 
vary according to different functions of the velocity. 

It is to Newton and Wallis * that we owe the first 
researches on the theory of the motion of bodies in resist- 
ing media. Wallis, in the same year that Newton pub- 
lished his " Principia," communicated his reflections on this 
subject to the Koyal Society, who published them in thdr 
Transactions for 1687. Wallis, however, does not go so 
deeply into the subject as Newton did. A little after 
Newton's book appeared, Leibnitz asserted that he had 
already discussed these subjects, and that he had commu- 
nicated hia opinions twelve years previously to the Academy 
of Sciences at Paris. Huygens also considered some 
points in this theory at the end of Traite de la Pesanteur, 
which appeared in 1690. Finally, everything which hod 
been either proved, or stated without proof, was demon- 
strated by Vni'ignon by tlie aid of the modern calculus. 
• Monluflfl, rwl IV., Lih. VU. 6. 
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The process that is now useil to duteruiiiic the motion 
is founded on the following reasoning. Let iia suppose 
the particle moving in any curved line; let i bo the tire 
described measured from any point ut the time (. The 
time is supposed to he measured from iiny epoch anterior 
to the commencement of the motion. Tlien in tlio small 
time it, the particle will, according to the nutaiiun of the 
ditfercntial calculus, describe a small arc * a, liL'Uce the 
mean velocity of the particle during this interval will be 

^.-T- Now lot i I diminish without liinitj the mean velocity 

will become the actual velocity ('.■) at, tlio in^iiml t, and 
hcQce 

_ (U 
" ~ df 
Similarly, the velocity bbing n at the time ', tliiit at the 
time t + it will be u + B r ; hence the aceek'nilidu is such 
that in time S i a velocity i v has been added to the motion ; 
hence the mean acceleration in that interval, iiiensurcd \>y 
the velocity that would have been addyd in a unit of lime 

if it had remained constant during that time, will be „ • 

Xow let '' t diminish without limit, and the mean accelera- 
tion becomes the actual acceleration (/'; at the iu>tant, ami 



IJut an aceelcraling I'oreo i.-; moajiured by the i(naiitiiy ul 
vcloeity it would add to the body in a unit uf liiiii,', if it 
remained const;uit duriii- that interv:d, so that we have 
merely to e<piate the areelei-atiiii,' force w^ given by (lie 
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formula, and we eliall have nn equntion to determine tlie 
motiou. 

If X nnd 1/ be the co-ordinatea of the particle at auy 
time I, it will follow by similar reasoning applied to the 
eecond law of motion that the velocities parallel to the 
axes arc 

dx . dy 

sint] the accelerations are 

d' X , il' y 
d¥ "'^ Jf 

parallel to the same axes. 



2. FaOBLBH. To determine the motion of a particle moving 
in a straigkl line in a medium, and thereby resisted in the 
ratio of itg velocittf, and acted on liy a uniformforce. 
Let V be the velocity of the particle at any time which 

wc shall take as an epoch to measure our time from, and 
the place of the body at this time, as our " origin " from 
which to measure the distance of the particle at any 
other time. Take as our direction of measurement the 
direction in which the particle is moving at that epoch. 
Let X and e be the distance and velocity of the body at 
any time t. Let m be its mass, and let x v lie the re- 
sistance when the body is moving with a velocity o ; that 
is to aay, let k w be the moving force which would be 
required to keep the body moving, with this velocity in 
tlie medium. Let / be the uniform acceleratiDg force 
measured in the usual way. 



d .V 
First, We know that t- = ^. substitutinjr, wc luivc 

at ^ 

7l t ""*^ m d t 
. • . integrating throughout the time t, 

If X were nothing, or the medium did not resist tlie 
particle, we should have, 

v^Y=ft . . - - (3.) 
Hence the motion lost by resistance is 

— X .r 

that is, it is proportional to the space gone over. This is 
Newton's first proposition. A similar proof will npi)ly it' 
J^ be not constant. 

Secondly, Suppose y*=0; or that the particle moves 
by its " vis insita " only. Then, 

dv X 

d t m ' 

d V X , 

. • . - = (U 

r m 
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iDtegratiDg throughout the motion 

log V = - £ ' 



=v. 



(■>•) 



That is, when the times are in arithmetical progreaslon, 
the velocities are in geometrical pri^resaion. Aleo, we 
hare already proved that 



v-Y = - 



(5.) 



or the velocity lost in passing over any epitce varies aa 
that space. 

As soon as the value of x is known, the above fonnulie 
may be submitted to accurate calculation. As its value 
depends on the form of the body, and the density of the 
mediumi it can only be found by experiment in any par- 
ticular case. 

We may, however, learn some curious facta from these 
formulie. From the formula for v, in terms of t, we see 
that though v continuously decreaees as C increases, yet 
it never vanishes. The particle will then never stop, 
though constantly retarded. A little consideration will 
show that this ia just what we should expect. For the 
resistance, varying as the velocity, takes away from the 



I velocity in any small time d t, a. certain fi'a< 



Telo ■ 

^e velocity that the particle has left. And as by taking 
away continuidly the halves of any quantity no one can 
remove the whole, so neither can this resistance ever 
lestroy the whole velocity. 

From the second formula we learn, that since v can 
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never l>e zero, it is alwiiys pneiiivp, iiiul tlicvclVire 
.,■ < - V. 



Tlio rcsi^tcil iiarticle c;in jicvev 
- V tV'jiii ihc origin and it Inlic? 



■f-acl. 



) Je- 



si'rjli« til is sjiace, 

y\'c may also represent tlic motinn of tlie iiarfielc by the 

i-LVir.il imrtd of an hypericin. Coustniot an liyperboln 

P A, whose ii.sympt'Jti'ii urc tiio per- 

Vpciiiliuulivr straiglit line:', I ) X, O Y. 
Then 1' being any |<iiinl, and 
P N parallel to O V. wu know 
'^__r^;^^^ tliiil O N , P N ifl cDnstiiiit, and 
equal tn one quarter tlir sum of 
the squarca uf the sixer?. Let ihc hyperbola bi' siu-h tliat 
this h cijual to c-. 

Then tuke O B ^ V, and O X = r. Ily [,jj, wc 
have, 

B N = -^ s. 

Hence the velocity being represented by ON, llic 
space described will be proportional to B N". 
Also, P N = V 



,! f= - 



ill- 



^. r 



ic U proportiuual to the an-a P X 1! A. If lii. 
I be so drawn that ibe number i.f iiiiii.-. „\' ana 




ID c* is equal to -, then the namber of onitB of area in 



P N B A will equal the number of units of time ebpsed. 
Thirdly. We may now proceed to consiJer the more 
general case. We bare 

Hence by division we have, 



Integrating throughout the motion, 



Hence, if from the velocities there be subtracted the 

constant quantity - — , then these differencea are in 

geometrical progression, when the times are in arithme- 
tical progresaion. 

Again, since u = - , this equation gives 

integrating throughout the motion, 

which givea x in terms of t. This equation is the same 
as the more simple one. 



; V- 



already CBtablished. 



From these cquati 
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earn by interpretation 



eeveral 



facts. 

1. Let the velocity of projection be in the direction in 
which the accelerating force f acta. Iltnce f is here 
poeitive. 

a. Since i ~ « can never change sign, the quantities 

„_-£j^ancl V~-i^ 

have always the same aign. Hence the velocity is always 

fm 
greater or always leaa than " acconling as the velocity 

of projection is greater or less than that quantity. 

0. Since e '«' continually diminiahca as time goes on, 

but never vanishes for any finite vaUie of ^ hence the ve- 

f m 
loctty V continually approaches - — , but never actually 

equals it. 

y. If V the velocity at any one point should equal 

- — , the velocity is alwaya equal to the same quantity. 

8, Since « continually approaches a finite quantity, the 
expression for x shows tluit the space described continually 
increases and finally becomes infinite in an infinite time, 

t. The velocity continually approaches the limit—, 
hence k is the mass of that body whose limiting velocity 
i9/. 

2. Let the velocity of projection be in a direction op- 
posite to that in which the force _/" acts. Here_/is negative, 
and our formula; become 



..^=(v+^-J»),-i'- 
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As time goes on, the second factor on the right haiia of 
tlie first equation continually decreases. Hence v decreases, 
until a time comes when 



/?- 



(- 



./^^ 



' log ( : 






then v=0 or the body comes to rest. 

After this time, u becomes negative, or the body begins 
to move in the opposite direction. This cose has been 
already considered. 



2. Peoblem. Sttpposing the force of gravity to be uni- 
form and to tend perpendicularly to the plane of the 
horizon, to determine the motion of a projectile in a 
medium which resitts in the ratio of the velocity. 

Suppose the body projected with a velocity V and in a 
direction making an angle a with the plane of the horizon, 
Take this also as the epoch from which we measure the 
time, and let v be the velocity and 9 the angle the direction 
of motion makes with the horizon and s the arc described 
at any other time (. Let the position of the particle be 
defined by two co-ordinates x and y, giving respectively it« 
distance from the point of projection measured along a ho- 
rizontal line, and its altitude at the time t. Our first ob- 
ject is manifestly to find j- and y in terms of /. 

By the second law of motion each force produces its own 
effect as if the particle were at rest and it the only acting 
force. In considering then the motions parallel to any di- 
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rcctioD, we may wholly omit tboac perpciidiciiljir. The 
only force acting along tlie axis of x is the rcsohed part 
of the reaiatancc in that direction. This ia 



But wc know that I' 
force la 



: ~. Hoiiec the moving 



By similar reasoning thai parallel to // i^' 



Hence jiiat a 



1 Art, '!., thu cuiialions ofiuulioii are 



N 



(/ (■' 



dt 



(1-) 



We have met with both these equations before. The mo- 
tion parallel to r is manifestly the same as that in the 
second case of Art. 2. We can therefore write down onr 
results at once, r,h. 



V cos 5 
and 



d.i- 



- V cos 'J 



The motion parallel to ;/ is llic same as lliat of the tliiid 
case of Art. 2. Hence 
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r 8in d = :j^ = — 51 
dt 






= — 5L^ 



/ + 



?(y.b.^o)(i-.-i',J 



(3). 



When any one of the five quantities x^ y^ v, 0^ t^ are 
given, these four equations determine the other four. It 
is therefore reduced to be a mere matter of arithmetic 
calculation to determine the position of the particle at any 
time. It may be laborious and tedious, but there is no 
difficulty in it. 

We shall now trace the curve the particle describes. 
Find t from the second equation and substitute in the 
fourth, we have 



,=( 



tan a + 



m 



Vcos 



,) 



+ ©V . .^ (. - i ■ ^J. . . (4.) 

Let O be the origin, O B the direction of projection, 

A O C a horizontal. Take O C 

=— . V cos a, and draw C B ver- 

ticaL Then from the above equa- 
tion it is manifest that B C is an 
asymptote to the curve. Take 

B A = (— J g, a quantity, it will 

be observed, that is independent 
both of y and a. Join O A, and 
let^= L AOC 




tan j8 = tan a +- . tr;^r~- " " (^•) 

^ X V COS a 
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Rlf P be any point in the curve, and N P ! ! vertical 

M N = ftan a + - ■ ^7-=^^ — . j- 
V X \ COS a. 

.•.NP = -(S)Vlog(l-i. ^J 

put N A = f, N P = , 

CM 



fm\' , CM 



wlicro 

This is a very simple 
and enables us to iDves 
case. We learn that il 
in geometric progresaioi 
tical progreaaion. Thia 

It is also manifest 
minatcd t, that wc have 



/ = (ta 



Vcos J 



1 to the curve 
roperties with 
■3 of N A are 
oe in arithine- 
coroUary. 
which we eli- 



or the particle moves in such a manner that its (li>=tnncc 
from O A, measured parallel to any fixed .-irai^Iit line. 
varies as the time. This is Xewton's first corollary. 

Since O B . co.= ^ = O C. and (1 C = - V cw -j. 



and since any point may be considered a:- t!ic < 
projection, we learn that the velneity at I* i^ :tlw: 
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This is Newton's rixth 



portional to the tangent P T. 
corollary. 

If / be the lutua rectum of the parabola that would be 
described under the some circumstances of projection, if 
the medium offered no resistance, then 
. _ 2 y cos" 



\mj g 



3. Problem. To determine the motion nf a particU moving 
in a gtraight line in a medium resisting in the ratio of the 
square of Ike velocity/ and acted on by a uniform force. 
Let the symbols V, v, x, m, t, x, have the same meaning 

that they had in the corresponding problem in which the 

resistance varied as the velocity. Then the whole moving 

force upon the particle will clearly be 

also we have the accelerating force on a particle moving 
in any manner equal to -7- ; which, since "=5—1 ni'^y ^Jao 
d 



be put under the form 1 
we have 



Taking both these forms. 



which are identical equations. The first equation gives o 
in terms of t, the second v in terms of x. 

First. Suppose /= 0, or that the body moves by ita 
" vis inaita " only. 



o 


C7 


O 








V V m 


- 


Again 












dv 
d X 


^ 2 

V^ 

m 



(!•) 



dv __ ii / . 
' ' V m 

. * . integrating throughout the motion 

log Yr = ^ 



-i^ 



.-, U = V . g"'« . - - (2.) 

dx . 
Since V = J- , this equation is the same as 
at 



* X 



£ '« d X = V d t 



integrating throughout the motion 

en* — 1 = - . V ^ 



.'.X = - . logfl + "" . Yt) - - (3.) 

From tliese equations we may gatlicr every circumstance 
of tlie motion. From ( 1) we learn tliat if tlie times are in 
Aritlimetical Pro^cression tlie velocities are in Ilarnionical 
Progression; and that the velocity varies inversely as the 

time when counted iVom an eia ..unit- c»f time before 

X \ 
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the epoch at which the velocity is V. Also from (2) y 
leam that when the spaces are in Arithmetical Progression 
the velocities will be in geometrical Progressioi 

A mere inspection of these equations shows that the 
particle will continue to move for ever with a continually 
decreasing velocity, and that it will pass over an infinite 
space. 

We may represent, as Newton has done, the motion by 
the several parts of an hyperbola. Conatruct the hyper- 
bola B P, whose asymptotes are the perpendicular straight 
lines O X, O Y. Then P being any point in it and P N 
an ordinate, we have 

ON. PN=e» 

Take O A to contain -^ units of space, and A N to con- 

twn t units of space, then A N represents the time. 

Since O N = ( + j^ 

.■.w= ~ . PN, 
or the ordinate represents the velocity. 
Since x = rvdt 



-^^■f« 



putting y for P N, hence the 
deecrihed. 



r A P represents the space *. 



Secondli/. We may proceed to consider the more 
general case. We have 



= /rf. 
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itegrating throughout the motion, 

1 * a 

T »»/ = - 2-x 

LiOff I m 

1 -— .v» 

X ^ X / 



X 



which is true, whether the body is moving in the direction 
in which / acts or the opposite, provided only we give / 
its proper sign. 
Again we have 

rft7 ^ X . 

dt -^ m 

1 — > »' 

1 +y-!L » 1 _yjL V 

... . log JUL. j^U.=^iI. t 

provided /be positive, but if negative, say — /, 

tan-' y JL r - tan- V_l V = - V^ iZ . t 
mf mf m 

the first or second equation being true, according as the 
particle moves in the direction in which / acts or the 
opposite. 

From these equations we can infer the nature of the 
motion. 

(L) Let the velocity of projection be in the direction 

in which the force /acts. Then /is positive. 

a» 

a. Since i "• ' can never change sign, the quantities 

X X 

O 4 
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have always the eaine'sign. Hence the velocity is always 
greater or always less than •„/ '!LL- 

/9. Since i " ' continually decreases as x increases, 

o continually becomes more and more equal to v' -- • 

y. As t increases and finally becomes infinite, the 
equation connecting v and t shows that u continually 



approaches and finally becomes equal to a/ — r— , a fact 

which we could not infer from the first equation. This 
velocity is called the " terminal velocity." Let ua repre- 
sent it by the letter u. The equations may then be put 
under the simple forms 

„•-„■= (V-«') . ■■ 

Suppose the particle to begin to fall from rest, then we 
have V = and/ =3. 



.=„v 



! + -_- log(l 



+ .-'-*■) 



(2.) Let the velocity of projection be in a direction 
opposite to that in which f acts. Here f is negaUve, 
write — / for it, we learn that u = 0, or the particle will 
come to rest after having described a space given by the 
equation 



'2/ 



(■-^)^ 
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and the time of Jescribing tliia e|)acc U to be I'uuml 
from 



\/irf'"'-'\/£-,y = '^ 



f 

u , V 

' = /'-- i- 

In .1 preceding section Newton Iisiil dcf ermine J llic path 
of !x projectile wlien the resistance varied as the velocity, 
and here was tlie place to give tiie solution of the cor- 
resjionding prohlem, v^hcn the rcsiritancc varied as the 
square of the velocity. But this is a far harder question ; 
wc are even now unable to find quite uccurately the path 
described. Newton consiilered the problem in an iiidii-ect 
manner. He determined the law of density that a given 
curve may be described, but he could not thence deduce 
the curve that gave the density uniform. lie even made 
several miataics, which were corrected at the suggestion 
of John Bernoulli, in the edition of ITKi.' In 1718 
Keill, in the course of the quarrel between the supporters 
of Newton and Leibnitz, dared the foreigners to attempt 
this question. Bernoulli waa the first who gave a solution, 
and challenged tlie proposer to furnish his own solution 
within a certain time. This, however, Keill waa unable 
to do. Meantime Nicholas Bernoulli, of Padun, supplied 
a solution ; and seventeen days after the time fixed had 
elapsed, Taylor vindicated the honour of England by a 
tardy solution. The problem we shall now consider is 
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The retistance of the air being supposed to vary as t/i« 
square of the velocity and us the density conjointly, and the 
forces to lend to directly to the plane of the horizon, to 
determine what must be the law of density of the medium 
that the particle may describe a given path, and to find the 
velocity at any point. 

Let the axis of x be taken faorizootal aad that of y 
vertical, let x, y be the co-ordinates of the particle at any 
time t, and s the arc described. Let p be the density of 
the medium at the point {x, y\ and v the velocity of the 
particle, V the velocity, and a the angle of projectioD. 
Then the resietance of the medium may be token as 
Resistance = npv*. 

Let Y be the force acting on the particle parallel to the 
azia of y. The equations of motion will he 









ft=^-i'-s . 




fl 


hioh may be put in the form 


% 


dT-= ~ m '"77 




-1? 


rf (■ ~ m ' dt 




- (2-) 


d y dx 
Multiply theae equntions by ■— and -^ 


and subtract 


■ dxfPy dy d? x _„d x 
dt d t* d t' d t^ d t 


- 


- (3.) 



By the theorem in the differential calculus for changing 
the independent variable, we have, therefore, 
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But from (1) we have 



d ^ 






d X 
whence eliminating -7-^. we have 

^ d t 

an equation firom which either p or Y may be found when 
the relation between x and y, which determines the curve 
is given. 

The velocity at any point of the curve is that due to one- 
fourth the chord of curvature. For looking at equation 
(3), the left-hand side is the denominator of the expression 
for the radius of curvature R^ whence 

R" rfl' 



or V* = 2 Y . 



(iK^:) 



d X 
Since-7- is the cosine of the angle, the normal makes 
as 

with the axis of y, the quantity in brackets is one fourth 

the chord of curvature. Whence the proposition follows. 

The equation (4) will also enable us to determine the 

equation to the path when the law of density and the 

force is given; as an instance take p constant, and Y 

= — ^ the force of gravity. Then 

da? V^ cos^ « 

an equation which can be only approximately integrated. 

Newton takes several examples to illustrate his reason- 
ing. For instance, if the path be a semicircle and the 
force gravity, we have 
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wbere « is the radius of the semicircle, whence, by a 
wmple substitution, we get 



so that the density of the medium at any point varies 
&8 tangent of the angle a radius through the point makes 
with the vertical. Newton also dcteruiinea the law of 
density when the particle describes an hyperbola with one 
asymptote vertical, chiefly with the view of finding an 
approximation to the curve which & particle will deacribe 
in a uniformly resisting medium. This was a problem 
which Newton was unable to solve, except in this imper- 
fect and indirect manner. We shall not therefore dwell 
on this, but will proceed at once to indicate the manner 
in which the question is now answered. 
Taking the equation 

^y y__ 'i' 



multiply both aides by 


V I 


integrate 




. ' "' - 1 


v> 


2 " 


2ff 



In gunnery p is usually small, let ua reject the powers of 
p higher than the second, we get 

( ". = 1 4. _ 1 COS ' « (tan « - }>) 
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it 



V" CO!' 



-2-(t!U,»-,,) 



dp 



2 - 



m n ace" a , ^ i . 

-■■/' = ">"«- 2 A V^ ■ ** ~ * 

.-. V = X f tan =< + '^.'/-^^c^A") _"''.'/'°-'"''- 
wliich is the eriuation to the path.* 



•i. Problem. To dctermim thts motion of a particle 
moving in a straight line in a medium resisting jmrtli/ i?t 
tlie ratio of the velucitif, and partlif in the rntiii of tlie square 
cf llic vtlvcift/, and acted on by a uniform force. 

Let the symbola V, v, x, in, t,f have the aiimc meaning 
that they had in the corresponding prohlcm in which the 
rcaistancc varied as the velocity. Let the whulc resist- 
ance R be represented by the formula 

K = X r + %■' 

then the whole moving force will then be 

and onr equations of motion arc 



First. Let f = " or the particle move by its innatt 
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dv X d t 



m a 



(" + 2) - 4 
integrating throughout the motion 

loc = + _ , < 

So that when the times are in Arithmetical Progression, 
quantities reciprocally proportional to the velocities^ in- 
creased by a certain given quantity will be in Geome- 
trical Progression. This is Newton's eleventh proposition. 
Again, since 

dv X X ©• 

©-=— = V . — 

dx m ma 

dv x dx 



V -{■ a ma 

integrating throughout the motion 

log CT— — = — - . 
® V4- a m 



» * 



.•.«+«= (V-f a)f «*•* 

So that if the spaces described are taken in Arithmetical 
Progression, the velocities augmented by a certain given 
quantity will be in Geometrical Progression. This is 
Newton's twelfth proposition. And by eliminating v be- 
tween the two equations, we can find x in terms of t 
But the result is complicated and of little value. 

Secondly. Let us proceed to the more general case : 

we have 

dv ^ X X v^ 

--. =/ V — ' . — 

at m m a 
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fnr the sake of brevity, ])ut 

and integl-ating;, wc getj after correction, 
" +~ + c \' + t + c 



log 



this will enable us to finj l in terraa of v, aiiiJ, by solving 
the equation, v in terms of (. 

If the particle be moving in the direction opposite to 
that in which / acts, and if, also 



'nf> 



4. ' 



the above integrul becomes iuiaginary ; the true expression 
will manifestly be, if 



tan-' ; 

Again, we have 



for the sake of brevity put 
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and integrating we have 



a 



« + o + « 



/ a* J^,'»l "■2'"' ^ 2 X 
l0g(r + - -'^J+a^log =C .z 



, at ma 



where the quantity C is obviously equal to what the left 
hand side of this equation becomes when V, the initial 
velocity, is substituted for v. 

If the particle move in the direction opposite to that in 
which f acts, and if 






this expression becomes imaginary. It is obvious, how- 
ever, that if we put 



K 



that the true integral will be 



loff 



i'^i'*") 



a 

t? -f - 

I tan —^ — = C . - 

ma 



where C is obviously equal to what the left hand side 
becomes when V is put for v. 

The quantity x in these formulas is the mass of that 
particle whose terminal velocity is 



V 



a" " 



the quantity — , therefore, represents a number^ thus we 

see that the preceding expressions are perfectly homo- 
geneous. 

In exactly the same manner we may proceed to de- 
termine the motion of a particle in a medium resisting ac- 
cording to any other function of the velocity. 
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If the resistance vary as u" and the particle move by its 
own *' vis insita " only. Then since 

d V ^ d V ^ X ^ 
d t d X m 

.*. integrating both equations throughout the motion, 



w" 



3i — TT^i = («-!) 



X 



r^ "" vit-« ^ ^'^ "" ^ • "^ • ^ 



equations which never become nugatory except when 
11=1 or n=2^ both which cases have been already con- 
sidered. 

From these equations we may learn several remarkable 
facts. 

First Suppose n greater than 2. Then both the right 
hand members of the above equations are positive ; hence v 
can never vanish, and the body will continue moving for 
ever, with an ever diminishing velocity, and will pass over 
an infinite space. 

Secondly. Suppose n greater than unity but less than 2. 
Then v vanishes only when t is infinite, but then 



m 

X =i — 



1 



• 2 - n • V*- 



So that the particle t continues to move always with an 
ever diminishing velocity, and will pass over a finite space. 
Thirdly. Suppose n less than unity, then when t; 
vanishes, we have 

- ^ 1 1 

' - X • 1 - n • V*-* 

m 
j: = — . 



2 - n • V*-^ 

that is, the particle moves on with a diminished velocity, 

p 
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and finally stops after a time given by the first equation, 
having described a space given by the second. It is ma- 
nifest that the particle remains at rest, until it is disturbed 
by some new force. 

But here we have a remarkable singularity in the equa- 
tions ; for according to them, aa t increases i>'~* does not 
remain equal to zero, but becomes negative. Wliat is the 
explanation of this? It must be sought for in the nature 
of a difTcrcntial equation. There are always two speclea 
of integrals. One called the "general integral," which 
contains tlie full number of arbitrary constants, and ano- 
ther, called the " singular eolutiou," not included in the 
former, and which does not contiun the full number of aiv 
bitrary constants. These latter in dynamical problems are 
usually of little value, because they do not agree with the 
iuitiul conditions of motion. But, If by any chance they 
should satisfy these conditions, it is possible that they may 
be the true representatives of the subsequent motion. The 
choice between them and the general integral must bo 
founded on extrinsic considerations. The differential equa- 
tion we started with, ie a mere stAtement of the forces, and 
must be true throughout the motion. This motion must 
therefore be represented either by the general or the sin- 
gular solution. We have seen that the general solution 
only represents the motion up to a certain time ; after that 
we must have recourse to the singular solution. If we 
proceed to find this, by the usual methods, we arrive at 
the eolution 

r = 0, 
which we see represents the motion subsequently to the 
above mentioned time.* 

One of the most remarkable facts connected with motion 

in a resisting medium is the existence of a " terminal ve- 

* nnhamel, Conrs do MccaDi'tjuc 



to the terminal velocity, yet it soon becomes so little dif- 
ferent from it that, for all practical purposes, wc may con- 
sider the particle as moving with an uniform velocity equal 
to the terminal velocity. In considering the motion of a 
falling body we arrive at the equation. 






2 X 

. K 

m 



Now if — be a very small quantity, it does not require a 

very large value of x to render the second factor so small 
that we may without much error consider 



u^ = 



_ 'w/ 



y 2 
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It ia needless to {wint out how different this is from 
motion in vacuo, where the velocily would have gone on 
increaalng without any limit. 

One familiar instance of motion in a reaisting medium 
is the descent of rain. The drops descend then with a 
uniform motion, the larger drops going quicker than the 
smaller, and the velocity of descent increasing as the drops 
grow in size. If the rain descended with the velocity due 
simply to the action of gravity, a heavy ehower of rain 
would commit serious injury, A drop of rain falling from a 
cloud a mile high would have acquired a velocity of about 
fi?6 feet a second. The actual velocity is perhaps lees than 
one five thousandth part of this, 

In the fourth section Newton discusses the motion of 
a particle in a resisting medium when acted on by a feebly 
resisting medium. He begins by considering the case in 
which ihe density of the medium varies inversely as the 
distance from the centre of force, and under peculiar con- 
ditions of the motion of the body extends his deductions 
to any law of distance. We have followed his method, 
with the exception that, as we have the powerful aid of 
analysis, we can treat the question with greater generality. 
But since Newton's time we have discovered much better 
methods ; it has been thought not out of place to give a 
very brief view of them, so far as they depend only on 
firat principles. 



I 



6. a, ^particle mooes in an equiangular spiral under the | 
action of a central force in the pole, in a medium whose , 
density varies as some function of the distance from < 
pole. To determine the connexion betireen the law of density ' 
and the law of force that this motion may be possiile. 

The equiangular spiral, by definition, posse.^ses the 
property that the tangent at any point makes a constant 
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angle with the radius vector : let this angle be called a. 
Let r and v be the radius vector and velocity of the particle 
at any time t Let P be the central force, and x v^ the 
resistance at any time, then P and x are functions of r. 
The equation giving the motion along the arc is clearly 

dv 



dt 
But in all curves 



= — X w* — P cos «. 



dr 

-— = t; cos « 

a t 



d V d V 

.•.J— = -y- . I? cos « 

d t d r 
Hence the above equation becomes 

^ + _2iL .«.= _2P - - (1.) 
d r cos « 

It is to be observed that this equation is true whatever 
be the nature of the curve described. 

The equation giving the motion perpendicular to the arc 
is well known to be 

g = P Sin « 

But in the equiangular spiral the radius of curvature K 

is z;; , hence we have 

bm a 

t;« = Pr - - (2.) 
If we substitute this in equation (1) we get 

2 xr\dr 



P V COS «/ r 



® %/ \ COS olJ r 

which is the required connection. 

If the central force vary inversely as the Square of tlie 
distance, we have 

P 3 
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whence it followa that 



- (3> 



or the density varies inversely as the distance. The nega- 
tive sign shows that the angle a must be greater than a 
right angle, or that the particle continually approaches the 

centre of force- Let x = -, where D is the resistance 

at a unit of distance to a unit of Telocity, then 



On looking at equation (2) we see that whatever be the 
law of force, the velocity is the same as that in a circle at 
the same distance, and when the force varies inversely a 
the Square of the distance, we have 



J 



'-V'r- 



This is Newton's first corollary. 

Again, when x or ZJ is given, equation (3) gives us the I 
means of finding a. Thus a spiral may be fitted to any I 
density. This is Newton's second corollary. 

And when the a or the spiral is given, the ratio of the 
remstance to the centripetal force is easily found. We 
observe that since cos. a must be less than unity, this ratio 
must be less than ^, otherwise the orbit described will not 
be the equiangular spiral. When this ratio is ^ exactly, i 
the value of a is zero; that is, the spiral is reduced to its I 
limiting case, viz., a straight line passing through the pole. 
This includes Newton's third and fourth corollaries. 

Also the time of describing any arc may be found; J 
for since 
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ir 

COS a s a-J 

So that the lime of guing t'l'jm tbc JistaiKv r, lo tlie dU- 
tiDce r, is 

■r=g-^ jij (r/-r/| - - (4). 

Wlien a is nearly a rij^ht angJe, this tiiiiL' KiCiniK^ very long. 
If a = 0, the same formula will pive the lime i.f descent 
T' duwn any part of a radius vecior. Ilcncc we see 
tlmt 

T' 
T = ^^. 

and the number uf ruvijliitioiia de^^cribod may also be 
found : for if S be the angle the radius vector t uiakes 
with auy fixed straight line, we hitve 

di = — tan a 

.-. Sj — 4, = tan 3 log — '. 

Ilcnce the mimbi-r of revolutions will be 

i\ = *:"'/ log^-^ - - ir,). 

This includes Newlon's lil'th and =ixth <:..iullaiii-. 

If wo neglect the ccceiilricltius ul' tlu: ]ila[nl:uy ui lilts, 
the velocity at any jioirit in vacuo Is givrii by Mic ii-,n:d 

Let us then assume aa the velocity \n a luji^^LJii;.' iiicdliiui 
"•■ - I'r { I ( /., 
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where pia a very Binall quaatity. Then emce the eqiia* 
tion 

«' = PRSm.a 
ia always true, we have i 

B.S\n.<^ = r{l+p). 
Substitute for E and Sin a their known valuea < 

where |8 ia the angle the tangent makes with any fixed 
straight line, 



=/f 



+P 

But |3— fl = a, hence the variation of a is expressed by 
the above integral. As an approximation, consider p 
a small constant whose square may be rejected, hence 

Now p is so small that it requires a large value of /3, the 
angle described, to render the latter term sensible. Hence 
for many revolutions we may regard a as constant, that 
is, regard the orbit as an equiangular spiral. We may, 
therefore, apply our preceding conclusions. If the rodiiit J 
of a planet's orbit be t, by equations (3) (4) (5) we learn i 
that the time before the radius has decreased by 8 r will | 
be 



and the number of revolutions in that time will be 

JJ = 5— . — i nearly. 
The value of x is so small that, as these formulee shoir»1 
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it will require a very long time before r can be per- 
ceptibly changed. 

But regarding S r as indefinitely small, these expressionB 
will be accurate. Hence the whole time which it will take 
the planet to arrive at the centre will be 






2 V/* . 
and the whole number of revolutiona will be 



**'= ATrf' ""'J'- 



These expreaeiona cannot be integrated until the law ol' 
density is known as a function of the distance. 

If we assume that the density varies inversely as the 
distance from the centre, we have x r = D, a constant ; 
performing the integrations, we have 

3 Vft D 
N' = 00. 
The number of revolutions is infinite, because the time 
of a revolution becomes ultimately infinitely small. Com- 
pare the first of these formula with (4) and we learn that 
if r^ be the radius at any instant, r, the radius after one 
complete revolution, the whole time of reaching the centre 
of force will be to one revolution from radius rj to radius 
r, in the ratio of r^ to t^ — r,* or % r, to Tj — r, nearly. 
In the case of the planets, r, — r, is so small as to be 
altogether insensible ; hence the above time is indefinitely 
great. 

^. In the seventeenth proposition of the third section of 
the first book Newton remarks, that " if a body move in a 
conic section, and is forced out of its orbit by any impulse, 
we can discover the orbit in which it will afterwards pursue 



L 
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its course." " And if thiit boJy is continually disturbed 
by the action of some foreign force, we may nearly know 
its course by collectiog the chaogea which that force 
introduces in some points, and estimating the continual 
changes it will undergo in the intermediate places from the 
analogy that appears in the course of the aeries." This 
method, which Newton only applies to determine the 
general effect of any disturbing force, we can use, by the 
Eud of the differential calculus, to determine its effect to any 
degree of accuracy. 

Let us conceive a planet to be describing an ellipse 
round the sun in the focus, and let it be continually dis- 
turbed by the resistance of the medium in which the planet 
moves. At the time (, let a, e, ic be the mean distance, 
eccentricity, and longitude of the apse of the ellipse, and 
let r, 9, f be the distance, longitude, and velocity of the 
planet. The attraction of the sun and the resistance of 

the medium will be represented by --^ and x v*, where p 
and X are certain coustanta. 

From the sixteenth proposition of the third section of 
the first book it is easy to deduce by a known property of 
the ellipse, that 

.. = ,(?-!) ,, 



1 



But in the time dt, 
dium by 



' is decreased by the resisting me- 



-dv = xv^dt 
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we might express v, the velodty, in terms of the time by the 
usual formulffi of elliptio motion ; this would not lead to 
any lengthy calculations, but as e and x are very small, 
there is no practical advantage in investigating more than 
the principal terms in the series expressing the changes of 
the elements. We may then put 

V = an, 
where n is the mean angular velocity; and hence 

.*. -TT = — 2 X a' n 
at 

and X being very small, we may reject the variations of 
the quantities on the right hand side, 

.'. ttj — Oq = — 2 X a* ntf 

where ^q, a^ are the values of the mean distance at the 
beginning and end of the interval t 

By the fourteenth proposition of the third section and 
the first of the second, we can easily see that 

ft a (1 — e*) = v^ r* sin^tfy 

where a is the angle between the radius vector and tan- 
gent. Hence 

/LtT-:(l— ^) — 2itaCj-=2t? sm* « r* -r:: 
a t ^ ^ at at 

= — 2 X v* sin* a . r* 
Now as we retain only the principal terms, we have 

a = 90% 
r = a(l— ecos w^), 
substituting, we get 

T-- = — 2 X a n cos n t, 
a t 

.*. c, — Cq = — 2 X a . sin n ^, 

where e^ e, are the values of e at the beginning and end of 
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the interval t Thus we learn that in one complete revo- 
lution the eccentricity is unchanged. 
By a well known property of the ellipse 

— ^^ = 1 + c cos (fl — ») 



r . V * sin* a 



= 1 + c cos (fl — ») 



putting sin a = 1 we get by differentiating 

2rvdv de .. \ . • /a \^<» 



so that 



• • 



doo 2 X a n . 

^- = — sin n ^ 

dt e 

2xa 
eOj — tt'o "■ • ^^^ ** ^» 



where oo^, eo, are the values of » at the beginning and 
end of the interval t. Thus we learn that the changes in 
m are very much greater than those in e^ but that by 
the end of one revolution both have returned to their 



original values. 
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1. Suppose wc have two eystcms of :m equal iiiiiiil>or of 
particles similarly placed, and propiirlional cni'li to eiw\\ 
both in density and volume. Let tl)cm bogin to luovc, 
the particles of one system amongst tliomsclvfs, ami lliosc 
of tlie other amongst tliemsclvcf, sviili like miitinns ami in 
proportional times. If no action ever took plaec bcliveon 
the particles, by the first law of molinn ihc siiuiiarity 
between the syatema will ahvaya exist. It is also clear 
that any collisions or refle.\ions among llic parlii^Jrs will 
not affect this similarity of" motion ; if any cnlli.sioii ncriir 
in one system an exactly similar collision will occur in l.lio 
other; similar changes of motion will be tluTchy producnl 
in the two systems. 

Next, suppose the pariicles attract or rrpel r;icli oilier 
with accelerating forces, which are as the Hfjuiin'H of tlic 
velocitiea directly and t!jo diameters inversely r.f llii> cor- 
responding particles in tiic two HywteiuM. (,'iiiiHirlcf iwo 
homologous particle,", one in i';i(:li sysli^jn, llic iillriirilnriH 
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of the rest on these being each in the above ratio, the 

resultants will also be in the same ratio, and the attracting 
particles at the beginning of the motion being similarly 
place<1, and the forces in each eystem proportional, the 
directions of the resultants will be parallel. Now we know 
that two similar particlea beginning to move in parallel 
directions will deBcribe eimilar orbits in proportional times, 
when at the end of those times the directions of the forces 
are parallel and proportional to the squares of the velo- 
cities and the reciprocals of any homologous aides of their 
orbits. Hence these two particles begin to move similarly 
under the action of such forces as tend to preserve the 
similarity of their motions. And the same is true for all 
homologous particles in the two systems. Hence all the 
particles of the one system at the end of any small time t, 
are placed similar to those of the other at the end of the 
amall proportional time t' and are moving in a similar 
manner. Hence the same thing will again be true at the 
end of the next proportional inter\-alB, that is, at the end 
of the proportional times 2 t and 2 /. Therefore the 
particles will continue always to move among themselvea 
with like motions and in proportional times. 

Let there be two fluids or systems such that the 
particles of the one are similar to those of the other ; let 
the diameters aud distances of any two particles in one 
system he d times the diameters and distances of the cor- j 
responding particles in the other, and let the density of ^ 
these particles in one system be p times that of the cor- 
responding ones in the other system. Let the particles 
begin to move from similar positions, and if we suppose 
the forces in the two systems to be always proportional to i 
the squares of the velocities directly and the diameters of 
the corresponding particles inversely, the several particlea 
will describe similar orbits in similar times. Let the velo- 
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city of any particle in one system be v times that of the 
corresponding particle in the other when nt the correspond- 
ing part of its orbit. Let two large bodies which arc 
similar to each other in the same manner that two cor- 
responding particles are similar, be similarly projected 
into these two systems. They will then describe similar 
orbits in proportional times. The diameter of one body is <l 
times that of the other,andlbe velocity of one will be f times 
that of the other. Let lis consider the resistances to these 
bodies: it will arise partly from the centri|)etal forces with 
which tho particles and the body act on each other, and 
partly from the colliaiona and reflexions of the particles 
and the body. The resistances of the first kind arc, by 
hypothesis, as the squares of the velocities directly and tlie 
diameters of the corresponding particles inversely, and the 
masses of those particles directly, that is, the ratio of tlie 
resistances in the two systems ia 

•■.,Pf = ,-.,p.f. 

The resistances of the second kind are as the number of 
reflexions and the forces of those rcflexion.s. Tlie iiujnber 
"of the reflexions in the two systems arc as the velocities of 
the corre-iponding particles directly, and the spaces between 

their reflexions inversely, hence the ratio is -, The forces 

of the two systems are as the velocities and masses of the 
corresponding particlcB, hence their ratio is u. (P. p; hcuco 
the ratio of the resistances is 

joining these two ratios, the ratio of the whole resistance in 
the two systems will be 

In such fluids, and under such conditions as those we 
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have just been considering, tlie reBistances vary u the 
equare of the velocity, the square of the diameter, aad the 
density of the Huid. 

If we have two fluids whose particles when at a distance 
do not act with any force on each other, such fluids come 
under the deacription of the similar systems just coaaidered. 
Let the particles of the two fluids be equal, then the 
resiatances to equal similar bodies moving in them are 
accurately as the squares of the velocities of the bodies and 
the densities of the fluids. Next, suppose the bodies not 
equal. Because the motion of the fluid varies continu- 
ously from point to point, and because the force of colliaiou 
due to two equal particles moving in the same manner ia 
equal to that of one particle of double size, the forces of 
collision will be the same if we divided the fluid into 
elements, and considered them as particles. Let the equal 
fluids be divided into elements, which are proportional 
to the volumes of the similar bodies moving in them. 
Then the resistances will vary as the square of the diameter, 
the square of the velocity of the body, and the density of 
the fluid. 

But how far are we justified in applying these conclusiona- 
to the fluids we meet with in nature? The forces to 
which collision and reflexion are due, are those which are 
sensible only at distances which are indefinitely email com- 
pared with the average distances between the particles. 
Are these the only forces which exist between the par- 
ticlea of a fluid? Incompreaaible fluida are the nearest 
approach to such a state of things. In elastic fluids the 
particlea have a tendency to recede from each other, and 
our previous reasoning cannot therefore apply to them. 

Let there bo three fluids A, B, C ; let them coneiat of 
eimilar and equal particles regularly disposed at equal dis- 
tances, and let the parts of A and B have a tendency to 
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recede from each other with forces that are a? T ami V, 
and let the particles ef the medium C be entirely dcrlitute 
of such forces. Let four equal bodies move in llicsc 
media, viz. 

D in the medium [A,] and E in [B] 1 
F and G in [C]. J ' 

and let 

vel. of D ^ vel. nf F _ /T . 
vel.ofE vel. of G ~ ' V V ' 
then since the forces are as the squares of the velocities, 
and the diameters of the particles are equal, tliercforc tlm 
resistances in the two fluids are as the squares of the ve- 
locities, th.it is 

Res, top _ Hcs. toF _ T 

Kes.toE ~ lies, to G ~ V " " *■ "' 

Let us suiijtose also that 

vel. ofD = vel. of F 
.'. vel. of E = vel. of'G 
augment the velocities of D and Fin any ratin, atul di- 
minish the force V of tiic particles in the mciruitu 11 in ihi; 
duplicate of that ratio, the medium IS will approaeli to the 
form and condition of the medium C, and thcrcl'orc the 
resistances to the equal and equally swift hodies K and (1 
moving in those media will approach equality. Jleiic.e hy 
(2.) the bodies D and F, when they move with great swift- 
ness, meet with resistances nearly equal. Ileticc (lie rc- 
Kistance to a body moving very awiftly in an claslic fluid U 
almost the same as if the parts of the fluid were dcHlitulc- 
of their centrifugal forces and did not tend to (ly frutn 
each other. So that the resistance to similar hodies innving 
very swiftly in an elastic medium vary a^ the fqunren fif 
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This reasoning requiree that the velocity should be bo 
great that the forces of the particleB vill not have time 
to act. 

2. The preceding investigation has led us, on certain as- 
samptions, to the law of resistance to similar bodies, but it 
now remains to discover what change in the resist!incfi 
would be caused by a change of form in the body. A new 
assumption becomes necessary. Let ua suppose the par- 
ticles to be 80 rare that their distances are infinitely greater 
than their diameters, so that e."-ch particle may be able to 
give its blow to the body and then to make its escai* 
without atFecting the particles which have not yet given 
their stroke. It is manifest that to find the resistance 
according to this principle ive have to divide the surface 
into elements, find the resistance on those elementary 
planes separately, and by integration add the results. It 
is necessnry to find the resistance on a small plane in- 
clined at an angle 9 to the direction of motion. Let the 
area of the plane be A, then the number of particles that 
will strike it will be proportional to A cos. S and to the 
velocity v conjointly, and each particle will strike the 
plane with a normal velocity v cos, fl. The mass of each 
particle is supposed the same. Hence the whole normal 
resistance will be proportional to A cos. 9]'' o', and resolving 
this along the direction of motion the resistance will be pro- 
portional to A cos. 9\^ v''. Hence if x A u' be the resist- 
ance on the plane when perpendicular to the direction of 
motion, the resistance when inclined at an angle S will be 

X A d' cos. flf'- 
It will be observed that this reasoning is true whetlier the 
particles be clastic or not. Any change of elasticity 
affects the resistance by changing x. 

Let a cylinder be made to advance in the direction o 



ction of its H 



axis witli a nniform yelocilv r in a mcdiiini, and let u? 
suppose that the particles of tlie fluid are pcrfectlv el;iiiic. 
They will then rebound with the same velocity relativcly 
to the cylinder as that wilb whicli ihey struck it. There- 
fore the cylinder, on striking each particle, gives it avelooitj- 
twice its own, and in moving forwards a length halj' its 
axis communicates a motion to the particles which is to 
the wliole motion of the cylinder as the density of thd 
medium to the density of the cylinder. Hence the cy- 
linder meets a resislance which is to the force liy which ils 
whole motion may he taken away in the time in which it 
describes half its axis as the density of the niodiiim is to 
the density of the cylinder. If I be the Icngtii of the a\is, 

the time of describing the half axis will be I-. am! tiie ac- 
celerating force that would gcncnilc ii velocity c in lliis 
time is -j- : hence the moving force. wliii.'h is the rc- 
siEtance, is 

where A is the area of the base, ami p the density of the 
fluid. 

Aext, let IIS suppose the particles perfectly iuclaelic : 
they will not be reflected, and ih" cylinder will imrcly 
communicate its own simple velocity to the parlicb's it 
strikes against. The resistance is therefore only /'•'// as 
great as before, that is 

Re3i5tancc = A r-f. 

Thirdhj. If the particles he iniperfcctly ulastio, the p;n- 
liclea will rebound from the cylinder with a l<:ii vilorily 

than if tlwv wf.ri' pln^n<-. nn.i -A .'i',^iit,.i- v,.l,,,.;i v 1 li.„i If 
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3. Let uB now apply this to find the resistance on a Bur- 
face of revolution moTiDg in the direction of its axis. Let 
t; be the velocity of the body relative to the fluid. We 
Bhall then suppose the fluid in front of the body to be at 
rest. Take the axis of revolution of the surface as the 
axis of X, let ff be the ordinate and s the arc of the gene- 
rating curve. By what has been already said, the resist- 
ance or pressure on the annulus 2 n y d a when resolved 
along the axis will be 

CM 



■m' 



because this latter factor expresses the cosine of the angle 
the normal makes with the line of motion of the body. 
Henec the whole resistance will be 

Let the surface be terminated by a plane perpendicular 
to the axis of x, the section will be a circle; let r be its 
radius. Let y = ri . r, and a = a. r, then the whole resist- 
ance will be 

fdr\ 



^'f^(M> 



Thus, assuming merely that the distances of the pardclea 
are infinitely greater than their diameters, we learn that 
in the same fiuid the resistance varies as the equare of the 
velouty, and in similar bodies as the square of their 
radii. 

It is not necessary that all the particles should be of 
equal size, or at exactly equal distances. It is sufficient 
that the equal particles be equally scattered in vast num- 
bers throughout the fluid. For as the distances of the 
particles are supposed indefinitely small, so vast a num- 
ber of particles strike the surface tliat it will be suffi- 
cient to consider only their average size and distance. 
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li'tlie p;irticlcs of a fluid become packed closer together, 
so that the fluid becomes denser in the ratio of ; to 1, it 
is manifest that the number of panicles striking the sur- 
face will be increased in this ratio, and therefore the 
resistance will be increased in the ratio of ^ to 1. If the 
masses of the particles be increased in the ratio : to 1, the 
density of the fluid will be increased in this ratio, the force 
of each impact will be increased in this ratio, and the 
resistance will be increased in the ratio of i to 1. Hence 
the resistance varies as the density of the fluid. 

To shoic that the resistance on n sphere is half that on 
one of its great circles. Let r be the radius of the sphere, 
S the angle any r.adius makes with the direction of the 
motion. Then, by the general rule, the resistance on the 
annulus 2 tt r sin. i . r il i will he 

2 T H sin. i .; i cos. J ^ . x f». 
Hence the wiiolc resistance will be 

2 n X i>' n/'VorVsin. i tl$ 



the limits of integration being from 4 = (Mu C = '-. 
But the resistance on a circle of nidius /■ is 

which is just double the former result. 

These results were afterwards modified by Newton, A 
course of reasoning, which we shall com^ider in another 
chapter, led liini to the conclusion that the resistance on a 
sphere is equal to i c p v', where t' is the area of one of its 
great circles, 

4. Upon a cirriilnr tmse mil. >; vonslruel afrit.<trH"i of u 
cone of fiven hei.jlit h, siirh /hat Ihr rrsi.^hi,irr i>„ it „i'i'/ /.,■ 
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kit than that on any other fruatrum of the same height and 
base, the motion being in the direction of the axis. 

Produce the fruatrum to its vertex, and let 2 be the 
angle of the cone. Then it is evident that the radiua of 
one end being r, that of the other will be r—h tan. 9, And 
the reabtiuioes on the curved and flat enda will bo rcspec- 

tively 

Bin." S (r* — r—h tan. fli ') 
and {r—h tan. fl)', 

the common constant factor w x r' being omitted. The 
eum of these two is eaaily seen to be 

H — r A ain. 2 fl + A- aio.^ fl ; 
differentiating this we have 

A sin. 9 COS. fl = 7- — 2 r sin.* S. 
Put T for the whole height of the cone, then will 



h / , A» 



whence this construction. Let O and D be the givcii 
centres of the two ends, and C be any point in the circum- 
ference of the base. Bisect O D in Q and produce Q D 
to S, 80 that Q S = Q C. S is the vertex of the required 
cone. Thia reault Newton thought might be of use in 
the building of eliips. 

To find the surface of revolution such that, when alto- 
gellter immersed, the resistance on it icill lie less than on any 
other surface of the same length and breadth. 

Take the axis of revolution as the axis of x, and let y 
be the ordinate of the generating curve. And let p be 
the dilT. co. of g with respect to j*. Then, omitting con- 
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t faoton, the resistance on the curve will be propor- 
tional to 

^ 1 +;j' 

Then the general equation given by the Calculus of Varia- 
tions leads at once to 

this, therefore, is the differential equation to the curve 
which generates the surface of least resistance. The con- 
struction which Newton givea agrees exactly with the 
above equation. 

Thia equation cannot be integrated ; we cannot, there- 
fore, find the equation to the curve. If we could, we 
should have two constants in it, which are to be determined 
by the conditions, first, that when x = o, y = a, and 
when X = l,y = h, where / ia the length of the solid, 
a and b the radii of the bounding sections. 

The equation to the surface of least resistance may be 
put under a more convenient form. Differentiating it wo 
have 



pdx = 



dp 



i 



.: dx = c { i :] dp. 

Hence, 

3 f > 

By eliminating -p the equation to the generating curve 
may he found. 

If we wish to find where the curve cuts the axis of x, 
we have merely to put y ■= it; this leads to 



r 23S 

■ we cannot h 

The numera 
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p 

we cannot have c = o, for then y would be always nothing. 
The numerator of the fraction cannot be nothing, for it is 
always greater than unity. The denominator cannot be- 
come infinite without making the whole fraction infinite. 
Hence tlie curve never cute the axis of x; the surface of 
least resistance has a Jlat surface exposed to the resistance 
of the fluitl. The next question naturally is, what is the 
least value of ^ ? To find this we must put 



16 



At this 



this gives p = ± "^ ^ and .-. ^ — j. , /g <- 

point of the curve there must manifestly be a cusp. 

Ah p increases from zero, y decreases from infinity ; the 
curve approachee the axis. The tangent at the cusp lies 
between the two branches, one going off top=£i, the other 
to /J = CO. There are no asymptotes. Ify be positive, 
p is positive. The theory of Equations shows that the 
equation 

p* -p^^ + 2p' + 1 =0, 

not having more than two changes 
of sign, cannot have more than two 
positive roots. Therefore the above 
two branches contain all that is 
above the axis of x. If we change 
the sign of y, we change the sign 
of p; hence the curve is the same 
on both sides of the axis of x. If 
we change the sign of c, we shall 
manifestly have the same curve, 
except that it ia turned the other 
the oppot^Itc side of the axis of r/. 



way, nud lies a 
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-5. Iq order to invcetigatc the resistances of dui^ls by ex- 
periment, Newton procured a square wooden vessel whose 
length and breadth on the inside was nine iuchcw, English 
measure, and deptli nine feet and a half. This he filled 
with rain-water, and having provided globes made of wax, 
with lead inclosed therein, he observed the times of the 
descents of these globes, the height throngh which they 
descended being 112 inclies. 

The resistance being supposed to vary na the square of 
the velocity, the height x, fallen in any time t, is given by 

ti»s.(i +■''-''■) 

where u is the " terminal velocity," and (/' the relative 
force of gravity. It is necessary to find u. Let A be the 
weight of the globe in vacuo, li its weight in the resisting 
medium. Then the density of the medium ia 

A - B 



where a is the radius of the globe, and t/ the force of 
gravity ; and therefore the resistance to the globe when 
moving with velocity w, is 

3 A- D , 

16- aff ■"• 
and this is to be equal to the weight of the body, wiiich is 
B ; therefore 

j_ IG B 

" ~ 3" ' A - li ■ 

also if = j^- 0- 

The value of B can be found by weighing [he globe 
water. To find A we inui^t weigh it in uir, !^upi)^;.■:c i 
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W. According to Newton the density of water 
10 times tliat of air ; hence 

A - B = 860 (A - W) 
W-B 
869 ' 



.-. A = W + - 



nnd 



.B = (W-B)(.+^4g). 



The value of a can be found from those of A and B, 
for the weight of a globe of water one inch in diameter ia 
132.645 grains in air, and therefore 132.S grains in vacuo. 
And Bince the weights of globes vary as the cubes of 
their diameters, hence 

where A— B is measured in grains, anda in inches. 

We are now therefore able to calculate the value of x 
when t is given. If t be not very small, the last term 
may be neglected. For since when « is small 

log. ( 1 + ot) = a nearly, 
the value of that term is very nearly 



9 
and the exponent being large, this term will be insensible. 
We may therefore take 



The space deduced from this foi'mula requires a correction 
depending on the narrowness of the wooden vessel in which 
the experiments were made. Now if a globe descend in a 
cylinder, the area of whose section is L, the resistance will 
be increased in the ratio 



Hence w" will be decreased in llic same ratio, and .'. 
K decreased in the ratio of ft : 1. In all tlie fiillowing cx- 
periuionts the area of the greatest circle of the sphere is 
small compared with tlie section of the cylinder ; the value 
of^ 13 tliereforc nearly unity. In the expression for .r, 
the first term is usually a hundred times the second; hence 
it will be sufficiently accurate to reduce the s|)acc x by 
simply multiplying it by ft. This will be evident on au 
inspection of the numbers in the following experiments. 

E.qierimvntl. A globe whose weight was 156.{ grains 
in air, and 77 grains in water, described the whole height 
of 112 inches in 4 seconds. On repeating the experiment, 
the globe again spent the very same time of 4 acconda 
in falling. 

Hero A=15Gi^ grains, 2 a=.ti4224 inches, 
,". M = 29.0311 iuchcs per second. 
The principal term in j- is 1 10.1245, "!» 
The second „ is 3.0676, J 

.-. .1=111!. 05G9, 
and n= .9014. 

Ilc-uce the space which the gluhc fulling in wiittr du- 
scribcs in four seconds is, by 

theory - - 112.(ia, 

experiment - - 112. 

E.rpirimcni 2, Three equal globes, who.-se weights were 
severally 76j grains in air, and .5,-',; grains in water, were 
let fall sHcccsaively. Every one fell through the walcr in 
15 seconds of time, describing iu its fall 112 inches. 
Here A = 76;'^^- grains, 'J fi = .81296 inches, 
.-. '( = 7.71-i iuchc, i^r si;coiid. 



23S NEWTOU'a PIUNCIPIA. 

The principal tei'iu in j is 115.678, 
The second „ is 1.609, 

.•■1=114.069, 
and n= .895. 

Hence the space which the globe falling in water de- 
scribes is, by 

theory - 113.1741 

experiment - 112. J 
Experiment 3. Three equal globes, whose weights were 
severally 121 grains in air and 1 grain in water, were auc- 
ceaaively let fall, and they fell in water throu<;h a 
height of 112 inches in the times 46", 47", and 50". 
By theory these glottes ought to have fallen in about 40". 
The weight of the globe in water is so small, tliat any 
errors iu the weighing, or produced by the rarefaction of 
the wax, by the heat of the hand, or by the weather, or 
by bubbles of air adhering to the globes, become sensible. 
That the experiment may be certain, the weight of the 
globe io water should be several grains. 

Newton began the foregoing experiments to investigate 
the reeistaoces of fluids, before he had discovered the 
theory laid down in the precedhig sections. In order to 
examine the theory after its discovery, he undertook 
another course of ex|jeriments. He procured a wooden 
vessel, whose breadth on the inside was 8| inches and 
depth ISJ feet. He made four globes of wax with enclosed 
lead, each weighing 139^ grains in air, and 7^ grains in 
water. These he let fall, measuring the times of their 
falling in the water with a pendulum oscillating half 
seconds. The globes were cold, and had remained so for 
some time, both when they were weighed and when they 
e let fall, because warmth rarefies the wax, and by 
rarefying it diminishes the weight of ihc globe ii 




1 water, J 



a uccuruuiidu uuLweun Liitiury uuu ii;i[ik:i-iuii:ui. iiiu 
times in which the balls descended Yaried, sonictiiiica 
as imieh aa one-fiftli of the whole time of descent ; but the 
errors were generally a.3 much on one side ns on the other 
of the theoretical result. Whence, for such swift motions 
as these, we may conclude that the resistance on a globe 
is very nearly represented by the preceding theory. 
Those globes which fell with a slower motion were found 
to agree best with the theory, and the reason of this is as 
follows. When the globes were first let fall, it was found 
that they oscillated about the centre, that side which is 
heaviest tending to descend first. The globe in conse- 
quence of these oscillations communicated a grcL\tcrmotion 
to the fluid than it otherwise would, that is, it met with 
a greater resistance. In the heavier and larger globes this 
oscillation was not checked by the water until after several 
oscillations, and hence these were more ret^istcJ than the 
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lighter one*, which fell slower. Every care was taken t» 
diminish tiiese oacillations, but they could not be alto- 
gether prevented. 

From the top of St. Paul's, in June, 1710, two glass 
globea were allowed to fall through the height of 220 
English feet. One was full of quicksilver, the other con- 
tained air. The two globes rested on a wooden table, which 
turned round iron hinges on one side, the other side being 
supported by a wooden pin. The two globea were let fall 
together by pulling out the pin by means of nn iron wire 
reaching from thence quite down to the ground, so that 
the pin being removed, the table, which had then no sup- 
port but the iron hinges, fell downwards, and turning 
round, the globes dropped off it. At the same instant 
with the same pull of the iron wire that took out the pin, 
a pendulum, oscillating seconds, was set in motion. The 
wooden table was not found to turn so quickly on its hinges 
as it ought to have done. Hence the times of descent 
were prolonged 3". This must be taken into account, as 
in that time the ball full of mercury would have described 
37 feet. The difference between theory and experiment 
was found to be very small. To mention one instance, one 
globe of air fell 220 feet in 8.2"; according to theory it 
should have fallen in that time 225 feet 5 inches. The 
resistances to the globes of mercury were found to bo so 
small in comparison with their weight, that they fell in 
nearly the same time which they would have taken to fall 
through the Sitme height in vacuo. The differences could 
not be observed with sufficient accuracy to furnish a test 
of the theory, the difference being sensibly the same for 
globes of all weights. 

In July, 1719, Dr. Desaguliera made some other 
experiments of the same kind. The globes let fall wero 
formed of hoge' bladders blown full of air. They were 
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let fall from the lantern at the top of the cupola of the 
same church, a height of 272 feet. The agreement be- 
tween theory and experiment was even more striking than 
in the last experiments. 

The theoretical results are calculated on the supposition 
that the resistance is proportional to the square of the 
velocity, the density of the fluid, and the sur&ce of the 
sphere. The comparison with experiment serves to test 
all these laws. We may, therefore, conclude that for such 
velocities as those here experimented on, varying from 6 to 
30 feet per second, and for spheres of radii varying from 
^ to 3 inches, and for the fluids of air and water, those 
three laws are tolerably correct. 

Newton remarks that these experiments are more accu- 
rate than those he made with pendulums ; for the vibrations 
not being very small, the body always excited a motion of 
the fluid contrary to the motion of the pendulum on its 
return, and thus the whole resistance appeared greater 
than it reaUy was. 

[See Note V.] 
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1. Some general coDsiddrationa, 

2. Motion in vaeuo, Newton xxiv. 

3. The properticA ofapenduluin. 

4. Motion in a roBiEting medinia — Modem method of conaidcring the 

portarliationa of a pendulum, — the Newtonian mcthoil. 
6. Newton's exporiments to discorcr the law of rcaiacancc 

I. The importance of the pendulum can hardly be over- 
rated. It ministere to our comforts in a variety of ways. 
But what ia more to our present purpose, it is a powerful 
engine of discovery. It can be made to teat the lawa of 
impact, it teaches us the laiv of resistance by which fluids 
retard the motion of bodies moving in them. It enables 
us to note the variations of gravity over the earth, and 
thus reveals to u8 not only the form of the world, but also 
the force with which it attracts external objects. It has 
even been applied lately to prove ocularly the rotation of 
the earth. There is no end to its applications. It is the 
great accuracy with which the time of oscillation may be 
observed that renders this instrument so usefuL By 
noting the time of any great number of oscillations, and 
dividing that time by the number of oscillations, we can 
find the time of any one with great accuracy. It is, there- 
fore, highly necessary for us to consider carefully the pro- 
perties of a pendulum. 

A pendulum ia any solid body which oscillates about a 
fixed horizontal axis. A simple pendulum consists of n 
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material particle giisijcndcil from a fisoJ pwiiil by n,ri iii- 
dc-cible incxtcnsible string without weight. The length 
of this string ia ciilled the length of the simiilc pendulum. 

A perfect siin])Ic pendulum is only a mathematical idea; 
we may approximate lo such an instrument, but we can- 
not accurately construct it. It will, therefore, in niiiny 
cases be necessary to have the means of determining, wlion 
any compound pendulum is given, the length of the equi- 
valent simple pendulum. The first ]ierscm who solved this 
generally was Huygens in his " Ilorulugiuni OseiUato- 
rium," 16i3. The principle on which he proceeded was not 
so simple as that to which tliia and such like problems arc 
now referred. But the result ia that if h be the distance 
of the centre of gravity from the axis of suspension, and 
;«(' the moment of inertia about an axiu through the centre 
of gravity parallel to the asis of suspension, the length of 
the equivalent simple penduUini will bu 



/ = 



'■ H- /,- 



This is on the supposition that the body moves in vacuo 
under the action of gravity. If it move in a medium 
resisting according to any function of the velocity, the 
above will still be the length of the equivalent simple pen- 
dulum. For the resistance on a unit of area being supposed 
to be X V, according to the usual theory of resistance, 
the moment of ihe whole resistance on the siirfnne will be 

where A depends on the form of the surface, and not on the 
nature of the motion. Hence to make the simple pendu- 
lum move in the same manner, we have merely to suppose 
that the weight of the particle is equal to the weight of 
the pendulum, and that it cspcrieiicos a resistance which 



' 
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follows for variatione of velocity tbe same law that any 
element of the pendulum experiences, but wlioee magni- 
tude is such tliat tbe whole momenta of the resbtancc on 
the pendulum and particle about tbe axis of auspenslon 
are equoL In reaeoniog then on tbe pendulum we may 
always consider it as a simple pendulum. For when we 
have determined its motion, the preceding formulas enable 
ua to determine that of tbe compound pendulum. 

Newton does not confine bimaelf to tbe case in which 
tbe particle describes a circle. Supposing the atnng 
fiexible, be baa given in the first book a way of making it 
describe any given curve. Of all these the cycloid is that 
which possesses tbe most important properties. The motion 
of a particle in a cycloid is discussed, because it gives ua a 
deeper insight into the laws of pendulous movements than 
that in any other curve. The motion of a particle in a mcle 
is considered, because in practice most pendulums are so 
constructed that any point in them describes a circle. 
[See Note VI.] 



A particle eoTistrained to move in a cjfcloid whose axis is 
vertical is acted on by gravity and resisted by a constant 
force. To determine the motion. Newt. xxv. 

Let / be twice tbe radius of the generating circle, s tbe 
distance of the particle at any time t from the lowest point 
(C) of the cycloid, v the velocity, and m the mass of the 
particle. Lety"be the constant resistance. 

Then the moving force along the tangent ia 

supposing the particle to be descending. 
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But this is also m -j-r^ , hence we have 



d*s 
d 






This equation being of a standard fornix we can write 
down its int^ral^ 

# = L cos ^ /f (< - A) H- -^ 
'\/ / ^ ' mff 

where L and A are constants depending on the initial con- 
ditions of motion. 

If 
Take a point O in the arc. so that CO = --^, and let / be 

the arc when measured from this point. Then 



/ = L cos 



V? ^' - "^' 



Suppose the particle began its descent from D, then A 
is clearly the time at which the particle was at D^ and 
L=arc O D. It is manifest the greatest velocity will be 
at O. If the particle had been undisturbed by fy the same 
equation would have given the arc measured from C. 

If then the particle when resisted by/ be at P at any 
time, and if another particle not resisted by /* be at Q at 
the same time, then DP bears to PQ the constant ratio 
DO to DC- 

The effect of any constant resistance is to diminish the 
arc continually in an arithmetical progression, but not to 
affect the time of oscillation. 

r2 
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A particle constrained to move in a cycloid whose axis is 
vertical, is acted on by gravity and resisted by the medium 
in which it moves in the ratio of the velocity. To deter^ 
mine the motion. Newt. xxvi. 

Let I be twice the radius of the generating circle. Let 
s be the distance of the particle at any time t from the 
lowest point of the cycloid^ and v be the velocity, and m the 
mass of the particle. Let x be the coefficient of resistance. 
Then the moving force along the tangent will be 

mg 

the particle being supposed ascending its arc. But this is 
also m -7-2* Hence 

dt^ ^ m ' dt^ I ' _ 

is the equation to find s in terms of t. 
To integrate this equation, put 

where |x is some constant at our disposal ; on substitution, 
the equation becomes 

Let U8 then choose fi so that 

2 fH- ^ = 0, 
m 

and the above equation is reduced to the standard form 

dj^u 
d 

/ < 4 7/r 



7^ + (f-4i;rO« = ^- 
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.'. ti = L COS n\t — a). 
Supposing the time to be counted from the epoch when the 
pendulum b^an its first complete osciUation from its 
highest pointy then X = 0. 

.*. « = Ls »»• COS n' t 

Hence we learn, 

1. That the oscillations will be isochronal, and the time 
of oscillation 



" Vf 



4 m* 

This differs from the time of oscillation in a vacuum ; if 
X be smaU, and T the time in vacuo, the difierence will be 
very nearly 

If we n^lect terms so small as this, the time will be 
unaltered. 

2. The arcs of each successive oscillation will decrease 
in geometrical progression, and if L be any one such arc, 

the next will be L e "• *' . 

A particle is constrained to oscillate in a cycloid whose axis is 
vertical under the action of gravity y and is resisted by the 
medium in which it moves in the ratio of the square of the 
velocity. Determine the motion. Newt. xxix. 

Following the same notation as before, it is manifest 
that the equation of motion will be 

d V 2 X 

V -r- = — jr s v^ 

a s VI 

K 3 
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where n' = C onA the particle ia supposed to be moring 

in the direction in whioh a ia measured. When the particle 
moves in the opposite direction we rauat change the aign 
of X. 

Although the above equation cannot be completely int&- 
grated in Suite terms so as to find s in terms of f, yet WQ 
can always find the velocity at any point of the arc The 
equation can be put under the form 

5T + ^|-"'= -»»"•' 

This is a standard form, and the integral will be 

= c-^.. ■■•■(. -^,) 

where x' has been put for — . We may find C either In 

terms of the whole arc described, or the velodty at tha 
lowest point. The latter gives when t=o, w = V, 
hence 

-=(^--.4)'--?('-.-^) 

TIus finite expresnon will always give the velocity. As x' 
ia usually small, it may be useful to expand the above in 
powers of x'. We have 



2'''f 
1 . 2 
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Newton haa given a geometrical construction for thi9 
velocity. But it is very long, and in the present age, 
when analysis ie the great mathematical weapon, auch a 
complicated construction ia of no value except as a matter 
of curiosity. 

If we wish to have the means of deducing the law of 
resistance from experimeuts on the pendulum, wc muat in- 
vestigate the changes produced in the time and arc of vi- 
bration by a resistance that varies according to any law, 
indeed by any small disturbing cause whatever. The two 
next propositions of Newton have this for their object. 
They are entirely geometrical and the investigations too 
complicated to be inserted here. Of one of them Newton 
Bays: "by reason of the difficulty by which the resistance 
and velocity are found by this proposition we have thought 
fit to subjoin the following." We shall first discuss tlic 
modem analytical method ' of determining the eH'oct of 
any small disturbing cause, and then give an analytical 
proof of Newton's general proposition. 

Let the quantities s, t, n, &c. have the same meaning as 
before, and let / be the small disturbing cause which acts 
along the tangent on the particle. 

The equation of motion will then be 

\^f=a, the motion will be given by 

•s- = II sin, {nl + /<) 
'- = a u CO.. (,. I + /.) 
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Assume these to be the true equations of motion when/ is 
not zero, then a and b are functions of U 

And since the second equation is the differential of the 
first, 

sin, (n f -h A) -r- -h a cos, (n ^ 4- ft) -?-. = 0; 

at ^ 'at 

and since thej satisfy the original equation of motion, 
n cos, {nt -{- b) -rj — « a dn. (« ^ -h 6) j- = / 

Hence, solving these 



-— = ti . cos, (nt + b) 

at n ^ ^ 

?= — ^sin.(«f + 6) 
t na ^ ^ 



db 
d 

These equations, when solved, will give the changes in the 
arc and time produced by the cause/. 

Suppose/ to be a small force. Then the variations of 
a and h are very small, and being multiplied on the right 
hand side by the small quantity / we may neglect them* 
Hence if a^ and b^ be the altered values of a and J, 

1 /* 

a^ — a =^ - If cos, (w ^ -h b)d t 

b^'-h— -- — ffAn. {nt -\- b)dt 

Hence wc learn that if/ consist of two disturbing causes, 
the total disturbance will be nearly equal to the sum of 
the separate disturbances. 

Suppose / to be the resistance of a medium varying as 
the m^^ power of the velocity /= x r*". The velocity in 
moving from the lowest point is 
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r=an cos (nt + b) 

.'./= xn^ a^ cos*" (nt+b) 

.*. substituting and performing the integration between the 

limits nt+b^ — ;r and n/-hft=:— we have 

w-2 ^ wi (m — 2) (wi — 4) &c. 
' (iw+l)(wi— 1) (iw 

*, - ft = 0, 



&c. 1 
-3)&c. I 



where a is ^ or 2 according as m is odd or even. 

Hence when small quantities of the second order are 
neglected, the time of oscillation is unchanged and the arc 
continually decreases, and the difference between the arc 
described in the descent and that described in the sub- 
sequent ascent will be proportional to the same power of 
the arc that expresses the law of resistance with the ve- 
locity. This will enable us to find the law. Also if the 
difference of the arcs be represented by a series of terms 
such as 

AV- 
where V is the velocity at the point where it is greatest, 
the resistance at this point will be represented by a series 
of terms such as 

Tiyr ff m(m — 2) . ^^ 

/ (iw -I- 1) (w — 1) . . 

and the value of Y, the maximum velocity, can be always 
found by the formula 



= a.^f 



Also putting B for the moving force of the resistance, and 
W for the weight of the body, it is clear that 

R 



^'/ - « « ^ 
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tbe decrement of tlte nrc varies inversely as the weight 
of the pendulum. 

It will be inconvenient to constrain the particle to move 
in a cycloid : let ub examine what errors would be in- 
troduced by making the particle vibrate in a circle. 

Here the force is g sin j instead of - s, hence we must 

put 

f=~l^-ff 8iD. 2 = (fi3- ^' nearly 

= -^"3 8in.M"?+ I'). 
Subfltitutirg we have 



1=0 1 

1 6 R /' J 



the integrations being performed from 7(( + i = o to 
Hence the arc is unaltered and the time increased by a 



Let us now consider the con- 
stniction by which Newton re- 
" presented the resistance. Let a 
straight line nB be drawn equal to tlie arc of the cycloid 
which an oscillating body describes, and at each of its 

points D draw the perpendicular D K equal to — j part of | 

the resistance at D, then a„ and a, being the arcs de- 
scribed in the descent and subsequent ascent, then 



(«, 



".)- 



= area of curve o K B. 



I 



This admita of a very short prool', for the cqii;ition of 
motion being 

.,^ + »'. = K, 

we have by one integration 

and at the limits of integration s= — o„ ami s= +n„ we 
have v=o 

which is what we had to prove. 

Wc have now to conaider the nature of the ciii-vc a KB. 
We have accurately true 



i = a Bin (n t + h) \ 
f = a« cos(n ( + i) J 



calling ^ the ordinate and supposing the rcsistuncp to be 
equal to h «"■ 

.-.ij = xrt"' n"'-'coa"'(j(/ + i). 

Let X be the abscissa measured from the middle point O 
of a B, and 

X + "^^~ = a sin (n / + b). 

First, let the resistance vary as tlic velocity, then cli- 
miuating t, 






If we neglect the variations of n with t, this is the equation 
to an ellipse. The terms in y thus neglected arc of tlic 
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--.)•=... 



If we neglect the variations of a with t this is the equation 
to a parabohk The terme in y thiu neglected arc of the 
order x*. 

Newton tatces theee figures to be accurate enough for 
practical purposes, and wc might now proceed to deduce 
the resistances at O from the difference of the arcs. But 
we have said enough to illustrate Newton's method. It 
is not so convenient for use as the more modem formulae. 
But it is remarkable that the two methods arc of equal 
degrees of approximation. Thus Newton arrived at as 
accwate a result aa that which we now uscj the only 
difference being that he expressed his result, according to 
the custom of the age, in a geometrical form. 

We must now deduce the true law of resistance from a 
combination of theory and experiment. It is clear from 
what precedes, that the observations must be made on the 
decrements of the area. Newton suspended a wooden ball 
weighing S?/^ ounces troy, its diameter being 6^ London 
inches, by a fine thread on a firm hook, so that the distance 
between the hook and the centre of oscillation of the gtobc 
was 10 feet. He marked on the thi'ead a point 10 feet 
1 inch distant from the centre of suspension, and even with 
this point he placed a ruler divided into inches, by the 
help whereof he observed the lengths of the arcs described 
by the pendulum. Then he numbered the oscillations in 
wliich the globe would lose ^ part of its motion. In the 
following table the first column represents the first are, or 
space the pendulum was drawn aside from the perpen- 
dicular; the second column the number of oscillations, 
the third column the last arc, which is always ^ less than 
the first ; and the fourth column the difierencc between 
the first and last arcs ; 



32 IS 28 4 

64 92 5fi 8 

The difference between the arc of Jescent ami tlio suh~ 
seijuent arc of itscent will be above differences di%'idcd by 
the number of oscillations. In tbe gre;itcr arcs these are 
very nearly as the squares of the ares described, and in 
lesser oseillations in a, ratio somewhat greater. But theory 
taught us that if the resistance vary aa the m"' power of 
the velocity, the above difference of arcs should vary aa 
the m"" power of the arc. Ilcnee the resistance when the 
globe moves very swift is in the duplicate ratio of the 
velocity nearly, and when it moves slowly, somewhat 
greater than in that ratio. 

The points to be determined by experiment are how the 
resistance depends on the velocity, bow on the surface of 
tbe body, and how on the density of tbe fluid. To deter- 
mine the first, wc must assume some law of resistance : 
let us suppose that the resistance varies partly as tbe 
velocity, partly as the square of the velocity, and partly 
in some intermediate ratio. This being the result sug- 
gested by the last -mentioned experiments; lei the diffei- 
ciice of the arcs be represented by 

AV + BV^+ C v', 
where V is the greatest velocity in any oscillation. Then, 
according to the notation of the preceding theory, we 
have 

V- I'J .. 
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A'. 2 a + B'. 2 ai' + C'2 a\^ 
a form well adapted for a comparieon with the results of 
experiments. Taking the second, fourth, and sixtli expe- 
riments of tho eet discussed above, we get three equations 
to determine the three quantities A', B', C. 

A' = .0000916, 

B' = .0010847, 

C = .0029588. 
But the reNstance will be expressed by 



L'a' + 



f;B' 



w f 

= y-. 4 ,0O00583a' + .0O07593 a'^+ .0022169a' 



o*^ + |<^a'^| 



■1 



where W is the weight of the body. Thus for such awift 
motions in ^r as those varying from 4 to 120 inches per 
second, the resistance varies as the square of the velocity. 
Since a' in the second case represents 1, in the fourth 4, 
in the sixth 16, tho reaislance will be to the weight of tbo 
globe, in the second case, as .0030345 to 121, in the fourth 
.041748 to 121, in the sixth .61705 to 121. 

The next point to be determined is tho manner in which 
the resistance depends on the surface. For this purpose 
Newton siiapetided a leaden ball of 2 inches diameter, 
weighing 26^ ounces troy, by the same thread that he 
suspended the former ball, the lengtli of the simple pen- 
dulum being lOJ feet. lie found the resistance to the 
ball was 7j times that on the former ball. But the ratio 
of the squares of the diameters was 11^^ to 1 nearly. 
" Therefore the resistance of these equally swift balls waa 
in less than a duplicate ratio of the diameters. But the 
resiatJincc of the thread has not yet been considered, which 
was certainly considerable. This could not be accurately 



I 
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determined, but it waa found to be greater than a third 
part of the whole reaistance of the lesser iiendulum. 
Wheu this third part ia aiibtractcd, the ratio 7j to 1 be- 
comes 7 to J or lOJ to 1, a ratio not very different from 
11-f^ to 1." Since the reaistance of the thread ia of less 
moment iu greater globes, Xeivton also tried the experi- 
ment with a globe whose diameter waa 18^ inches. He 
found the reaistance on this globe to be 7 times that on 
the first globe, whose diameter waa GJ inches; but the 
squarea of the diameters are in the ratio of 7.438 to 1. 
The difference of these ratios ia acarecly greater than 
what might arise from the resistance of the thread. 
Therefore the parts of the resistances which are in swift 
motions when the globes are equal aa the squares of the 
velocities, are alao when the velocities arc equal as the 
squares of the diameters of the globes. We shall find 
occasion to moJify this conclusion in another chapter. 

In order to determine the manner in which the resist- 
ance depended on the density of the fluid, Newton calcu- 
lated the resistance made to a body o.seillating in water 
and in air, and found that that part which ia proportional 
to the aquare of the velocity (and which alone it ia nccea- 
aary to consider in swift motions) is proportional to the 
density of the medium. " This is not perfectly accurate ; 
for more tenacious fluids of equal density will undoubtedly 
resist more than those that are more liquid, aa cold oil 
more than warm, warm oil more than rain water, and 
water more than apirits of wine. But in liquids which 
are fluid enough to retain for some time the motion im- 
prcsacd upon them by an agitation of the vessel, and 
which being poured out are easily resolvable into drops, 
the rule will be pretty accurate, especially for large bodies 
moving with a swift velocity, 

" Lastly, since it if^ the nipiniiiimf sunic tliat liion; i? a 
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certain ntberial medium extremely rare, which freely 
pervades the pores of all botlics, ildcI from such a medium 
some registanCG most needs arise, in order to try whether 
the resistance which we experience in bodies in mo- 
tion be made upon their outward superBciea only, or 
whether their internal parts meet with any conadcrable 
resistance upon their sujicrficies, I thought of the follow- 
ing experiment." Newton suspended a round deal box by 
a thread 1 1 feet long, and compared the resistance made 
to it when empty and when filled with lead. When full 
of air its weight was y'g"" of the weight when filled with 
metal. But since the decrement of the arc varies in- 
versely as the weight, the box when filled with lead should 
make 78 oscillations befure the arc was decreased by the 
same quantity that when filled with air it lost in on* 
oscillation. But Newton counted 77 oscillations. Assuming 
that the greater resistance of the full box arises not from 
any other latent cause, but only from the action of some 
subtile fluid on the included metal, we may suppose that 
this resistance in equally swift bodies will be as the num- 
ber of particles that are resisted. Let A be the resistance 
on the external and 3 on the internal superficies of the 
box when empty. Then A and 78 B will be these re- 
sistances when the box is full. By the preceding ex- 
periment the resistance on the full box A + 16B is to the 
resistance on the empty box ^ B as 78 to 77. Solving 
this simple equation, it follows that the resistance on the 
internal parts of the empty box {B) will bej^jg"* part 
of the resistance ( A) on the external sujjerficiee. 
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I. Newton's solulion of lbs question, withauc limiting; tliu uri&i^. 
3. Newlon's corollary — lo deduce tlic re^islauee made hy a tliiid lo n 
body moviug in it. 

3. The fallacy of Newlon's rcosonitlg — Hoiv i>(licri allempiud lo pursui; 

the inveitigntion. Note vii. 

4. The velocity as given by llie EquBlions of Siuiiori. Nolo vii. 

5. The efflux of an elilslic fluid ihronj;!! a smnll uiiiicc — btiiingc coiii-lii- 

sioOB to he dcc!uiM:d from Ihc luiinula. — St, Viiiaiit and Wanticls' 
experiuitnts. Note viL 

1. TiiE problem to dolcciuine tlic motion of wntev running 
out of any vessel llirougli a iiolc is so difficult tliiit it 
has not yet been completely solved. Wc eiiunot there- 
fore be surprised if Newton'a solution of the ijuestion is 
not very eattafactory. He begins by considering a cnea 
in which he is able to give soiiil' account of the motion. 
Let us suppose that wc have a circular cylinder filled with 
fluid, the surface of which is retained at a constant level 
in such a manner that the velocity of descent of all its 
parts is also uniform. In order to aid our conceptions, 
Xewton supposes this ettected by the descent of a cylinder 
of ice APQB, of the same breadth witli the cavity of the 
vessel, and having the same iixis. The motion is supposed 
quite uniform, and its parts, as soon as they toucJi the su- 
perficies A B, are supposed to dissolve into water and flow 
down by tlieir weight into the vessel. Let u he the uni- 
form velocity of descent of tin; fvlinder, and let /< he the 
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height through wliich i 
velocity. 



body must fall to acquire the ' 



= 2nk. 



Let there be a hole E F in the centre of the bottona, and 
let tbe whole cavity of the vessel which encompnases the 
falling water be full of ice, so that the water may pasa 
through the ice as through a funnel. The particles of 
water are supposed to cohere a little, that in falling they 
may approach each other, and thus instead of being 
divided into several, they will form a single cataract. We 
shall also suppose the form of the 
funnel euch that the particles of 
water fall freely down. The lines of 
motion will furm surfaces of re- 
volution whose asis is the axis of the 
funnel, and the forces of cohesion act- 
ing on any particle have a resultant 
normal to these aurfaces. The velocity 
of the particle will not therefore be 
affected by this force, and if z be the 
depth of any particle below the plane 
A B and v its velocity we have 
,.» = «» + 2i7rj 
each particle arrives with the same velocity at the aperture 
E F. The form of the funnel was supposed such as to ' 
admit of this motion; hence the area of any section must 
be inversely as the mean vertical velocity of the fluid for 
all parte of that section. 

Now, if the particles of water did not exert any action \ 
on the icy funnel through which it flows we might suppose | 
this funnel dissolved into water without changing the c 
cumstances of the motion. But the descending fluid does 
act on the dissolved ice, and the whole nature of the motio% j 
ia changed. But Newton argues that nevetthelese the 1 
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efflux of water, as to its velocity, will remiiiii tlio s;une an 
before. It will not be less, because tlic ice now dissolved 
will endeavour to descend; it will not be greater, because 
the ice now water cannot descend without hindering that 
of other water equal to itn own descent. Tiic same force 
ought always to generate the same velocity in the effluent 
Wiiter. Newton docs not mean that the same quantity of 
water flows out, but that the same velocity is generated. 
This is not, however, the vertical velocity at the orifice; 
" for the panicles of water do not all of iheui pass through 
the bole perpenilieularly, but flowing down on all jiarts 
from the sides of the vessel and converging towards the 
hole, pass through it with oiili'jw niutiom^, and in tending 
downwards meet in a stream whose diameter is a little 
smaller below the hole than at the hole itself." The 
particles of water at the actual orifice arc not all moving 
in the same direction. Those in the centre are descending 
vertically while those near the circumference have a lateral 
motion, but at the vena conlructa the whole iluid is 
descending vertically. If therefore li, IV be the avcns of 
the sections of the vena contrncla and orifice, and v the 
velocity of the fluid at the vena cuntracla, llic mrmi velocity 
of the fluid perpcndicid ir to the orifice will be cleaily 

II 

11'" 
The quantity of water that flows past any horizontal plane 
is proportional to the product of the area by the mean 
perpendicular vclocify- Thus the discharge is equal to 



where A is the depth of tiic vena contracta bchiw the sur- 
face of the fluid in the vessel. 

' .,. — —■:j nearly, whence the 
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mean velocity perpendicular to the orifice is nearly 

the ori6ce being at the side of the vessel : thus the mean 
perpendicular velocity at the orifice is that due to half the 

depth below the surface. This ratio jp, however, depends 

on the nature of the orifice and the thickuesa of its sides ; 
accordingly dilTerent experimentalists have given difFerent 
values. Thus for the ratio* of the diameters (the square 

root of the above ratio), Newton found — , Poleni — , 

BemouilU ' 

4 jj It. 
turi i, Bidone rr-^, Eytelwein ^^. 

5 50 ■' 50 

The velocity of efBux will be the eame whetlier the bole 
be at the centre or the side of the vessel ; for though a 
heavy particle of water will take a longer time in descend- 
ing to the same depth by an oblique curve than by a 
straight line, yet in both cases it acquires in its descent the 
eame velocity. The velocity also is independent of the 
form of the hule, for it merely depends on the depth below 
the surface. And if the orifice be immersed in water the 
velocity of efflux is that due to the height of the water in 
tlie vessel above that of the surrounding fluid. 

2. Newton proceeds to deduce as a corollary from this 
theory the law of resistance of a fluid to the motion of a 
body in it The case of a ducontitiuous fluid has already 
been discussed, and it has been shown that if v be the J 

• Eiieyc Brit., Hjdrodvr 
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velocity, and A the ai-cii of a great cii'cle ot* u. siiliere 
moving in a fluid of density p, tlmt the resistance will be 
A f-i. The globe anJ panicles are supposed perfectly 
elastic, and thus endued with the utmost force of reflexion. 
But if, on the contrary, they arc perfectly hard, and with- 
out any reflecting force, the aViovo expression for the 
resistance must be dintiuidhed one half, " But in continued 
mediums the cylinder aa it passes through them docs not 
ijQmedtately strike against all the particles of tlie fluid tiiat 
genciatc the resistance made to it, but presses only the 
particles that lie next to it, which press tlic particles be- 
yond, Avhich press other particles, and so on, aud in these 
mediums the resistance is dlminiahed one other half." 

If in tlie centre of the hole E F a small circle P Q, of 
area C, is placed, the weight of water which it sustains 
will be greater than the weight of 
a cone whose base is P Q and alti- 
tude II G, and Itss than that of a 
spheroid on the same base and of 
the same altitude. For let IIP 
and H Q be the boundaries of the 
riUurael. The cataract falls freely, 
and therefore tlicrc is no pressure 
on the sides of the mass of still 
water II Q P. The pressure on the circle P Q is the 
weight of water H Q P. And this will still be equal 
to the pressure if the ice which forms the sides of the 
cataract be dissolved, and the whole water be left to flow 
out of the oriGco in any manner whatever. A little con- 
sideration will show that the mass of fluid II P (J must 
have its boundaries meeting in a point ut II, and being 
convex to G, they also meet the sides of P Q at an acute 
angle. Therefore these boundaries lie without the surface 
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of the cone aad within the aurface of the spheroid described 
OQ the base PQ, aod with an altitude HG. 

The weights of the% two eolida are reapectiveljr 



C A^/j, aod - Cfiffp. 



where p is the density of the 6uid, and ft the altitude HG. 
Therefore the weight supported by the little circle liea 
between theee two quantities. If the circle be very email, 
both these will be small, and we may take the weight sup- 
ported as being very nearly equal to their arithmetic mean, 
thatia 



Chg 



where P is the pressure on the little circle. If, however, 
C be not very small, compared with B, let us assume that 
the pressure is 



1 ■ 



-C-CA^P. 



where B is the area of the orilice EF. 

Then when C is very email, tins must agree with the pre- 
vious result, hence /3 = J, and when C = B the weight 
supported ia that of a, cylinder whose base b C and altitude 
kf hence « = |. Moreover, so long as C ia lees than half 
B, the expression 



P= - 



B 



B-lc 

makes P lie between the limits assigned above. 

Newton next proceeds to point out the analogy between 
the pressure on the circle and the resistance to a circle 
moving in a still fluid. Let the vessel touch the surface of 
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ttngaant water with its buttom CD, and let the water run 
out of the cylioilrical coDnl EFTS perpendicularly to the 
liorizoD, and let a small circle P Q be placed anywhere in 
the middle of the canal with its surface horizontal. Let 
U be the velocity of the fluid at the Burfucei V that at the 
orifice, A the area of a section of the cylinder, B and C 
that of the orifice and little circle P Q, A the altitude of 
the cylinder. Then 

V(B - C) =: UA. 
If we suppose A to be infinitely greater than B, this last 
eqo&tioc shows that U is indefinitely email, and therefore 

and the pressure on the little circle is 

P = a. ^Chffp, 

where a is some quantity that becomes unity when 

=j- diminishes without limit. 
if 

.■.P = «^P 

Now let the orifice of the canal E F S T be closed, and let 
the little circle ascend with such a velocity that the rela- 
tive motion of the eii-cle and fluid which is compelled to 
rush post it may be the same as when the water fell from 
the height HG, and the circle was at rest. The pres- 
sure on the circle will be the same as before. The 

and that of 



the plane -^ ^ V. Let us suppose B infinitely 

greater than C, then the resistance on a plane moving 
with a velocity V in still water is J C p' p. If a cylinder. 
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a Bphere, and a spheroid, of equal breadth be placed buo- 
cessively in the middle of n cylindric canal, bo that their 
aicfl may coincide with the axis of the canal, these bodies 
will equally hinder the passage of the water through the 
canal. The resistances will then be equal. The reaiatonce, 
therefore, on a sphere will be J C «' p, where C ia the area 
of one of its great circles. 

3. The investigation of this question, as given by Newton 
in his first edition, was very erroneous. He" had totally neg- 
lected the contraction of the vein after the fluid had pa^ed 
the orifice ; hence he had deduced that the velocity of the 
efflux was that due to only half the height of the water in 
the vessel. This mistake he afterwards corrected, but the 
investigation still remains open to very serious objections. 
For it is quite certain that the first case considered by 
Newton in which the water descends by a funnel bears no 
resemblance to the actual state of the motion. Tlie water 
is not found to flow out in a cataract, leaving a mass of 
unmoved water supported by the btittora. Each particle, 
whether vertically over the hole or near the circumference 
of the cylinder, descends in a nearly vertical direction, 
acquiring or losing velocities in nearly the same ratio. 
Those particles which are once in a horizontal section 
remain very nearly in the same horizontal plane. When 
the particles approach very close to the bottom, tbey acquire 
a considerable horizontal motion, and, in consequence, the 
issuing stream continues to contract after it leaves the 
orifice. The manner in which Newton deduces the law 
of resistance from the velocity of efflux is also erroneous. 
It is very ingenious and wonderful, but at the same time 
very uncertain. The proposition being false in principle, 
we cannot expect a corollary founded on that principle to 
be altogether correct. The reasoning by which the reaia- 
tances to a sphere and cylinder are shown to be equal can 



only be cori-ect on the assumption that all the water above 
the cylinder, sphere, or spheroid, whose fluidity la not 
necessary to make the pasange of the water the .luickest 
possible, 13 congealed. Tliia Newton himself ndniits. But 
such an assiiniption is i)y no means a Icgitimato one. It 
is alao certain, by experiment, that the aaiuiint of the 
resistance depends very materially on the form of the 
surface of the body. 

[See Note VII.] 
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CHAPTER VII. 

TBE MOTION OF WAVES. 

1. General couiideTMiuD on Ibe nstuce or Waves. 

2. Wavea iniiir — sound. 

a. The nature of tuund dedaced iiom Ihe pbeoomeiuu SchoUuni, 

Prop. L. 
B, Examitiation of the case considered bj Newton. 
7. Vtlotity of toond — Newton's error. 
i. The manner in which sotuid spreads ofUr cniering tbroueh ah 

orifice. Newton iliL 
I. The Dotta Bounded by different pipes. Scliiiliiim, Prap. L. 

3. Waves in wat«r. 

a. The molioD is of the vibratory kind. 
0, Newion'a reasoning on this sabject. Ncwtoii, xliv. 
y. Velocity of waves. Neirion nlv. & xlvi, 

«. The natnro of the motion of waves as given bj a strict hydro- 
dynamic theot?. Note viii. 
(. Waves caused by the motion of a boot. 
n. Cause of breakers over sunkea rocks. 
9. How Ihe wind raises the waves. 

1. To one wholiae never considered the nature of the motion 
that oocasiona the appearance of a wave, the idea ia at first 
diflicult. John Bernouilli the younger ■ declared that he 
could not understand Newton's proposition on this sub- 
ject. The best illustration Is that of a field of standing 
com, because it clearly shows that, in some waves at least, 
there ie no actual tranafer of a quantity of matter. When 
the wind blows on the field a hollow will be seen travelling 
along it. This is a wave. There can manifestly be nothing 

• Whowell, History of Induetivc Sciences, vol, ii. p. 310. quotes Prize 
Dii. on Light, 1736. 
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moving across tlie field, becikuse everything is fastened to 
the ground ; but there ia tlie appeanmce as if something 
were moving along. Each particle of corn in turn deacenda 
and rises again, and, as each ear is a little later in its nio- 
tioD than the one in rear, the state or position in which 
the first was, has travelled to the second. Our first idea 
of a wave is, that it is a state of motion which travels 
along, the particles themselves only oscillating. Our 
second, that this state of motion may gradually change, 
and either increase or die away. 

Suppose we have a series of particles in a straight line, 
let them begin to move up and down, either in this straight 
line, or in any parallel straight lines, so that if one be taken 
whose mean position, measured along the straight line is 
distant x from t)ie origin of measurement, its distance at 
the time I from its mean position is represented by the 
formula 

whereyis any functional symbol. 
Then here, so long as 

is constant, y remains the same ; that is, a " state " travels 
along in such a manner that its distance x at any time t 
is given by this formula. 
Differentiating we have 

„-™^^ = o, 

but -3- is the velocity ; hence the "state" travels with 

the velocity - ; this, therefore, is the velocity of the wave. 
Suppose we call this u, tlien wc have 

}f =afm(vl - ^). 
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The " length " of a wave is liie distance betweeo two par- 
ticlea in a similar state of tnution. If A be this length, y 
muet be the eame for j = ^ and x = x + x. Now f (zj 
will be a periodic function ; suppose ita values recur at 
iotervals of c, 



= «/{'jM-«).} 



Thia is the tjpe of a wave that travels in any one direction. 
But it can also be denionstrat^d that it is the general 
expression for a//wavefl propagated with a uniform velocity 
in one direction without change of form. 

There are a great variety of waves; we may have 
waves tmnHmiltcd through elastic fluidsj where a atsite of 
condensation travels along. We can have them propa- 
gntcd along the surface of an inelastic fluid, as water in 
the form of an elevation. We can have them in solid 
bodies, the particles of which are supposed to oscillate 
about their mean position, and to act on each other with 
forces different from those which would act if the body 
had been fluid. We shall briefly consider these in turn. 
These waves may not travel at all parts in the same direc- 
tion. They may spread themselves out from a centre. 
In nil cases a surface passing through all points in a similar 
state of motion is called a front of the wave. The pha^ 
of Sk wave at any point is the situation of the particle of 
that point considered as affecting its displacement and 
motion. Thus, two particles arc in the same phase when 
their displacements are equal, and motions the same. They 
arc in opposite phases when the displacement and motion 
of one are eriual but opposite to those of the other. 




obscrv:ition. "We must know sometbuig about wli:it we 
have to explain. The experimental facts diviJe tliemselvea 
into three species. First, those relating to the manner in 
which the sounding body mukes llie sound. Secondly, 
those relating to the manner in which the sound when 
formed is conveyed to the ear. Thirdly, those relating to 
the manner in whicli, when tin; eound is thus conveyed, 
we hear it. In regard to the first, it is universally true 
that all sounding bodies are tremulous bodice. All vi- 
braling bodiesj however, do not give sound. In regard to 
the second, it is observed, (1.) that sound eannut be con- 
veyed through a vacuum, Hanksbec suspended a bell in 
the receiver of an air-pump ; the sound died away gradually 
as the air was removed (Pliil. Trans. I70o.) — (2.) Sound 
is not instantaneously conveyed ; the report of a gun is not 
heard until after the flash baa been seen. But all sounds 
travel with equal velocity, Tims the various notes of any 
piece of music played at a distance reach us in perfect 
order. The velocity is found to lary slightly with the 
temperature, and at fifi" FahrenhLit travels at the rate of 
1123 feet per second.-- (3.) Sound, unlike light, does not 
travel necess.irily in a straight line, but on entering through 
an orifice, as a window, spreads out in all dircctiouiJ, but, 
nevertheless, it is heard with greatest disiiuctniss in front of 
the orifice. Tims the sound of a rnrriagc I'an lie heard 
round a corner, but a change in the Inndnesa is perceptible 
the moment when tJie carriage goes behind the intervening 
walls. --(4.) Sound can be conveyed by solid bodies, and 
other fluids besides air, but in passing from one to another 
a considerable portion of its intensity is lost. — (o.) The 
intensity of sound diminishes as the distance from the 
sounding body incroaKOH. But when sound travels along a 
tube, as a speaking pipe, the firadiiaUliininuliouuf lhcfouinl 
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18 very alow. — (6.) Sound travelling throngh n dosty 
fttmosphere produces no perceptible motion in it. — In re- 
gard to the third epeciea of fncts, we know but very little j 
it is eufficicnt for our present purpose that we find in the 
ear vibrating bodies prepared to receive the sound. These 
are the more obvious phenomena. They will serve as a 
guide to the true theory. The true test of that theory 
will be in its exact explanation of more rcfiacd and less 
obvious phenomena. 

Since sound is caused by a body vibrating in air, before 
wo invent any new theory we should prove that none of 
tlie natural consequences of such a motion will account 
for the phenomena of sound. Now we fenow that the 
motion of a tremulous body will disturb the air near it, 
and that moving air the air beyond it and so on. Thus a 
disturbance will be propagated on all sides in the elastic 
me<lium which surrounds the body. Also we find tremulous 
bodies in the ear fitted to receive such vibrations. What 
is more natural than to suppose that these vibrations are 
tlicmsolvca what we call sound? To verify this it is ne- 
cessary to examine strictly the nature of the disturbance 
in the air caiucd by a vibrating body. The investigation 
cannot be given here, but the general result is as follows. 
Suppose a disturbance propi^tcd from a centre in all 
directions, then, — ^first, the intensity of tlie disturbance 
will decrease as the square of the distance increases. Thus 
as the dislurbanee was originally small, the motions at 
some little distance from the sounding body will be quite 
insensible to any of our senses except that one which was 
expressly adapted to receive its impressions, — Secondly, 
the velocity with which any wave travels is independent 
of the nature of tho disturbance, and agrees very closely 
with the observed rate at which sound travels. 

Thirdly, the nature of the motion of the particles is satdf 



that at some distance from the soimding body, the tlircctions 
of oscillation of tlie particles will p.it-s through the centre 
of disturbance aujiposing the propagiition symmetrical in 
all directions, or more generally, whatever be tlic nature 
of the disturbance, the yibrations are normal to the front 
of the wave. In fluids no other viliratious are possible. 

Of course Xewton could not investigate completely the 
motion of sound. That was far beyond the power of the 
mathematics of his day. But, in a wonderful manner ho 
solved to a certain degree the simpler case of the motion of 
the air in a tube. The principle he used, and the present 
mode of reasoning on this subject, are both illustrated in 
the following analytical view of the investigation. 

Whatever the motion of the air may be, we suppose the 
tube so small that we need not consider any motion ex- 
cept that which is along the length of the tube, and ihif! 
motion will be the same for all pnrticlos in the same pcr- 
pendiculiir section of the tube. Suppose, tlicn, that at the 
time t, the particle wliicli when the air was at rest was at 
a distance j: from the origin of measurement is at the dis- 
tance JT + f. Then an element of air wJiose length had been 
ds, is now dx-^(l^, and as the ma^s must remain the same, 
the density which was D is now 



1 + 



".,="('-2)'-> 



The square of f may be neglected, for we know that that 
particular motion of the air which we call sound, whatever 
it may be, is very small. Also the pref:.=urcs on the two 
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and since the preaaure varies as the density we have 

? = "?. 
and therefore tlie moving pressure on the element is 

But the masa moved is D dx ; hence on substitution for p 
the acctlerating force on the element ia 



Thus the force depends on the displacement, and the 
displacement, in its turn, on the force. If we assiime a 
form for the displacement, and then show that this dis- 
placement leads to a force tliat will produce this exact 
displacement, we have discovered a possible motion. And 
if this displacement also agree with all the other coudilione 
of the question, we have discovered the actual motion. 
For it is clear that from n given disturbance under given 
circumstances, only one kind of motion can result. Newtoo 
assumes accordingly that 

f = a. sin {nt — mx). 
The accelerating force ia then, by two differentiations, 

-X7«'.a sin («(-»,.-) 

= - xm=. 
that isi the force varies as the distance from a fixed point' 
and urges the particle towards that point. This force ia 
well known to lead to the very form for f tiiat we started 
with, (Prop, xxxviii. of Book I.) provided 

or the velocity ( — J with wliich the wave is propagated is 
•J K. This, therefore, ia the velocity of sound. 




repreaeiiica oy tiiis law, let U3 taKe an innnite tube, and 
suppose the air in a small \'nrt of it to be set in motion, so 
that it will begin to move according lo the form ive have 
assumed for f. Let the estrcmitics of this part of the tube 
be A anil D, the panicles A and B aod all the remainder 
of the air in the tube is Kitpposed to be at rest. Let us 
now consider the motion during a s:nall time 5 A The 
particles between A and B will, by the above reasoning, 
continue to move according to the law assumed forf. Tlio 
velocity and condensation, therefore, being represented by 

- and — -J— wdl be rcspcetivciv 

- a „ sin (nf - m.r) iui<l « m sin (7, t - m .,). 
Let X be measured in the direction from A to li, which wo 
^ball suppose from left to right. The particle A is at rest, 
the condensation at that jioint and for all points on the left 
of A IB zero. Tnke a particle a on the rii;ht of A, where 
Aa = 5j-, the condensation at that point la indefinitely 
small and is decreasing. The ]iarlicle A will, ihereforo, 
remain at rest. The particle n will come to rest, that is, 
be in the same situation that A is in, at the end of the 
time '.t, where 

u'.l= m '. .1; 
that ia, the left end of tiio [uilsc travels onward with a 
velocity — ^, leaving the air behind it undisturbed. By 

similar reasoning, it can lie shown tliat the right end of 
the pulac travels onward with the same velocity. At the 
end of the time i t, the pulse will merely have advanced a 
space S J, and the circunist;uicea of the motion will be the 
same as before. The same motion will, therefore, be 
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repeated in the next interval, and ao on thrmighout 
all time. 

Thus we Bee a single pulse can be propagated along the 
tobe without nny change in magnitude, form, or time of 
vibration. In order to form tUeae pulses let ua imagine a 
plate to be placed at one end of the tube, vibrating accord- 
ing to the law 

then eacli pulse of the plate aa formed will be propagated 

unaltered along the tube, and the motion at any distance x 

from tbc plate will be given by the law 

= rt sin {ul — mx). 

The velocity of sound ia independent of the values of m 
and B. These are the only constanle on which tlie differ- 
ence between two notes could depend. Whatever, then, 
ia the pitch of a sound, it will travel with the same 
velocity. 

The numerical value of the velocity of sound depends 
the constant x. This expresses the conatnnt ratio of the 
elastic force or preasure of the air to its density. The density 

of the air Newton calculated to be about r . uaft ^^ I"""* °^ '^* 
density of quicksilver, and the pressure of the air is equal 
to the weight of a column of mercury about 30 inches 
high. Hence the ratio of these two ia equal to 

J X f? X 11890, 

the units being feet and seconds of time. The square root 
of this, which ia the velocity of sound, is 979. Sound, 
therefore, should travel at the rate of 979 feet per second. 
The elastic force ;) for a given density being increased by 
an increase of temperature, the result thus obtained should 
be too small in hot air and too great in cold. But thia 



When iNewtoii completed ttiia mvcst.igiiiirtn tiie true 
velocity of sounil was not accurately known. From eoiue 
rouyli cxperimcnls, conducted by Iiimself, lie believed 
that this result was really near the trutb. But subsequent 
experiments showed that it was erroneous by IG3 feet. 
This was a very serious error, and Newton tried to esjiluin 
it away, by saying tiiut no albiwancehad been made cither 
tur tlie crassitude of the solid particles of the air, or the 
presence of vapours. He even attempted to show that 
on taking these into account, the calcnlatcd and obtiervcJ 
velocities were in close nyrecmcnt. Such explanations are, 
however, unsatisfaclory, anil unless some other cxplatialion 
Liid been found, the theory would stand in direct oppusition 
to espcrinient. The theory of sound coutioued to advance 
by the labours of the great niatlicuialicians who fuUowcd 
Newton; the motion of sound in a tube was invcsHgated 
without any assumjition as to the nature of the motion, but 
the discrepancy still remained unexphiincd. 

This was reserved for Laplace, who remarked lliat in 
rapid vibrations, the sudden i-arefactions and condensations 
(if t!ic air must u(tt.'ct its temperature, and therefore its 
elasticity. The amount of this must be determined by 
experiment, and it was sh(iwn that if ^ represent the 
condensation, the form to be U:^cd must bo, not as 
heretofore 

,, = «!) (1 +,,■;, 

but 

/< = «(1 + f3) D. (1 -. .0, 

where 3 lies between ■374^ aiul -4. The velocity of sound, 
tbercfurc, is not / n, iiiit *'«(l + /3,i, Tbe ai^rcement 
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of the observed uid cuIcuUted velocity was now foi 
be very close. 

The value of ■ dependd on the general temperatore of 
the air. By Amootem s law, we know that if > be the 
value at any temperature, the value at any other exceeding 
this by r will be 

X = «« (1 + » I), 

where ■ = 73-r. If, therefore, the temperature of the air 

be C above 60', the velocity of sound will be 1124 

The denionstration we have given of Xewton's propo- 
sition of the motion of sound in a tube may easily be 
extended into a vigorous demonstration. For the accele- 
rating force on any element having been shown to be 

the equation of motion must be 

d e ~ ' d^' 

putting a' for x (1 +^), This equation must be true for 
the motion of sound in a tube under all circumstances. 
Thus, the tube may be finite, open or closed, and the dis- 
turbance may be caused in any manner. The complete 
integral of this equation is known to be 

{=/(«'-')+*("' + '). 

where / and ^t are unknown functions depending on the 
nature of the disturbance and the other circumstances of 
the tube. 

This investigation of the motion of sound in the ur 
depends on the assumption that the medium is a perfect 
fluid. But this is not the case. The effect of internal 



trictioo la lound to consist partly lu a uimimiiian oi me 
velttcity of propagation, and partly in a more rapid ilinii- 
nutioD of the intensity than would correspond lo the 
increase of distance from the centre of divergence. The 
diminution of velocity is found on calculation to he so 
small, that it is less than one foot in 1,578,000 miles. The 
change of intensity, though not so utterly insignificant 
as the change of velocity, is found to be etill iuscnsihle. 
Such small differences as these may lie altogether neglected. 
It is well known that sound dues not always travel in 
a rectilinear direction, " Sounds," Newton remarks, 
" may be heard though a mountain be interposed ; and if 
they come into a. chamber through the window, dilate 
themselves into all [larts of the room, and are heard in 
every corner, not as reflected from the opposite walls, but 
as directly propagated from the window, as for as our 
senses can judge." Lei us iiiiagine a series of waves to 
be advancing directly through an orifice, and let the aper- 
ture be divided into small elements. Each element may 
be considered as the origin of a series of disturbances. The 
disturbance in any part of the raom will be made up of 
those propagated from all the several elements. Xow, the 
motions being all small, it is a well known principle that 
the actual disturbance will be the xiiiii of all those that 
would have been propagated from each separate clement 
on the supposition that there was no other motion at the 
same time in the medium. Each separate disturbance may 
be calculated by the known rules according to which any 
motion spreads itself on all sides. The actual disturbance, 
on which the sound depends, will be represented by a 
definite integral. It is needless to go through the work, 
but the result is, that, provided the length of a wave be 
not very small compared with the orifice — and this is the 
case in sound, and the waves on the surface of water — ihe 
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motioii will be scneible at other pointe of the room, as 
well 83 directly in front of the orifice. Thus Newton's 
expectation was confinncJ, though ho was ignorant of the 
condition on which it depended. But if the length of the 
waves are indefinitely email compared with the size of the 
orifice, — and this is the case in the Undulatory Theory of 
Light,— then it is found that, excepting directly in front 
of the orifice, the definite integral is altogether insensible, 
the condenaaliona and forward motions of one wave being 
Buperimpoaed on the rarefactions and backward motions of 
another in such a manner that there is no sensible disturb- 
ance. Such waves must be considered as being propa- 
gated in rectilinear directions. 

The first step in the theoretical explanation of the sounds 
produced iu pipes was made by Newton. He remarks that 
Sauveur found by experiment that an open pipe about five 
Paris feet in length gives a sound of the same tone with a 
viol string that vibrates a hundred times In a second. 
Therefore, he argues, there arc near one hundred pulses in 
a space of one thousand and seventy Paris feet, which a 
sound runs over in a second of time ; therefore one pulse 
fills up a space of about lOy'g Paris feet, that ia twice the 
length of the pipe. From whence it ia pi-obable that the 
lengths of the pulses in all sounds made in open pipes are 
equal to twice the length of the pipes. Newton did not 
examine any further into the subject, but leaves it for 
others to carry out the theory. Lngrangc and Bernoulli 
were the first to give more minute explanations of the 
leading facts. Since that time, Euler, Lambert, Poisson, 
have developed the subject still further. 

The theory is to a great extent included in the equations 
to the motion of sound in a tube which we have already 
given. It can be shown from these that the motion is 
made up of two waves continually travelling along the tube 



sidereJ as the reflectiun uf the other at the open or closed 
end of the tube. These two waves will ''interfere'' as it 
13 cnlled, and there will be in consequence two seta of 
points in tlic tube, which possess remarkable properties. 
At any point of one set there is no motion in the air, but 
only a condensation. At any point of the other set there ia 
no condensation, but only motion. The first are called 
"nodesj" the other "loops." These points are placed in 
regular order, alternately a node and loop at distiinecs one 
fourth the length of a wave. 

Suppose a tube closed at one end to be sounding a note 
in unison with a vibrating plate at the other. Then clearly, 
since the air must reruaiu in contact with the tube at the 
closed end, there can be no motion there. That point must 
be a node. Since the air moves in consonance with the 
vibrating plate, there must bo no "action or reaction" 
between the air and plate. If there were, the sounds would 
not be in unison, and the note of both the tube and plate 
would begin to change. The pressure of the air must 
therefore be the same on each side of tlie plate; therefore 
there is no conilcnsiilion in (Vont of the plate. That point 
must be a loop. One end of the tube is therefore a loop, 
the other a node. Hence the length [1) of the tube must 

be an odd multiple of ^, where h is the length of a wave. 

Tlmt ia. 

That note which baa the largest viilue of \ which can he 
sounded from a given pipe is railed the "fundaniciital " 
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wave which forme it) all the notes that can be sounded 
from the same closed tube will form the series 



for we have merely to give n all ita values from nothing to 
infiaityi to get all the possible values of x. 

Suppose now the tube to be open at the end opposite to 
that by which ihe air is set in motion. It is assumed that 
at the open end the density of the air must be the same aa 
that of the surrounding air, a fact that is not exactly true. 
Taking it for granted, it will follow thai both ends of tube 
must be loops. The length of the tube lunat therefore 



be an even multiple of -, that is 



The fundamental note corresponds to n= 1 or 

X=2l, 
and all the notes that can be sounded from the same upea 
tube will form the series 

' 2 3 4 5'^^ 

We also learn that the note of the pipe being measured 
by the value of A, it will be projiortionol to the length of 
the pipe, and that to get the same note from two pipes, 
one closed and the other ojicn at the end opposite to that 
at which the air is set in motion, the second must be double 
the length of the first. 

The theory of strivged instruments ia in many instances 
remarkably similar to that of wind ones. The equations of 
the oscillations of a stretched string are exactly the same aa 
those of a sounding pipe. 

Much progress has been made by the experimental re- 
Benrches of Hopkins, Chaldni, Savart, Willis, and others. 



There are a great many otlier waves iiropagateil through 
the air hesklea thoae which can be lieard. Our ear is a 
iiiu:-ical instniraent that vibrates in consonance with all 
notes whose periods lie between two licnits. All otlicr 
suiind waves therefore, though tJieir tlieory U exactly the 
same, are not heard. 

Eesidea these sound wave*, tlicre are other great w;ivea 
which traverse the air in all directions, and whose passage 
is indicated by the variations of the barometer. These 
waves arc very large, and pass over whole continents in 
their course, and seem to recur with some regularity. 
Their theory is differcut from tliat of sound, and as yet 
iuipcrfcctly understood. The examination of ihe " facts " 
coimectcJ with them was begun by Herschcl, and has been 
since continued with much success by AVilliam Birt. 

So also the waves that produce aoundcan travel througii 
other substimcca besides air. The theory is in some points 
dififercnt from that we liavc been considering. 



3. That the ck-vatioiis on the surlitce of water which wc 
call waves are not really tlic transmission of a body of 
water, but merely the movement of a particular state of 
motion, will be obvious on very little consideration. 
First, by experiment, a jiiccc of cork floating on water 
agitated in this manner is found mcrtdy to oscillate, and 
does not advance aa the wave moves onward?. Secundli/, 
by theory, such a disturbance being supposed given to tJie 
water, aa wc know by cx|)Criencc will produce the ai)pear- 
auce of waves, the principles of Hydrodynamics lead us 
in lliF i-nririhisiou that the motion is rcallv of a vihratnrv 
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On ibia aubj«et Newton haa Dot numy propoationB. He 

has shoHm an analogy between the motion of waves and 
the oscillation of water in a pipe. 
Let there be a column of 6aid 
of length / in the U pipe M A nt : 
let the wnter when at reat stand 
at the level Mm. Then if it be 
raised above this level in one leg 
to the height P, it will be d^'prc^sLi) an equal 
amount in the other, say to Q. The weight of water 
teading to pull it bnck again will be equal to twice the 
weight of the colamn P M ; that is, the force varies as the 
(lispUcemeat, and tends to pull the body back to its ori- 
ginal position. This c.ise of motion has been investigated 
in the First Booh, and the result is, that the motion is 
vibratory, the time of oscillation will be always the same, 
and equal to 2 * divided by the square root of the ratio of 
the accelerating force at any distance to that distance. 
But the moving force is twice the column P M, and the 
mass moved is the colamn /. Kence the time will be 

or it varies as the square root of the length of the column 
of water. 

Now, in waves the motion is carried on by the succes- 
sive ascents and descents of the water; hence the time 
that must elapse before any particle now at the top of a 
wave will agiun be the top is 

where I must here be assimilated to half the length of a 
wave. We cannot say they are equal to it, but they will 
increase or decrease together. Newton asaumLS - 
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where A is the length c.f ii wnvi', iiicasuriiig eitlicr fmiii 
top to top or hollow tii hollow. ThU csprcaaimi for tiic 
time is the same as that for the oscillation of ii simple 
pendulum whose length is A. Ilencc a wave whose length 
iserjualto the length of ashiiple peiiihiliini slioukl advance 
a sjiace Cfjual to that length in the time of one vibration 
of that pendulum. The cc/oc/Zy of the \v;ivc will therefore 



be 



1 ,- - 



Thu^ the vuloeity is inilcpeudent of the Lii:Ti;iiltiido of the 
waves, or the deiitiily of liic fluid. It is greater fur hnig 
waves than short one?. The waves of sound iu air travel 
with ctjual velocity, whatever he their len'^ih. The nndu- 
latory theory of liglit rei[uircs tis to believe that, cxee|it 
when light goes through a vacuum, the waves of ilifl'ercnt 
length travel with different velocities. 

Newton does not propo.-^e tliis as more tlian a first 
attempt. He says, " These things are true on the suppo- 
sition that the particles of water ascend and descend in ;t 
right liue. Cut, in truth, that ascent and descent is per- 
formed ill a circle, and therefore I propose the time dclincd 
by this proposition as only iicitr tlie trulh." In motleni 
times the motions of waves have been more accurately 
investigated. If h be the uniform depth, X the length of 
tile waves, v the velocity of prop,i;2alion. 
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If the depth be very great we have 

«=yf^ very nearly, 

and when the wave is very long, 

V = ^ff h very nearly. 
The former of these results is not the same as Newton's, 
but the general conclusion will be unaltered. The exact 
result may, however, be obtained by Newton's reasoning, 
if we slightly change the value assumed for / and take 

The second result admits of an easy demonstration^ 
which we shall speak of in another place. 

[See Note VIIL] 
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CHAPTER VIII. 

THE THEOBT OF THE T1DE9. 

I. Newton's invcetigation on the Tides. 

a. The tides considered as a qnoBtion in the motion of fluide, do- 
I dnced from liic Lnnar Theory. 

$. Oenerol explanations of eiglit phonomorui of the tides. 

y. The ealenlation of the height of tbe lunar and solar tidu. 

l The tides in the moon. 
IL TTw theories that haie hccn proposed eiace Newton's time. Note IX. 

1. The Eqailibrium Theory, 
a. lis fimdamenial tiypothesii. 
0. The results of calculation mndo Mcording to this tbooiy, — three 

kinds of tides, 
7- Airy's opinion of this theory. 

2. The Hjdrodynamic Theory, 
a. Its fundBmcntoI assumptions. 
S. The rcsnlts of calculation, — three kinds of tides. 

3. The Wave Theory. 
a. Consideration of ocean tides. 
B- Rircr tides, rcsolu of calculaiion and exDlanation of the chief 

phen 



The cause of the tides in the ocean liave nlwaya excited 
the curiosity and wonder of mankind. Their regularity, 
the magnitude of the sciile on which they take place, the 
difficulty of conceiving what that power could be that can 
raise twice a day so vast a body of water, all render the 
queetion one of the most interesting in the whole range of 
science. Phitheaa, It ia said, was the firet who remarked 
that the tides followed the course of the moon. But the 
"why" was still as great a mystery as befurc. Galileo 
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thooght he could cxpkin it by a combmation of the rotation 
of the earth about its axis with the annual motion round 
the sun. The impossibility of deducing an explanation 
from these premises of the most ordinary phenomena of the 
tides is evident from what we have said in a previous 
chapter. GalUco, busy in establishing by now proofs the 
rotation of the earth, was naturally inclined to find in it 
the cause of a phenomenon so mysterious, which if it had 
succeeded would have furnished him with a most powerful 
orgument. Descartes had another equally impossible 
theory; it was reserved for Newton to suggest the true 
cause of the motion of the sea. The discoverer of gravi- 
tation could not he long before he saw that whether or not 
it was the only cause of the tides, it must certainly be one 
of them. The attraction of the moon could not be the 
same in all parts of any extended sea. Motion, therefore, 
must ensue. Nor could any position of rest be ever 
assumed, because the earth and moon themselves are in 
motion. And here Newton showed his superiority over 
those philosophers who afterwards treated of the same 
subject. He saw that the motion of the tides was a 
question of Hydrodynamics, and in his First Book he con- 
siders it as such, and has even shown that in one particular 
case the water would be lowest in that part which is 
immediately under the moon. That ho did not do more ia 
no reproach. Even at the present day the theory of 
Hydrodynamics is in its infancy : how impossible then it 
must have been in Newton's time, when the simple lawa 
of the motion of a single particle had only just beei^ , 
understood, to have attempted the consideration of a fluid 
under the action of complicated forces. Newton gives, 
therefore, merely a general explanation of the tides, and 
enters into some numerical calculationa merely as a ^X3\ 
attempt. 



Let ua imagine that a tmifurm channel is cut roiinLl the 
earth at the er[iiator and filled with water: let it Lie sup- 
posed that this fluid ia disturbed liy the action of tlic sun 
or moon; supposed for eim]]licily ai?o to move in the 
equator. Newton endeavoured to discover in what man- 
ner the water would move in this imaginary channel, 
Book I., Prop. Lxvi,, Cor. I'X In considering the motion 
of a satellite 8H]jposed when undisturbed to de^jcribe a 
circle round the earth, Newton has shown that the 
disturbing force will in two diftereut ways cause the orbit 
to become slightly oval, the earth remaining in the centre 
and the greater axis bein_ii perpendicular to the straight 
line joining the sun and the centre of the earth. This is 
somewhat parallel to the case in point. li" each particle 
of water were kept in its place by its centrifugal force 
they would tend to rise at the quadratures and sink at the 
syzygies, they would be swifter iit the ayzygies and slower 
at the quadratures ; they would ebb and i\iivf iu its 
channel after the manner of the sea. But Ihe analogy is 
not perfect, for the water is supported, not by its centri- 
fugal force, but by the channel in which it flows. AVe see, 
however, that an ebbing and flowing of the sea will ho 
produced, though the points of greatest and least height of 
water may be different. This reasoning applies whether 
the disturbing body be the sun or moon. 

Though, therefore, by this reasoning we cannot tleducc 
a perfectly accurate theory of Ihe tides, yet wc are able to 
jicrceive that the sea ought to rise and fall twice iu each day. 
The moon will form at any place two high tides and two 
low tides in the interval between leaving the meridian of 
that place and returning to it again, that is, in a lunar day. 
The sun will also at the same place furm two bi^h tides 
and two low tides in the interval between lu;ning the 
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These two will not appear separately) but a, mix< 
will result from the two. Since both are small, we may 
consider the actual tide as being the sum of the two tides 
that would have been formed had the disturbing bodies 
acted alone. The force of the moon to raise the titles ia 
much greater than that of the sun, as we shall presently 
see, 80 that for most purposes we may altogether neglect 
the solar tide, or rather regard it as a small correction to 
be applied to results calculated on the supposition that the 
rooon alone acted to raise the tide. 

First. The lunar tide follows the moon at a given in- 
terval, called the "establishment." Hence as the moon by 
her proper motion rises every day about forty minutes Inter 
than on the preceding day, the high tide will be as much 
later every successive day. But more minute investigation 
shows that the high tide does not follow the moon's passage 
over the meridian by any constant interval. We must 
make a small correction for tlie effect of the solar tide. If 
the sun follow the moon across the meridian, the solar high 
tide will follow the lunar high tide, and the actual high 
water formed by the union of the two will lie between 
these two tides, and will therefore follow the moon's paas^e 
across the meridian at an interval slightly greater than the 
" establishment." So if the sun precede the moon the 
interval will be less. Therefore, when the moon is in (he 
first and third quarters, the high water is a little later, when 
in the second and fourth a little earlier, than the establish- 
ment would iiidicnte. 

Secondly. At or about new and full moon, the high tide 
formed by the sun coincides with that formed by the moon, 
hence the high tides will be higher and the low tides lower 
than when the moon is in any other position relative to the 
eun. These are called Spring Tides. At or about the half 
moon, the high tide formed by the sun coincides with the 



low tide formed by the moon. Tliey tend lo neutralise 
each other. Tlic high tiiles will be lower lUiJ tlic low 
tirles higher tluii ill otluT liiuc^. Tbr.-^c :ire i:-Ahd Nf;ij» 
TiJcs. 

Thiriili/. Tlic cilectfl of tlic liiiiiinarics depend on tlieir 
distance and vary inversely as the cubes of tbeir diatnnccs. 
Hence the respective tides of the sun or moon are greatest 
whcQ the luminary is in perigee and least when in npogep. 
In winter the sular tides are therefore greater th:in in the 
summer, and the luniir tides liave like cliaiigeti every fort- 
night. 

Fourthly. The effects of the disturbing bodies depend on 
their declinations. If tlie moon were at the pule, it would 
attract the water without any daily remissions of its action. 
The water would assume a position of tiiuilibrium, and 
there would then be no daily tides. Tiui^ as the luminaries 
decline from the equator, their effects become k'ps and less. 

Fifthly. The river tides arc formed by tlie priijiag:jttoii 
of the tidal disturbance from the t^cas wlicre they were 
formed. In these therefore tlic greatest tides occur liiter 
than they should do according to the above statement. 

SUthl;/ Tlie effects of the distuvbinf,' bodies depend cm 
the latitude of the place. Suppose IJic attraction of the 
moon to raise a tide, one of whose highest jioiitta is in la- 
titude a, therefore the other is in IJie other hcmis]ihcre at 
the same latitude. This state of tide n\ one day will travel 
round the earib, the vertices always remaining at the smiie 
latitude a. Then it is clear that the altitude of tlie tide at 
any place will depend on its di(=t:incc from » vertex oi' 
this heap of waters. That place will have the highest 
tide over which the vertex p.isses, and the height at any 
other place ivill be less and less the greiiler the angular 
distance from the vertex ; that is, the greater the difl'erenr-e 
of latitude between tbc place and one vertex. Tlie tide 
will therefore be least at the equator and pi'les, and 
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greatest in latitude a ; thus the height of the tide \ 
with the latitude. 

Seventhh/. But the Jiffereuce between the latitude of the 
place and one vertex ia not the eame aa that between it 
and the other vertex. Hence, though we have two tides 
every day, these two tides will be of unei^ual magnitude. 
The moon's orbit is inclined at but a small angle to the I 
ecliptic ; hence, speaking generally, her orbit will have ■ 
nearly the same position relative to the equator that 1 
Hun's orbit has. A line drawn through the centre of the i 
earth and moon is the axis of the tidal spheroid. The tides j 
which occur on the side next the eun, when the sun bos 
north declination, will be greater than the tide on the op- 
posite side of the earth. Therefore in summer the day tides 
are greater than the night tides; similarly in winter the 
sight tides are greater. " If the pole of the tidal flood 
follow the moon, say at six hours, the pole will be north 
from the time the moon is six hours west of the sun to the i 
time when she is six hours east, that is, from the time when I 
the high tide is at noon to the time when it is at mid- ' 
night." In such a case therefore the afternoon tide is 
greater than the morning tide in summer and less : 
winter. Similar reasoning will apply when the " age of ] 
the tide"i9 twelve, thirty, &c. hours. 

Eighthly. If the tide he brought to any place by two un- 
equal channels, the twotidesfollowing the two transits of the I 
luminary across the neighbouring oceans will meet one ana- J 
ther at this place, and form a compound tide. Suppose one ] 
tide to be delayed six hours, it will be in exact opposition to I 
the tide which arrives by the other path. If the two were 
equal, the waters would stagnate, and there would be no J 
tide at this particular point. But if the luminary be not 1 
in the equator, the two tides are unequal ; hence, compound- 1 
ingthe two, there will be one tide every twenty-four hours..! 

Newton quotes from Hnlley, as an example of this, the J 



port of Bataliam, in Titnquin, l;it 2(1° JO' \. Tiie tUk; 
arrives by two iulcta, one fnun the seas of Cliiiia, ln-'tweeii 
the continent and tiic isliiml of Lcueonia; the otiier from 
the Indian Sea, between tlic continent and the ialand of 
Borneo. " Tlio tide begins every successive day later by 
atout three quarters of an hour; ao that in fifteen days 
the time of liigh water advances froio one o'clock in tlie 
afternoon, for instance, to twelve at night; after which it 
does not advance to one in the morning, but falk hack 
thirteen houra to twelve at noon, and so on perpetually. 
In this way the high water is always in the afternoon 
during the summer half year (March to October), and in 
the forenoon during the remaining half. About the time 
when the tide falls back thirteen hours, the tides are very 
small and scarcely perceptible; at the intermediate times 
they are greatest." {I'hiL rr«/i.f.lS33, page 224. AVliewcll.) 
Let us now follow Newton in his attempt to ealuulnte 
numerically the forces of the sun and uioun tit raise ihi,- 
tides. He first refers to his Lunar Theory fur a calcula- 
tion of the force of ihc eun to draw the moon towards tiic 
earth. AVlicn in quadratures this furce is ,^^^,^^.„ g, 
where y is the force of gravity at the surface of the earlJi. 
"When iu syzygy the force is double this (|uaniity. Hut 
the disturbed budies arc here the iiavtielcs of water at tlic 
surface of the earth, wliicli arc nearer the earth than the 
luoou in the ratio of 60J to 1. These forces must, there- 
fore, be decreased iu the same ratio. The force in quadra- 
tures is therefore j.^^'^, -- , g, and that in syzygy double 
this quantity. The fii'st depresses the water in quadr.t- 
ture, the second raises that in syaygy. Hence the two 
produce the same cfll'ct, and the whole force to rair^e ine 
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The force of the sun, therefore, to raise the tide, will 
be la^Btt 3' ^°' *^^ centrifugal force has been shown 
to be ^ J. The latter r^ea the water to a height under 
the e'juator exceeding that under the poles by 85,472 Paris 
feet. Hence, the sun's force is ^T^th part of the centri- 
fugal force, and will raise the water ^Jp. or 1 Paria foot 
and 11^ inches, about two English feet. 

If the mass of the moon hod been known in Newton's 
time, he might have made a similar calculation to deter- 
mine its force to rai^' the tides. But ho was obliged to 
deduce this mass from the height of the tide itself. " Be- 
fore the-mouth of the river Avon, three miles below Bris- 
tol, the height of the asceut of the water in the venial and 
autumnal sfzfgies of the luuiiuaries (by the observationa 
of Sturmy), amounts to about 45 feet ; but in the quadra- 
tares to 25 only. The former of these forces arises from 
the sum of the forces of the sun and moon, the Utter from 
their difference." 

If, therefore, L and S lire supposed to represent respec- 
tively the forces of the sun and moon while they are in 
the equator as well as in their mean distances from the 
earlh, we shall have L + S to L— S as 43 to 25, or 
L lo S as 7 to 2. N'ewton remarks that the observations 
at Plymouth by Colepress gave a ratio 41 to 23, a propor- 
tion which agrees tolerably well with the former. He, 
however, prefers the former result, because the observa- 
tions were made on larger tides. This reasoning proceeda 
on the supposition that the earth is without rotation, and 
in that case there would be high water immediately under 
the luminary. But this is not the case ; it does not occur 
until three hours after the transit of the luminary. Nei- 
ther does the highest tide occur at the syzygy, but about 
three days after. Newton attributes this to the "force of 
reciprocation," which the water once moved retain a tittle 
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witb great power lor a iittic wiiiic filter tiie moment or 
their greatest slreiigtli, iind tliua continue to raisu the tkk-a, 
But Laplace remarks (iliji;. Cel. xiii., chap, I.) that "vr;u- 
semblable " as this ia, it is nevertheless erroneous, for an 
accurate investigation shows that, notwithstanding this 
continued action of the iLiniiiiarios, the grcatcat full tides 
should occur exactly at the syzygics and the least exactly 
at the qtiadi-aturcB, and that therefore the expliuiation of 
the delay must be sought for in the accessory eircumstanccs. 
It is, in fact, due to tiictiou 

Newton thui pion.cd'* to make sever il " coiToctions" to 
this result winch he t.cncei\e3 to be necessary. He 
observes that the lumimiies arc not m the positions of 
greatest eftiLiency it the momenta ot the greatest high 
tide at the place uncki considerition that therefore it 
is not the whole force ot thc«e lumininca that is employed 
to raise the tide, but this foice uiultii hi,d by the cosiucs 
of certain angles IIl coircct , thciefore, for the instan- 
taneous angulir po-'itions of the luminarit=< at the luomcnt 
of the greatest tide lie al o reniirko lint changes in the 
distance of the moon ire pioduccd 1 y the inerpiality in 
ber motion called the " \ an itu n lud he adds, therefore, 
another correUion for the di tance of the luminary at the 
moment of thi, grcatc t tide But I , lai-e points out that 
this correction ilso h nrjng In iiot it contradicts the 
previous reasoning, foi it the tidi. I e due to tlio accumu- 
lated action of the lumimiiLs diiimg i ttrtain instant, we 
must not cousikr it as |)nirrlion d to ihu force at the end 
of that internal But nhen all toiitctions are a|i]dicd, 
he finds that the "un a foice ni=c3 the tides by 1 foot 1 1 J-, 
inches, and the moon* toice will thcrefoic raise the same 
to the height 8 ft.i.t T^rinLbLS, ind thi, joint action of 
the two to the liin-lit in' ftet and when tho inoi.ii i* 
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in its perigee to tlie height of I2J feet, and more, eepeotsllj*^ 
if the wind sets the same way aa the tide. 

Newton makes some remarks on the observed nature of I 
the tides in different parts of the world. His esjilanations 1 
are not always perfectly correct. To have a full tide j 
raised, an extent of sea from east to west is required of i 
no less than 90 degrees. Hence, lie infers, the tides [ 
in the Pacific are greater than those in the Atlantic, 
and those in the North Atlantic than those within the 
tropics. In some ports, where the water must be forced 
in and out through narrow channels, the Hood and ebb 
must be greater than ordinary, and this force of efflux, i 
being once given to tlic water, may, he argues, coa- 
tinue until it raises the tide as much as fifty feet. But ] 
on such shores as lie towards the eca with a steep ascent, i 
where the waters may freely rise and fall without that | 
precipitation of influx or efflux, the proportion of tha ' 
tides agrees with the forces of the sun and moon. 

The force of the moon being only j;:777^th part of i 
gravity at the surface of the earth, will not be sensible J 
in any statical or liydrostatical experiment, or even 
those of pendulums. It is in the tides only that thia 1 
force shows itself. 

I have already mentioned that the mass of the moon was ' 
unknown in Newton's time. He makes use of the obser- 
vations on the tides to determine her mass and density. 
Her force is TTJi^th part of the sun's force to raise tha 
tides. And, by lunar theory, these forces vary as the , 
masses of the attracting bodies directly and the cubes of i 
their distances directly; that is, as their densities and i 
the cubes of their apparent diameters. These diameters I 
being 31', 16 J," and 32', 12", the ratio of the densities is 
4*891 to 1. But the density of the sun was known to be H 
one-fourth that of the earth. Hence the moon is denser [ 



VI luc iiiuuu IS III iriu true iiiauicitr oi tiii; ijnriii ( according 
to Xewton) as 1 to 3-(jj, llcncc tie mas3 of tlic moon 
is j^, (or neiu-lyj'jjth)tliat oftlie eartli. Itisuowkuowu 
that the true mass is about V^th tliat of the cnrlli. 

If the moon's boily were fluid like our sea, tlio force of 
the cartli would raise tiiics in it. The tide in the inuoii 
caused hy our earth is to the tide iti our sea caused by the 
earth as the masd of tlic earth to the mass of the moon. 
Tliia ratio Newton imagined to be 1 to 39-7B8. Hence 
be concluded the lunar tide was 93 feet. Upon thia ac- 
count the figure of the moon would be a Bjjhcruid whose 
greatest diameter produced would pass through the centre 
of the eartli and exceed the diameters pcrpcudicidar by IfiG 
feet. It might bo supposed that the tidca in the moon 
must be overwhelming. IJut as the moon always turns the 
same face to us, the tide is stationary, and would therefore 
merely affect the permanent aiu-face of the lunar ocean. 
But no sea has ever been dctcL'tcd in Ihc moon. If the 
moon had been ovigiually fluid, or had been created in a 
form which would have no tendency to break up, her 
longest diameter must point to llie earth. Ilunce the same 
face of the moon would always iippcar to us, and llie body 
could not rest in anv other iwsilion. hut would ahvavs re- 
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CHAPTER IX. 

THE CIRCUI-AR MOTION OF FLUIDS. 

1. nie hypothesis of the Cartesian theoiy. 

2. Ncwton*s hyix)thesis as to the law of internal friction in fluids, — the 

motion of a cylindrical vortex — Bernoulli's ohjcctions to this re- 
sult. Prop. LI. 

3. Sonic diflicnUies of the Cartesian theory which arc considered by 

Newton. 

o. The Snn's rotation, lit. Cor. 4. 
/3. The third law of Kepler. Scholium liil 
y. The two first laws of Kepler. Scholium iju. 
8. The density of the planets, liii. 

c. The disturbance of the Sun's motion by the planetary vortices. 
Lii. Cor. 5, &c. 

1. Before the time of Newton the Cartesian theory was 
believed in by almost every nation of Europe. It was 
therefore necessary that some notice should be taken of 
these opinions in a work in which a totjxlly different system 
was proposed for the first time. Accordingly Newton has 
devoted a section to the consideration of this hypothesis. 
The philosophy of Descartes was naturally a very popular 
one. Its exphmations of the general facts of astronomy 
were so exceedingly simple that it required no previous 
learning to enable any one to understand them. Men 
were i)leased to think that in a few minutes they could 
learn the cause of the motion of the planets. The sun was 
supposed to be the centre of a vast vortex or whirlpool, the 
density and angular velocity of the various parts of which 
were different. The planets being placed, each in that 
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ftratum whose density was equal to its own, were lima 
dragged round the sun. Tlioac planets wliich had satellites 
were themaelvca the centres of smaller whirlpooU in which 
their secondaries revolved according to the same laws by 
■which they themselves were carried round the sun. The 
elliptieity of the orbits were accounted fur Iiy supposing 
the vortices theniselves not circular. Such was I he theory 
as given by Descartes. It was open to so many ob- 
jections that it was greatly changed in character by his 
successors. Newton proved that the original theory could 
not be made to agree with Kepler's laws. Bernoulli' 
imagined the vortices to be circular, and accounted for the 
elliptic path of the planet by a combination of an os- 
cillatory movement with the circular motion of the whirl- 
pool. Bouguer then showed that the two portions of the 
curve which the planet would describe in its oscillations 
from aphelion to perihelion would not be ocpial or similar. 
D'Alembert showed that an elliptic vortex was, under the 
circumstances of tlic case, impossible. The theory was 
always unsatisfactory: all sorts of suppositions were made 
in \iun by Iluygeus, Pcrrault, Villeniot, Jlolliercs, tia- 
maches, Sic. They never could explain one phenomenon 
without contradicting another. 

Newton of course considers the Cartesian tln'ory as it 
was originally given by its author. Wo shall confitic our- 
selves within the same limits. The theory has no hmgcr 
any adherent, and tiicre can be no advantage in attacking 
that which no one defends. 

2. If the particles of a lluid did not exert any action on 
each other, a vortex in which the vidocity was any fund inn 
of the distance would be possible. For suppose the whole 
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describe two indefinitely near cylinders with this etnughi 
line as their common axis. Tbe fluid between tbesc two 
cylinders will evidently revolve uncbanged whatever 
be its velocity, and however different from that of tbe 
neighbouring fluid, the normal pressure being sufficient 
to counteract the centrifugal force. There is, however, 
no perfect fluid in nature: if a stream of one fluid bo made 
to [laes througb another, it will carry tbe particles of the 
second aloog with it. A true theory of vortices must 
lake account of this " internal friction" of the fluid. 
NcwtoQ Btirts with the hypothesis that " The retistance 
arising from tht wani of lubricity in the parts of ajluidis. 
Ceteris paribus, proportional to the velocity with which the 
parts ofthejiuid are wparated from each otkerj" 

This hypothesis, as Newton himself remarks, is probably 
not altogether correct, but, nevertheless, there can be no 
doubt that it wilt give us a general idea of the motion. 
The first problem to which we aholl apply it will be 
the following : 

Tko infinite cylindere having a common axis revolve in 
any uniform manner about that axis. Fluid is placed be- 
tween them, and soon acquires a rotatory motion; it is required 
to determine tehat that motion tcill be after it hat become 
settled or steady. 

Divide the whole fluid by concentric cylinders whose 
radii continually differ by Sr. Then we may suppose the 
fluid between any two of these to solidify, and the circum- 
stanced of the case will not be in the least altered, provided 
wc at the same time make Si- diminisl) without limit. Let 
us then consider the friction between any two of these 
solidified cylindrical elements. Let ai and tu + S oi be the 
angular velocities of two consecutive cylinders, and let the 
radius of the surface uf junction be r. It is manifest that 
the relative velocity of the two cylinders is 
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ar 

and therefore the friction which is proportional both to the 
velocity and the number of particles that rub against each 
other will be proportional to 

ar 

In order that the motion of any cylindrical element may 
not change, the friction on its two sides must be equal* 
Hence the expression 



r« 



doi 
dr 



must be the same for all values of r ; call this value — a ; 
hence, integrating, we have 



r 



where a and ^ are constants depending on the angular 
velocities of the inner and outer cylinders. Supposing 
these to be coj co^, respectively, and r^ r^ to be the radii, we 
have the two equations 



fit /* 
"'a = - + ^ 



to find oL and |3. 

In order that this state of motion may be " stable," it 
is necessary that the centrifugal force should increase 
from the centre to the circumference, unless the fluid be 
suflSciently tenacious to resist the change of motion that 
might follow the inequality of pressure. 
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If the fluid be homogeneous, this condition requires that 



a* 
r 



should increase with r. Hence its differential coefficient 
must be always positive ; that is, 

on substituting for a and fi their values, this gives 



00, 2 \ Tj/ 



If there be added or taken away from the fluid and 
cylinders any constant quantity of angular velocity, the 
mutual attraction of the particles of fluid will not be 
changed, and therefore the relative motion will remain 
the same as before. If we impress on the whole system 
such a velocity as to make P = Oy we get 



60 = -; 



a 

r 



and this is the case considered by Newton. Unless the 
fluid be heterogeneous, this state of motion Is unstable. 
Each particle of fluid has a greater tendency to fly from 
the centre than those beyond it, and hence if any circum- 
stance occurs to alter the symmetry of the motion, the 
particles of those strata which have too great a centrifugal 
force will immediately fly from the centre, and the whole 
motion will be changed. This state of motion is like the 
case of a stnitum of a heavy fluid resting on the surface of 



a lighter one. 



ISemoulb, m hm dissertation, eotlTIen " ivciivciiea 
Pensccs sur le Syali'me Jc Descartes a vec la Manicre (Tun 
dJiluire les Orbitea et lea Aplii'lies de I'lauctes," Ims made 
two objcctiona to these investigatious. I-'iist, that 
Newton in calciihit'mg the nmoiiiil of the liictioii hctweeii 
two layers of flu'ul hua not coiis'iJercil the yvcasure between 
those laycra; and, seeoniUi/, that in caloiiiatiiig iho, rffvrt of 
the friction, he hua nut taken into accmint the arjii of the 
lever at which it nets. Bernoulli liien attcnijited toj-how 
that the density, being eupiioseil to vary with ihc distance, 
the motion in the vortex will iigrec witli tliat j^ivcn by 
Kepler's third law. 

But D'AIenihcrt* showed that tliis does n.>l follow fioin 
Geruoulti'a own einialiiiiis, for it appears that he ha^, in 
integrating, oiiiitlc! ilii? lower limit; tliii- lie considered 



./,' 



which is true only when vi is positive, wherciis lie after- 
wards assumes in = — \. The first of Bernoulli's uhjcctiona 
baa been anticipated hy Newton liimself. In the scholium 
to the fifty-aecond proposition, he says, *' The matter by its 
circular motion emleavoura to recede from the axis of the 
vortex, and therefore presses all the matter that lies be- 
yond. Tills preaaure makes the attritiou greater aiul the 
separation of the parta more difficult, and l)y conscriuence 
diminishes the fluidity of tlic matter." D'Alemhert re- 
marks that Mr. Muasehenhrock in some very exact expe- 
riments, found that when the velocity is amail, the friction 
was pro])orlioual to the velocity, and not to the [iresaurc. 
That similar results have been obtaiued by later esperi- 
■n^nt.i;.t. U ,.,.i,l,.nt f,,,in »-l,nt has been said in a nre- 
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Bernoulli's eecond objection has more force, 
to our preceding inTestigation, tlie friction being 



according i 



and the arm of the lever at which thia acta being r, we 
have 

a r 
to be constant for all values of r, this gives 



If a sphere begin to rotate and communicate an angular 
velocity to the surrounding fluid, the inner parts of the 
vortejt will move quicker than those without, and theee 
by friction will be continually communicating velocity to 
those outer strata. The vortex created will, therefore, 
always grow larger and larger, and the motion of the sphere 
will be continuously transferred from the centre to the 
circumference, until it is swallowed up and lost in the 
boundless extent of space. Hence there must be some 
active principle which may tend to communicate velocity 
to the cylinder, otherwise it will move slower and slower 
and finally lose all its motion. If any motion had been 
communicated to the infinite fluid also, the friction of the 
fluid and cylinder will never cease to retard or accelerate 
that body until the whole fluid and cylinder revolve round 
with the same angular velocity. Tins, therefore, ought to 
be the state of the Cartesian vortex. But it \f- well known 
that the planets do not describe their orbits in the same 
time. 

Newton next ai^uca that even if we grant the existence 
of an active principle that will keep up the angular velo- 



exiBung piienomcnti i)y a vonei:: — iiiu iiiiru liiw ui is.ii[hl'i — 
declares that lliu E([iiai'cs of tlio iierimlJc times of tlio 
planets are as the cubes ol' ihoir mean distances, lint Iiis 
preceding proiioaitions have eliown that tliis is ncit the case 
in a vortex. It is true that his reasi>niug Is fouiiduil oil 
two hypothpsea ; ^r.''^ that tlio resistance arising from 
frictiofl varies as the velucity; and, secondly, tliat the 
degree of fluidity ia the aarac ihruiighout the vortex. Ltt 
Hi, however, suppose that the friction varies as the mth 
power of tlie velocity, and the frictional power of tlic 
sevci-al strata as the 7(tli poivcr of the dislauce. Tlicn, 
accordiug to Newton, we liave 



'=(-:;:)" 



Hence, lh:it KcplerV law may he true, ive niu^t Jiav.- 

» + 2 = ^ ,„. 

either, then, m is f,'rcatcr IJiaii iniily, oi' // !.■• ncgaiivc. But 
Newton considered tliat if the resistance did not vary as the 
velocity, it would vary in a Icsd ratio, that is, m less than 
unity, and that if the parts itf the fluid Iiail various degrees 
of fluidity, those parts that had least fluidity would bo 
heaviest, and wouiil, therefore, he fuvllicst from tlic centre, 
that is, n positive ; hence he tliinks that the theory of 
vortices cannot be made to explain tlic third law of Kepler. 
The motion of the vorfL-x cannot be made to agree with 
the two first laws of Kepler, Tlio pliinels move in ellipses 
which are so placed that their iiiajnr ases lire not p;u-allcl. 
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selves elliptical. The fluid bctnecQ two elliptic curves of 1 
motion must always keep between theiOi and tlierefgre \ 
the velocity must be greatest where the distance between J 
the paths is least. But by Kepler's law the velocity is i 
Buch that the areas described are proportional to the lime. 
These two conclusions can be shown not to agree. As aa 
example, let us take the three orbits of Venus, Earth, 
and Mars, " At the beginning of tlie sign of Virgo, 
where the aphelion of Mara is at present," says Newton, 
" the distance between the orbits of Mars and Venus is to 
the distance between the same orbits at the beginning of 
tlic sign of Pisces as 3 to 2. Therefore the matter of the 
vortex between those orbits ought to be swifter at the be- 
ginning of Pisces than at the beginning of Vli^o in the 
ratio of 3 : 2. Therefore the velocity of the Earth at the 
beginning of Pisces should be to ita velocity in the begin- 
ning of Virgo in tlie same ratia But judging from the 
Sun's diurnal motion, we know that the Eartli is xvifter at 
the beginning of Virgo than at the beginning of Pisces. 
Hence the hypothesis of vortices is not reconcileable with 
astronomical phenomena." 

If a body be carried round a vorlcx, it must have the 
same density as the fluid along its path. In that case it 
may be regarded as a piece of solidified fluidj and its cen- 
trifugal force is just balanced by the pressures on its two 
sides. But if the density be different, this balancing no 
longer takes place. The centrifugal force will be greater 
or lees than the difference of pressures, according as the 
density of the body is greater or less than that of the fluid- 
Hencc the body will recede from or approach to the centre 
according as its density is greater or less than that of the 
fluid. If the strata of fluid be not placed so that their 
densities increayod with the distance, not only would they 
themselves be in an unst^ible state, but the globes also, if 
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displaced, wonld not return to their former orbits. We 
should, therefore, expect those planets which are furthest 
from the sun to be the densest ; but the contrary is the 
case. — Principia, prop, viii., book iiL, cor. 4. 

The planets that have satellites were supposed by Des« 
cartes to be the centres of smaller vortices ; but it has been 
already shown, that every vortex continually grows larger 
and larger, and thus every part of the fluid will be agitated 
with a motion resulting from the action of all the globes. 
Therefore the vortices will not be confined to any certain 
limits, but by degrees will run mutually into each other, 
and by the mutual action of the vortices on each other the 
globes will be perpetually moved from their places. They 
cannot possibly keep any certain positions among them- 
selves unless some force restrains them. Forces are ne- 
cessary, therefore, not only to keep the globes turning, but 
also to keep them in their places. 



CHAPTER X. 



THBOBt OF COURTS. 



I. The OoBMU are plaiwti moring in vi 

S, To dctemine Uw panirDlor ortul of ■ gJTcn comet. 

(1.) Thk \mt of a comet preecnta to ub a great mys- 
tery. It oomes unexpectedly, remains but a ahort tlme^ 
often presenting a magnificent specliicle, and tlien dis- 
appears in a manner as wonderful as ita appearance. It 
ta one of those groat problems that God has set befoio 
as. Many of ibc ancients regarded them * as simple 
meteors, sent from the Supreme Being as signs of hii 
anger or prognostics of future events. Others, as the 
illustrious Seneca, had better views on the subject — "I 
do Dot follow the opinion of our philosophers ; I do not 
consider the comets to be pasung fires, but as one of the 
eternal works of nature^"t 

Newton set about the solution of this great problem 
in his usual logical manner. The first point to be settled 
was whether they were simple meteors of our atmosphere 
or not Their want of diurnal parallax is a convincing 
proof that they are at leiast further ofi' than the moon. 
But how mucli further? We must have some idea of 
their distance to determine to what class of forces their 





limn onlinarily elon or fwitt iccorcling tc the jnnitioii iit' 
theeartli. They ha\e, intact, an inninl |iinllin Iheri.- 
fore they belong to tiiu region of ilit j lini.t» Ihi- ii^nlt 
Newton oonfirnia by some (.imaidcratioui on the hii^htnLad 
of their hcids. He i>i'o\ca tliat tht,y ■)hme by rLflcLted 
light, anj then comparing their lijlit with tint of the 
planets, he shows hjw much those per-nna irc miitaken 
who remove the coniet-i ilmift ii t ir ;* the h\cd otara 

If the comets move lu the iLgiun it the jjKncta, they 
must be subject to tin, attnctions iit the sun md the 
other planets. Nejiltctiii^ ior a hiat ij)pio\iiintion tlicie 
latter attractions ciinipaied with that ot thi. aun, \\c know 
that the comet, being atti-iicted toivarJs the aun by a I'orce 
which varies inversely as the square of the distance, 
must move in a conic section with the sun in one focus, 
and describe round it areas proportional to the times. 
This conic section may be either an ellipse, hyperbola, or 
parabola. In the former ease the squares of their ]ieriodic 
times are aa the cubes of their mean distances. This will 
furnish us with a complete test of the truth of our argu- 
ments. By observations luado on the latitude and lon- 
gitude of a comet, wc can calculate its orbit with an 
accuracy depending on the degree of approximation to 
which we have carried tiie solution. We can then deter- 
mine the distance and position ul' a comet at any moment. 
If those results agree with oliservatiou. there can be no 
doubt that our theory is correct. Tlie difficulty of the 
problem is unfortunately as great as its iniportaucc. The 
comets move in audi elongated ellipses, that, aa a first 
apprti.^imation at least, «'e may consider their orbits aa 
parabolas. liul Newton speaks of iho prolilcm, even when 
thus aimjilified, as " I'rnblimu Imca' linu/v dijficiUimiim." 
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'■rbit of a oocnit. One of these may be found in hia little 
Ireatisc De SiisUmatf Mundi, and the other in the Third 
Itook of his Principia. The first is by far the simplest 
of the two. The ^tnall jMirt of the comet's path is con- 
sidered as a straight line, the two parts of which nre 
described by the comet with the velocity it had at the 
beginning of those parts. These velocities are assumed 
to be f'^ times that in a circle nt the same distance. Let 
n first approximation to the distance of the comet from 
the earth at the time of the middle observation be sup- 
posed l;nown, and let us represent it by the letter x. 
Newton then shows how to draw a straight line which 
will be divided by the directions in which the comet is 
seen at the times of the three observations in the ratio of 
the intervals between those observations. If this stmight 
line, thus found, can be described in the given time with 
the velocity given by our assumed value of V, the value 
of X that corresjwnds to V has been found ; if not, a se- 
cond value of X mnst be assumed ; and then by an applica- 
tion of the rule of false, a new value may l>e determined, 
which is nearer the truth, and by repeating this process, 
we can arrive at any degree of accuracy. The value of 

P being therefore supposed known, the velocity, position, 
and direction of motion of the comet are also known at a 
given time. By the First Book we can describe the orbit 
that a body projected in a given manner from a givea 
point will describe round a given centre of force. Begin, 
then, with an approximate value of V, and construct the 
orbit. Make a fourth observation on the comet when at 
a great distance from its position at the three first obser- 
vations. The longitude thus found should agree with 
that in the orbit just constructed. If not, a new value of 

V must be found, and by the rule of false, the true value 
may be continually Approximated to. 
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The other tuethod begins by ae^uming the orbit to be 
parabolic 

Three obaervatioos of a uomet arc Buppoeed to be made 
Rt given times; then the positions of the civrth t, t, T, being 
known, we can draw the directions of the straight lines 
T A, IB, T C, joining tlie comet and the earth at those 
times. Suppose now tliat by 
some means a first approxima- 
tioQ to the distance of the 
comet at the times of the second 
observation has been dis- 
covered, then we can murk off 
u distance t B, and B will be 
one point in the comet's orbit. 
Suppose also that from some 
I properties of the parabola we 
can determine approximately. 
First, the length of the sagitta 
B £ drown from the point B 
of a comet's path in a known 
direction and cut off by the cliord A Cjoining the positions 
of the comet at tlie first and last observations ; Secondli/, 
the ratio in which the chord ^ <7 is divided in the point 
£ ; Thirdly, the lengtli of the chord A C Then, by moans 
of tlie first two properties, we can construct the chord A C, 
and if its length be the same as that given by the thii-d 
property, our assumption ad to the value oi tB was correct. 
If not, by making several trials, and by applying the "rule 
of false," we can correct our assumed distance t B, and, 
therefore, ultimately obtain three i)oints A, B, C in the 
orbit. By a simple construction given iu the First Book, a 
parabola can he described which passes Uirough two poinlu 
and has ils i<icus in the centre of the suu. This will be the 
comet'^ orbit. 
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^ It vUl be ofcverred, retiute tbe di»- 
tmaet of the bbmeI at the time of the obgeri^ion to be 
IcBowa at leMC l yp ii Mi MUdy- Tbe expedient* suggested 
WM to ao oa iihr s bbbD poprtim of each ocbit u rectilinear 
and deaoibed wkli aaiforai BMntioiL Thea four ob«erva- 
tiMH being made at Boderaieiatem^ of lime, four straight 
Baeo are givea, aenM wUcfa a etiwght line is to be untwD 
ae ao to be cot in Aree paits in the same ratios of the 
iiiliiiih of tiBb This geonelrical problem had been al- 
readjr ntved bj Walfi^ Wrea, and Newton, but iU applica- 
tioB to oaneta bad never kd to any ntiBfKtoiy result. A 
Bule waw i df ri tiai wiO ennhto as to nnderstand why. If 
Ae toor Miv^t Goes pan tfaroogfa one point, the problem 
admita of nure Ikan oae eolutioo. Geometers call this a 
porianaaCac eaae^ In tact^ a whole family of straight lines 
can be drawn catting the four straight lines in the re> 
quired fatioA. When the straight lines do uot exactly 
meet in a ptnnt, only one etrai^t line ran be drawn; 
but, as might be expected, the constructiua to draw tliiu 
tine ia aocii ihal any small errur io the data will make n 
Tcry gnat dttn^ in the cutting line. This, Boacovich 
Tcmarkaf, is exactly what occurs in the upplication to 
comets ; the arcs of tfae two oriiits, which are considered as 
strai^t lines, are necesaarily small, and in this ease the 
four straight lines can be shown to meet very nearly in 
one point. 

Newton was not a man to be content with merely a 
general theory of comets ; he at once reduced it to practice. 
He prooeeded to try his method on the comet of 1680. 
By scale and compose, in a 6gure in which the radius of 
the earth was 16^ inches, he determined the elements <^ 
the orbit. Halley afterwards aguiti calculucetl these with 
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greater ucuuracy uy uitiuiiH ui uii 
Moreover, observing that a remarkable comet had ap- 
peared four liraCB at equal iuterviila of 575 years, he tried 
to fiud ail elli|itic urbit whose greater axis should be 
13IH'2957 times the rndiiis of tlic enrth'3 orbit, so that a 
euuift iiiiglif revulvo in it in 575 years. Takinff lliia 
ellipse as the orbit of the comet, the observations from tlic 
beginning to tlio end ivero found to agree as jicrfcctly 
with the computed phiccs of tlic comet as the inotiooa of 
the planets do wilh the theories from whence they arc 
calciilatuil ; and this agreement clearly shows that it wns 
one and ihc same comet that appeared nil that time, ami 
iilso that the orbit of tlirit enriiet has been riyhtly defined. 
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The reasoning by which the law of density of a coiu- 
presaible fluid under the action of a central force was 
found may be extended to the determination of the con- 
ditions of equilibrium of any fluid under the action of any 
forces. This proposition is of course the foundtition of the 
modern science of Hydrostatics, and may be investigated 
as follows — 

To determine the conditions of the equilibrium of an^ 
Jliiidsy acted on by any forces. 

Choose any rectangular axes of reference, and take any 
small element whose edges are parallel to the axes and 
equal to dx^ dy^ dz respectively. Let xyz be the coordinates 
of one corner. Let X Y Z be the resolved parts e)f the acce- 
lerating forces acting on the element parallel co the axes, 
and let p be the density of the fluid. \i p be the pressure 
referred to a unit of area at tiiC corner {xyz), the prcc^sure 
on the side of the element parallel to the [>lane ot y z 
will be 

pdydz, 

which by Law I. acts perpendicular to the face. Tlie pres- 
sure on the op[)osite face will be 



(j.^'[/\lJ)d!jdz; 



and therefore the |)re^sure lending to move the element 
[nuallel to tie :i\i.-^ uf .r it* 
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But the moving force 

f 'S.didy dz 

UimLj to do the sniue, anil ainc« t))c olemeut ici lu eqml? 
brium, the eum of theee two taxuX be zero. 

.■.^^^,x - - - (1, 

By Law 11. ijie pieeuure referred to a unit of area on all 
the facea meeting at tlie comer (xyz) are equal, and aa 
similar reaaoniug applies to all the sides of the element, we 
■hall have 



pY 



ir- 



(2)- 



(3)- 



These three equntions are necessary und sufficient for 
c<{uUibriuD). 

Theiie equations may be put under a form which ta very 
useful, and may sometimee be used independently of any 
axes of coordinates. For draw any curve in the fluid and 
consider on element ds of its arc. Since no assumption 
has been made as to the axis of x, take it as tangent to the 
arc, and if S be the resolved part of the force aloug the 
tangent, the equation (I) showe that 

I <;?_ ^ 



Hcveniug to the old |)Ocition of ihe axes, l)ic rebolved [mrta J 
of X Y Z along the taugent is 



hence 



„rfy 



+ Z' 



: Xrf» + Vrfj ) Zrf.- 



an eqiiiition which wc ah.ill hnvf. t'lTiUPnt in'cu^inn to iieo 
in ilUietrnting Newton's propositions. 

Let iia now consider some of the conseijuencc? of this 
proposition. 

Consv'iiiencc I. In order thiit there may lie cr|uiljhrinm, 
the forces nm\ ileiiMty of the fluid must be suuh lliat 

P X'/j' + p Vi/i' + pZ</r 
is a perffct (iifii'ront.ial, tlmt is, wti must have 



X 



d</ ~ Um • dz ~ d i '-''I'M. 

wc cliininalo p from tlicsc equation?, we jrct 

llencc unlesa thia equation be satisfied there is no fluid 
which will be in cquihbnuiii uinlcr the notion of tlic force?. 
But if the cqunlion be sivtisfied, the law of density niu^-t 
?till be such as to ^itisfy one of the equations {■'}) (6), 
The only forcca we meet with in nature are those whieli 
tend to fixed centres, and vary as sonic fnriclinn of tlic 
distance from those centres. In all such casc.^ tlio quantity 

Xr/j-+ Xdif + '/'dz 
is a complete differcntiiil. For calling r the distance of 
any point from one of the centres uf force, .and ?(r) fiir of 
the laws of attraction, we have 

x = ^?(o-^7'' 

where (1 i- the ahsci-^-^;i nf llic centre of force, and sicnilar 
r:.|,rc^sions bold fur V and A. Hence 
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nnce x—a, ' +tf — f>]^ + z—c ' =r', and hence the aborfl 
quuitity is a perfect diflerentwi. The criterion is there- 
fore MtisGeii, wad it is therefore always possible to find 
A fluid that can be kept in equilibrium hj the forces is 



Comttqmence Ih Def. A mrface along whicli the pre»- 
mre ib the mme is called a level surface. It is also sonie- 
tiines called % surface of ef|Ufil pressure. A surface along 
wbich the denetty is the same is called a surface of equal 
density. Let us call the perfect differential 

yidx + Ydy + Zdz=dV. 
then we have 

dp=f.dV. 
and this cannot exist, by a known theorem of the Dif- 
ferential Calculus, unless the three quantities p, p, P are 
fnoctions, each of each. Hence the density is always a 
function of the pressure, and therefore 

All level turfaces are iilto turfaces of equal density. 
The differential equation to all level surfaces is 
Xdx + Ydif+Zdz=0, 
or, which is the same thing, 

P= constant. 

Def. Tlic bounding surface of any liquid cx[ioscd to 
any constant pressure, as for instance that exposed to the 
atmosphere, is called a yV-M surface. All free surlaces are 
clearly level surfaces. 

T^e resultant of tkeforce$ at any point it perpendicular 
to the surface of the level turfaee jtasting through that 
point. 

Take the point as origin, and the t-ingent plane to the 
surface as the plane of j-j/, so that dz=0, and theaxisof 
z IB normal. Along the surface we have 




Conseqttence III. If the fluid be elastic, Am<»ntcni has 
shown^ by experiment, that there must be the relation 

p=A^(| -fad) 

between p, p, and 9 the temperature, A, is a constant quan- 
tity depending on the nature of the gas, and a a numeri- 
cal quantity = ^^y, nearly. Then we have 

rfp=^rfP, 

dp dY 

or — ~ = 

hence, as before,/?, 9, P are functions each of cacli» so thai 
All level surfaces are surfaces of equal temperature. 



NOTE 11. 

The Iftw of density of the several strata of the air, deter- 
mined by Xcwlon, is not, as we have seen, sufficiently 
accurate to be of any practical ntility. 

Nevertheless the expressions for the density in times of 
the heiglit are not without their use. Thus they enabia 
us to determine the heights of mountains by barometric 
observations. Let p, p , t be the pressure, density, and tem- 
]>eralurc at an altitude z. Let a be the radius of the 
earth, ^0 the force of gravity at the surface Then the 
force of gravity at an altitude z will he very nearly 



'=»•('-%) 



where n is some constant. If the upper station be in the 
air, the law of gravity shows us that 

w = 2; 
but if, as is usually the case, the upper station be on a 
mountniu, the attraction of the elevated ground must not 
he neglected. In this case the value of n will depend on 
thejitrm of the mountain. It is found that 



i^ sufficiently accurate for our present purpose. Retuning 
ilie general form of ff, we have, as before, the two eqtia- 




log. p = t;^^ [z — 71 ^- ] -he. 

^ ^ X (I + « t) V 2aJ 

Let Aq, hi be the heights of the mercury in the barometer 
at the lower and upper stations, and t^, Tj, the temperatures 
at those stations respectively. Therefore the above expres- 
sion gives 

The value of t being constant is taken as the mean of the 
two observed values r^, t,. It is this fact that the decrease 
of temperature is found by actual observation at every 
application of the formula that renders the results so trust- 
worthy. If we neglect z^ the above leads to 

z = 20177 (l -h liLi-Iil lo^r. ^''> 

in yards. The logarithms are in this formula the ordinarv 
tabular ones to base 10, and the temperatures are expressed 
in degrees above 32** F. 

If very great accuracy be required, a variety of small 
corrections for x, a, ffQ are necessary. The correction for 
the variation of gravity with the height may be found by 
substituting the value of ^ thus found in 



-,2 

2 a 



and this is to be added to the former result. 

(2.) There is another very interesting a|»pliration of these 
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formulee which ne find in the second volume of LaplBoe's 
" Jlecanique Celeate." We are enabled to determine in 
some measure the form of the atmosphere of the heaYenly 
bodies. "We have as yet neglected the effect of the centri- 
fugal force ; suppose the angular velocity to be a, 9 the 
co-latitude of the particle of atmosphere under considera- 
tion. Then including this force in our equation we have 

— ?= — -^dj + »*iBin. 9d(xan.i), 
f x' 

where the earth is considered to be a bomc^eneoua ephers 
whose particles attract according to the law of the inverse 
square of the distance. Now along the free surface of 
the atmosphere p ia constant, and . • . dp = ; hence 

— —^dx + m*! sin. i d (x sin. 9) = 



This therefore ia the equation to the surface of the atmo. 
sphere. Let us compare the polar and equntorial diameten; 
Call them 2 R and 2 R'. When j = R we have S, th« 
co-latitude, a right angle ; hence 



when X = R', 9 is nothing, hence 




Now at the equator the centrifugal force i 
gravity, that is 



De part ot the Sun'a atuiosjihcre, tor it has tHe Icirm oi it 
very flat lens, in which the putiir dimncter in far lesa than 
two-thirds tlie efiuatoriiil. Auntlier sufficient reason is, 
that an aliiiospherc cannot extend beyonil the orbit of a 
planet which describes its revolution in a time equal to 
t)ie rotation of the Sun. Ilcnco, as the Sun revolves in 
tiventy-five days and a half, its atmosphere cannot extend 
so far as ."Mercury or Venus. We know that the zodiacal 
light extends much further. It is therefore not part of 
the Sun's atmosphere. Tlic zodiacal li<rht is a Icnticnlarly 
shaped envelope which revolves round the Sun. Her- 
schel (§ 897.) conjectures it to be no more tlian the denser 
part of that medium which re.^ists the motion of comets, 
loaded perhaps with the actual materiais of the tails of 
millions of those bodies, of which they have been stripped 
in their successive perihelion passages. It is an illuminated 
shower or tornado of stones. Accurdinij; to Professor 
Thomson, the inner parts of this tornado are always getting 
caught by the resistance of the Sun's atmosphere, and 
drawn to his mass by gravitation. Tht-y are atwjiys 
approaching the Sun, but very gnuhialiy, and lie asserts 
that the mere fall of these aerolithes on the Sun is sufR- 
cient to account for the permanence of tlie Sun's heat. 



NOTE III. 

The nhole calcutatian of Newton is fouuded on the 
suppoBition that the earth ia homogeneoue. Taking this 
for granted, it is possible to investigate without nny long 
aoaljeis the form of the earth. We cannot easily prove that 
the spheroid is the only form of cquitil)rium, but we shall 
Bhow that it ia at least one of the forms of equilibrium. 
That therefore if the earth had been originally fluid, it 
might have assumed a spheroidal form ; or if not originally 
fluid, yet if created in this form that its several parts 
would have no tendency to break up. 

A spheroidal mass of homogeneous fluid revolvei round oft 
axis with a uniform velocity; to determine if the equi- 
librium of the fluid be possible, and if so what is the 
ellipticity of the surface. 

Let a, b be the axes of the surface, e and t the e 
tricity and elUpticity of the surface, then by d.finition 



'=>-(D'- = 




Let the axis of revolution (i) be taken ae the axis of z, and 
let the centre be the origin. Let tu be angular velocity, 
f the density of the fluid. It is well known that the at- 
tractions of the spheroid on a particle whose co-ordinatea 
are xyz resolved parallel to those axes are respectively 

5^f { vTTTnin-' .-.(I-.-)}' 



Srpf 



^\ -e'sin-' e-e(l-e*) [ 
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I e— Vl — e^sin-* e\z. 



2yf _ 



For brevity's sake call the coefficients of Xy y, Zy A, A, B. 
Then, according to the notation of last chapter, we have 

X=-(A-««)ar 
Y=-(A-«»)y 
Z = -Br 

The equation to the surface is 

Xdjr + Ydy + Zdr=0 
or (A— ««)ar£ip + (A— ««)ydy + Bzdi=0 

integrating we have 

A — a* 

— ^ — (^* -f y*) 4 z* = constant, 

the equation to a spheroid; hence the equilibrium is 
possible. The eccentricity will be given by 

^ ^ B 

or by substitution 

«« 3(1 - e») (3-2 e«) sfT^T^ . , 

3 CO* 

The quantity j — ^ the same as 

ool^a ^ centrifugal force at equator 
4 "" equatorial gravity 

o 

and this we usually denote by the letter m. Hence the 
equation to find e becomes 

T S 
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,^j (3-2e=)^n 



We bave already seen that m is nearly j^g, whence we find 

_ J^ 
' ~ 232' 
If a curve be constructed of which the abscissa is e and the 
ordinate the left hand side of the above equation, it will 
be found to resemble from e = to e=l, the line OEBC 
where 0C = 1. Take OG=g»n, and draw GEF parallel 
to the axis of X, then we see 
that tlie curve cuts this straight 
line twice, and each of these 
' points corresponds to a value 
of e that will satisfy the above etiuation. It would appear 
that for tlie same viilue ol' to there are two values uf «, G E 
and GF, which are consiiiitent with equilibrium. But it 
does not follow that if a vaasn of fluid he set in motion 
with an angular velocity w that it can take either of these 
forms. There is another condition to be s.itisfied. There 
is a certain principle in mechanics, called the conservation 
of areas, which teaches us that " if any number of bodies 
revolve round a centre, and are acted on only by their mu- 
tual attraction and by forces directed to the centre, the sum 
of the products of the mass of each by the projection on 
a given plane of the area which it describes round that 
centre bears a constant ratio to tlie time." Hence the fluid 
must take up such a form that this ratio shall be the same 
as that in the fluid as originally set in motion. It requires 
but little consideration to perceive that for two forms so 
diflerent that one is nearly a sphere and the other ex- 
cessivelj' elliptical, it is impossible that the same angular ve- 
locity cuuld sweep out the same areas in the same time. 

This form of equilibrium of the earth is stable, for if 
the form were, by any chance, to become less spherical, 
by the principle of the conservation of areas, the angular 
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velocity would decrease^ and therefore the earth would 
return to its original form. So also, by similar reasonings 
the same would occur if the earth were to become less el- 
lipticaL 

If s be small, it is easy to see that the preceding equa- 
tion leads us to 



since 2e^ = e, when the powers of e higher than the second 
are neglected. 



T 4 



NOTE IV. 

6. The problem to determine the ellipticity of a planet 
ooDsidercil as heterogeneous, is by no means an easy one. It 
certainly was beyond the poivera of an age when the laws 
that govern the equilibrium of fluids were almost unknown. 
Newton determines the form of equilibrium from the con- 
dition that the weights of all columns of fluid, from the 
centre to the surface, must be equal. This, however, is 
not sufficient for equilibrium. Huygena added afterwards 
another condition, that the form of the surface must 
always cut perpendicularly the direction of the resultant 
force. But even these two conditions together are not 
sufficient, Clairaut (Figure de la Terre, Chap. III.) gave 
an instance in which, under a particular law of gravity, 
the particles of fluid could be so arranged that both these 
conditions were satisfied; yet he also showed that, so far 
from the fluid being in equilibrium, it was actually impoB- 
eible for any fluid to rest in equilibrium under the action 
of these forces. It was Clairaut who first investigated 
all the necessary conditions of equilibrium, and showed 
that both the principles hitherto used were included in the 
one he proposed. Hia famous work, " TlUorie de la 
Figure de la Terre," was pubh shed in 1743, and in it he 
applied his theory to determine the form of the earth 
considered as heterogeneous. Very httle has been effected 
in this subject since his time. The form of the inveati- 
gatiuu has been changed, but all the results remain essen- 
tially the same. The form of the earth, whatever it may 
be, must consist of " level " strata of equal density, of 
which the surface is one. Clairaut assumes all these to be 
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epheroida, having their minor nxea in the suQie direction, 
but not neceasarily of the eume ellipticity. He then shows 
that when there is a certain relation between the density of 
any etratum and its ellipticity the fluid will be in equili- 
brium. Assuming that the density increases with the depth, 
it follows that the ellipticities muat decrease from the surface 
to the centre, so that the strata are more and more nearly 
spherical the nearer tliey are to tlie centre of the earth. 
Suppose the earth to consist of a spheroidal nucleus 
formed of spheroidal strata of different densities, sur- 
rounded by a very thin layer of fluid (the soa), and sup- 
pose the laws of the density and the ellipticity of the 
strata to be any whatever, except tliat the ellipticity of 
the outermost stratum is the same as that of the thin 
layer of fluid upon it, then if G be the equatorial gravity, 
g the gnirity at latitude A, i the ellipticity of the outer- 
moat stratum, m the ratio of the centrifugal force at the 
equator to the equatorial gravity, 



= U (1 - 



^-K) 



This is a very remarkable proposition : the law of gravity 
along the surface of the earth is then quite independent 
of the law of density in the interior. It also furnishes us 
with a method of determining the ellipticity by observa- 
tions on the force of gravity in different parts of the earth. 
It is usually called "Clairaut'a Theorem." 

If the earth was nut originally fluid the strata of equal 
density may not have been epheraidal. But merely 
assuming that they diScr but little from spheres, and 
that the surface is covered by a fluid in equilibrium, 
Laplace has shown that the cliangea in the force of gravity 
at the surface, and for all external points, is quite inde- 
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pendent of tlie nature of the internal structure. There u 
a certain general connection between the form of the 
surface anil llie variation of gravity which he estabhshea 
on the above suppositions. This general connection has 
been lately demonstrated without making any hypotliesia 
respecting the distribution of matter in the interior of the 
earth, but merely assuming the law of univeraal gravita- 
tion. 

The investigations of Laplace lead to the same result 
as those of Clairaut, but there is tliis difference between 
their modes of reasoning. Clairaut assumes that the 
forms of the strata are Bpheroidal, and then shows that 
the whole will be in equilibrium. Laplace merely assumes 
that they differ but slightly from spheres, and then de- 
duces from the condition of equilibrium that their forms 
are spheroidal. The solution of the question would ia 
fact lead to a functional equation : we cannot write dowa 
the condition of equilibrium without knowing the attrac- 
tion, and we cannot find tlie attraction without knowing 
the form of equilibrium. The analysis by which Laplace 
was enal>led to prove the strata spheroidal is entirely his 
own invention. Its power is very great, and in many 
other investigations it has proved a useful engine of dis- 
covery. 

6. We have seen that the earth cannot be homc^eneuua; 
we have also learnt from the investigations of Clairaut 
and Laplace that it consists of strata of diderent densities 
increasing from the (.'ircumference to the centre : it becomea 
au interesting question tu determine this law of density. 
Legendre was ihc first who ascertained what ia very 
probably the true law. But it is the more finished results 
of Laplace that we shall now consider. They are entirely 
built upon one assumption. We know that in gases and 
fluids the ratio of the change of pressure to the cliange in 
density is constant. But in solids and semi-fluid bodies 
it is more natural to suppose that this ratio increases with 
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the deneit^. The moat simple assumption k to suppose 
that it varies as the density. Supposing this to be the 
truth it is not ditfieult to investigate the density of the 
strata. But it is an assumption, and must stand or fall 
according as its results agree with, or differ from, those of 
observation. Fortunately it enables us to integrate the 
equation connecting the density and ellipticity of any 
stratum, and thus the ellipticity of the external stratum 
fumishee us with a test of the truth of the law. 

Taking for granted the truth of the law, a very simple 
calculation will give us the corresponding law of density. 
Let UB consider the earth as a perfect sphere, and let us 
neglect the effect of the centrifugal force. The strata 
of equal density will then all be spheres. Let p be the 
density of that stratum whose radius is x. Let p be the 
pressure at that stratum referred to a unit of area. 

We have first to find the attraction on a particle situated 
in the stratum whose radius is r. The attractionij of all 
the enteraal strata is manifestly nothing. To find the 
attractions of the internal ones, we have merely to suppose 
them concentrated into their common centre and attracting 
according to the usual law. This will manifestly give 



'AC 



wliere p, is the force of attraction of a unit of mass at a 
unit of distance. 'I he law of fluid equilibrium will theo 
give 



dp=- 



^■J} 



x'dx.dr 



-(!■) 



Also we have by our assumption 

dp = ^f.df> - . - - (2.) 

wheuue wc get 
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-\j:> 



or, which ia the aauie thing. 



4^M ^ 
(lifferentiatiug. 



') = -/■ 






(3.)i 
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X a'fT , 

tf for the sake of brevity. We have now ■ 



The integral is well 




differential equation to find f i 
known to be 

p r = A ein (y r + B). 

Now because the integral io equation (3.) has r = for its 
lower limit, it will be found on substitution that this value 
of p r will not satisfy it unless B = 0. Indeed, if B were 
not zero, we would have the density infinite at the centre^ 
wliich is manifestly impoBBible; for, no matter how great 
the pressure may lie, it must still be finite. 
We have then 



\ 



This gives a density gradually decreasing from the centre, 
and therefore not contrary to what is a priori probable in 
the case of the earth. 

The values of A and q Imve yet to be determined. But 1 
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iaw. 

becao^ Trti rs?^ ^i-ij ;i:' ua imt jjaii' c' ;:■.* s^r k-*,i 

poiilioa « -^ _rt= : 1^-;;^ .' -.:.;*; —.-s-./^-r* •^u'.;- 
festlv- tiejesl ■:•- i^-i li» L?::rr::u: - »-■ r. is; .ii7&::\ c-i 
ihe i€veral iti»:i »ir,^ Tn :^ : ._ : -:; '^# V^v;*. ;v..i.ii-, 
anil it is lonnd :'r^:. liklr; :■; %',■ »i .4i» ,;' ."\-.^s^:> . iln- 
precf^sioD fbc-uli s:^ ui.: ;. '". .'" f-. Vlio .■',v-ir\t>l 
precession is 5U •!. 

2. The dliinciir ci" the ,ir:K ij ,-.4;;s,\i In ii> n.t-uu-ii. 
and de[>cQJs also on the law . l' ^il•ll^i:v .ifiis slniM. I'lu' 
calculated result i- ; = , . ... Tlu- ivsnll .-1* ■■.M.li'li.' 
ineastires i;^ =- = ,^,-. 

It Is upon tlie ivinarkulili' ivin'oiiu'iil .'I*. mi -iii'in'ii imi 
with obscrvatiou iu tlicso twn imsi^s iImI .■ilv Ii,li,i In ili.^ 
law 18 rounded, 

7. But Ihuughwc have ihii.- iiiv.-il- III,.. Ii,w..i ,1, „ 

fiity ot'tlie 8ti-a(a, il is no) In lir ili.irlnir < In.l. .1 iIm.i 

the earth is »-(iliil thron^huul : mi ilu • r.iiiini \, i\,. ,-,1. ,,i 
which the Icmpcraliiri' iri<:n;i'i ■' «iili il.i- i|r|iili i. ■„ \, 

that if continu(!d i'.r 2.1 in'rl'^. iIk- Ij'hI »',iiM I., .'.ill 

under a pressure (ifonc irlKi'i^plnn , i-. n.' Ji n . (...ru.., ..i 
granite, li, thnn, th<: iiiiiiii.r '.i il>' mu'Ii i> vxi m :\ 
molten strata who-'; d'^niili'r.i '.Ic / ilu-, l.i .v uln ..'(/ ..,.•. 
tigated? and if v., what i» il- il,.-).),... -,1 <( / 
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Mr. HopkinB has performed some very laborious calcula- 
tions with a view of determining this question. He 
begins with some general remarks. There are two ways 
in which a body may cool, by conduction or convection. 
The earth being at first fluid, would begin to cool by 
convection. Now the temperature and pressure will both 
be greater at the centre than near the circumference. 
Because the temperature la greater at the centre, the body 
will solidify first at the outer parts, and the earth would 
become a crust containing a heterogeneous fiuiil. But 
because the pressure is greatest at the centre, the body 
will tend to solidify first at the centre, and thus on cooling 
it would become solid throughout. We cannot tell which 
is the predominating cause, and the investigation of the 
earth's refrigeration leaves the point uncertain. But 
there may be other teats whereby we can determine this j 
question. 

The precession of the equinoxes is caused by the attrac- 
tion of the heavenly bodies on the ring of matter surrounding 
the earth's equator. One consequence of this attraction 
we have already seen to be the recession of the nodes in 
which it cuts the ecliptic. But this ring is fastened to thft I 
earth : its nodes cannot, therefore, recede as fast as they ' 
would do if the ring were left to itaolf. The earth is a 
heavy load which it has to pull round with it. The leas 
this load the greater would be the precession. If the 
interior surface of the solid crust be spherical, then neg- ■ 
lecting the friction between it and the interior fluid, thtt I 
ring of matter surrounding the equator will only have to | 
pull round with it the solid crust ; the fluid will not turn I 
with it. Hence the precession will be greater than if thft | 
earth were solid throughout. 

But the interior surface of the crust cannot be supposed 
spherical ; it is most probably spheroidal. Supposing it 
80, there will he pressures between its interior surface and 
the contained fluid, caused partly by the motion of the 
spheroid and partly by the tidal actions in the fluid caused I 
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by the attractiona of the Moon and Sun und by the centri- 
fugal furce. These pressures must of courae be taken into 
account. 

It would be uninteresting to follow atep by step the 
process of the investigation : they are very long, and I shall 
therefore confine myself to stating the results. Mr» 
Hopkins * finst considers the earth as a homogeneous 
spheroidal shell filled with a liomogeneous fluid of equal 
density. The two surfaces of the shell are supposed to 
have equal ellipticities. On these suppositions he cal- 
culates the disturbing forces, forma the differential equa- 
tions for the motion of the pole, integrates them, and by 
interpretation arrives at the following results. 

" 1. The procession will be the same, whatever be the 
thickness of the shell as if the whole earth were homoge- 
neous and solid. 

" S. The lunar nutation wilt be the same as for the 
hotnogeneoua spheroid to snch a degree of approximation 
that the difference is inappreciable to observation. 

" 3. The solar nutation will be sensibly the same as for 
the homogeneous spheroid, unless the thickness of the 
shell be very nearly of a certain value, something less 
than one-fourth of the earth's radius, in which case the nu- 
tation might become much greater than for the solid sphe- 
roid. 

" 4. In addition to the above motions of precession and 
nutation, the pole of the earth would have a small circular 
motion, depending entirely on the internal fluidity. The 
radius of the circle thus described would be greatest when 
the thickness of the shell would be least, but the inequality 
thus produced would not for the smallest thickness of the 
shell exceed a quantity of the same order as the solar 
nutation, and for any but the most inconsiderable thick- 
ness of the shell be entirely inappreciable to observation." 

Thus it appears that the etfect of these pressures between 

■ PhiL Trans. IS39. IS«0. IB4I. 
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the ehell and the contained fluid is tbat the general efieot la 
the same as if the whole were solid. This method there- 
fore fails to tell ub anything of the thickness of the crust. 
But when we proceed to consider the case In which both 
the solid shell and the incloBcd fluid are of variable dcQEity, 
we arrive at a different result. The disturbing forces will 
of course depend on the law of density : taking the law 
which we have already investigated, we can calculate these 
forces and compare them with those obtained in the case 
of a homogeneous shell. The required alterations can then 
be made in differential equations of the motion of the jxile. 
We can thus find the precession. In order that the result 
thus found may agree with that found by observation, thers 
must be a certain relation between the ellipticity of the 
internal surface of the solid part and the mean thickness of 
the crust. This internal surface is a surface of equal soli- 
dity. If we knew, then, what function the solidity of a 
body is of the temperature and pressure, we should be able 
to express the ellipticity of a surface of equal solidity ) 
a function of the depth. By equating the two values thi 
found, we should have an equation to determine the thick- 
ness of the crust. But we do not know the law of tha 
ellipticities of the surfaces of equal solidity. If heat did 
not affect solidification, they would be the same 
the surfaces of equal density. If density did not affect 
solidification, they would be the same as the surfaces 
of equal temperature. But both are acting causes. 
Hence the ellipticity of a surface of equal solidity passing 
through any point roust lie l>etween tliose of the surfaces 
of equal density and equal temperature passing through the 
same point. The ellipticity of the former decrease, those 
of the latter increase, from the surface to the centre. 
Hence, in order that the numerical value of prcces^on may 
be accounted for, it is sufficient that the thickness of the 
crust shall not be less than a certain value, found to be 
about one-fourth to one-fifth the radius. 

This reasoning fails therefore to give more than aa 
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tainin.? tte igpf e ni' -T^ u »iJi:i ioBi* Ziztij i:^i;^ 
great pressures. An fc^MCZT ;:" -Jxn; -rts z'Tt^ K ;be 
meetin? of tb« B.-iii^ .V^t-iia:: ^ '^^i-ir driilTy ,vo 
pleted thcT will lorow c:^a.: I^'iT - lizi ::.'..iz-;ss .r' :rrf 
eanb 5 cmsi. 

8. It is not 10 be =T;jr«:f=e>i ii: n: :aei?ire* wtr? TiaitT- 
takeo to discover fcr icr^al ^":<Krrirl,r. :>.£ ill;; :;,.*i:j ci 
the globe : nich meaiorci ^ikjIJ t-e i:: ei^'tHf::; :«; ik" the 
truth of the lhe.irT. There are t;r^< onthoJr bj whioh 
this may be tfftcteJ. Tiic earliei: c:' ;hef* is : y mcasniv- 
ment of the length of a degree in Jitlercai latiiuilc*. ,Thf 
length of a degree varies as the railius of curvature cf the 
elliptic meridian, and therefore increases from the i-.iii;>tor 
to the poles. Xow when the ellipiioiiy is ::ivfn. wo oaii 
express in terms of it the latitude and c.[ii;itori:ii nuliiis, 
the length of a degree at that place. By twii nieasiin'- 
ments of degrees we get two eipiatiou?, iind ihci-i'f.To i-aii 
eliminate the efiuiitoriiJ radius and iiiul t!ic rlUiiiiciiy. 
Some of these measures were etlbi'ted hofiife N.'winu'-' 
time, and their results, as wc have scon, wore u-fd hy liiiu 
in determining the cllipticity. In lliS4 Cai'siiii im':isiirrd 
an arc of eight degrees," and found, lo tin' ut^totiisluiiiMil uf 
every one, that the length of the dc^i\'r slu'ili'iu-d iin hr 
approached tiie poles. This was iit diri'd <i|ipi>.''ilii>ii l.i 
Newton's theory. It was objci-lcd thai lh.> .iiir.Triin. I.i- 
tween the measures of two ruTiscculive ilc;;rroH wri-< "n 
small, that it was possible that (he errors of iphmTviilioii 
might make that which wan really llii! h'x-ci- njjpiiu' In I." 
the greater. To settle this driuM it, w:ih d.'liTiiMr..>i| llml 
three ares should he niea-Hiircl. (iodin, Humi^ihi- jmrl 
La Condamine were sent to I'itu Id )7:'..'< !■< ini-ii'iii- iii> 
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arc near tlie equator, and in the succeeding year Manpcr- 
tuis, Claifiiut, Camus and Le Mounier went to the Gulf 
of Bothnia, while the French arc was measured by the 
Cas^nis and LacatUe. h 

The result was decisive, that the degrees shortened frooi^fl 
the poles to the equator. But the three values of the 
ellipticity thus determined were very different. The 
observations of Peru and France gave jjj, those of Peru 
and Sweden j-f-j, those of France and Sweden ^ij, but on 
making some necessary corrections they gave yjy. So 
great differences would seem to imply that the earth 
differed considerably frona a spheroidal form. This, liow- 
ever, may be partly accounted for, because two of the 
measures were in very mountainous countries. A great 
many measures of degrees, both along arcs of the meri- 
dian of a parallel of latitude, have been since undertaken. 
It would detain us too long to consider them individually. 
The most probable value of the ellipticity as deduced from i 
them is f= -003352. 

The second method has already been alluded to. 
Clairaut's theorem we can determine the force of gravity 
at any place in terras of the latitude, the eccentricity and 
the force of grawty at the equator. Two observations of 
the force of gravity will therefore enable us to determine 
the ellipticity. The force of gravity, as we shall show 
when we come to speak of the pendulum, may bo de- 
termined by the use of that instrument. It may also be 
found by comparing the weight of a body with the strength 
of a spring, or indeed any force that does not vary with 
gravity. The former is the most accurate. 

By a comparison of a great number of pendulum obr^fl 
eervations Airy has deduced e = ■003535, In the article> 
" Figure of the Earth," in the " Encyclopajdia MetropoU- 
tana,"the Astronomer Royal has foimed a table of aevenly- 
nine pendulum observations. Thirty of these he has set 
apart as being " useless for the investigation of the earth*! _ 
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form." If <7 be ibe /i'l-ce of craviTj izi UiimAc '^ ihcvt \>\- 
Clairaiit"s theorem 

The values of n anJ U iliai are ffumi lo fuii l>efi whh ilu 
forty-nine " firsi-raie obseTratioiiT " arc 
n = - 005,133 
G = t' >t 3SHi]i"7 
Now if m be the ratio of ilie coniriliipil U'roc :it i!h> 
equator to equatoriitl graTity. 



whence since m = ■0034072, the clliplii-'iiy U i\i>ily s.i'ii 
be E = -003535. 

The above expression for y cn;ilik's n;* In HuA ih.- \\< 
of gravity in any latiludf. I'ruui n ciiiiipiiii-t'ii "I' 
results of the forty-nine obscrvationrt wilh tlmsi' i;i\rn 
this formula Airy has deduced. 

1. That, cfElcris paribus, gravity is jj;rr;i(i'r on iwliii 
than continents. 

2. That in high nortli ktituilc.^ ihr Inrrnula -nyo 
small, and about hititudc i-'j" too l:ti'irr ii vuluc nl ./ ; n 
the equator the errors .ire about e([iiidly liahitii-cil. 

3. There is no reason to tliink ;^ravily I'l hi' ililhn 
in different longitudes, na tlic irrcgiiliirilii'H rm ililtiii 
meridians do not appear greater tlian l\\um iil. pliift'- in 
one another, Nor docs it appear tb:it iIiit'' i« i>iiy 'Mil 
enCG between the nortliern anil nontli'Tn hi'riii»|Ji''ri-a. 

The observations were all reduced to Ihf \'-vi-\ ni i 
sea by Dr. Young'a ruh:, whl''h inalcH »ii uWhw^m--'- 
the attraction of the earth -Jf-vi- lli'^ !'v. i '.I lb-' ■■ 
But it has been pf-intwi out by l'r'.((-«'.r Si'.k' -, i; I 
" Transactions i.fthefftmbrid^'nS'.fN.'ty" Cor Ul'J. tb.l t 
rule doe? not talie int/^i a^yiount «// tb': "(fi'M '.f ib- rr 
gular dUtributlon of land and "-a. - //,■*,</.. lb- •.<!>■ 
tioD of the land lyinj: imiri'-Untfly ut.'Ur a '■/•(.* <u'i. 
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station, between it and the level of the sea, the more dis- 
tant partB cauac an increase in gravity, since the attraction 
they exert b not wholly horizontal, on account of the 
curvature of the earth. Again the horizontal attractions 
due to the neighbourhood of a continent would cause a 
plumb line to point slightly towards it, and since a level 
surface is everywhere perpendicular to the vertical, the 
level of the sea must be higlier than it would be if the 
continent did not exist. The correction therefore reduces 
the observation to a point more distant from the centre of 
the earth than if the continent were away ; and therefore 
on this account gravity is less on a continent than on an 
island. The investigation shows thia latter effect more 
than counterbalances the former ; so that, on the whole, 
gravity is greater on an island than on a continent." 

It is also probable that the cllipticity deduced by Airy 
is a little too great, owing to the decided preponderance 
of oceanic stations in low latitudes among the gronp 
where the observations were taken. On looking at the 
expression for g, we see that, in consequence, the calcu- 
lated values of gravity would be a little too small, par^ 
ticularly for places near the pole. This will enable us to 
ahow that Airy's second conclusion ia a mere repetition 
of the first; for that in high north latitudes, the formula 
should give too small a result is no more than what we 
should expect ; while about 45', the places of observation 
being all continental, the formula naturally gives too lai^ 
h result. Thus we are now enabled to account, at least 
in great measure, for the anomalies that Airy has noticed. 

In considering the earth as an irregular figure, we must 
define what we mean by the ellipticity. Let a be the 
mean radius of the earth, r the radius of any point whose 
colatitude is fl. Then since the earth is nearly a spheroid, 
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pUce to place, are irregular, and always very Bmalt, The 
mean of all the values of the above fraction may be de- 
fined to be the ellipticity. We cannot observe directly 
the value of r. In practice, therefore, we replace this 
fraction by another which containa ff instead of r. If we 
could make a vast number of observations in all parts of 
the world, no further correction would be necessary than 
merely taking the mean of all the observed values of i. 
But as all our observations are made on land, and are few 
in number, our errors may all tend in one direction : it is 
therefore necessary to reduce our results to the surface of 
the spheroid. 

The third method of determining the ellipticity is 
founded upon astronomical observations. If the earth 
were a perfect sphere and homogeneous, the elliptic orbit 
of the moon would only be affected by the known disturb- 
ances of the other heavenly bodies. But the earth is neither 
spherical nor homogeneous. Hence arise other inequa- 
litiea in the moon's motion, and conversely, when these are 
observed, they will enable ua to discover the ellipticity of 
the earth. Without making any assumption as to the law 
of density, the theory of the " Figure of the Earth " en- 
ables us to find its attraction on the moon : substituting 
these in the equations of the moon's motion, we can deduce 
two inequalities. The chief of these is the inequality in 
latitude, and is about 8", hence we get e = -003370. 
The other is the inequality in longitude, and lies between 
6"'8 and 7", the former gives e = -003360, the latter 
e = -003407. 

It is not difficult to see what will be the general nature 
of the more important inequality. The consequence of 
the attraction of the ring of matter surrounding the earth 
at the equator, will manifestly bo to pull the moon nearer 
the equator. The chief disturbance will tlierefore be that 
produced by a small force acting on the moon perpen- 
dicular to the plane of her orbit, and tending towards the 
earth's equator. The effect of such a force is easily seen. 
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Let n M be plane of the 
lunar orbit when the moon ie 
at M. And auppoee that in 
Ihe BDioll time t the moon, if 
undidturbcd, would describe 
the arc M &!'. But if the moon were at rest at M, supposa 
that the diaturbing force would pull it through half M m 
towards the plane of the equator il E. Then, by the 
second law of motion, if we complete the parallelogram 
M N, the true direction of the moon's motion at the end 
of the very small time x will be M N. That ia, the orbit 
has been changed from il M M' to 12' M T4 ; the node SI 
has receded, and the inclination of the orbit has been 
decreased. By similar reasoning it may be shown that if 
the moon had been approaching the equator in the direc- 
tion M il the node would have advanced, and the incline 
tion would have increased. 

During a quarter of a month the moon approaches the 
equator; during another quarter it recedes; and the forces 
being similar in each movement, the whole effect at the 
end of a month would be zero. But, owing to other 
disturbauces, the node of the moon's orbit recedes nearly 
at a uniform rate along the ecliptic, while the inclination 
to the ecliptic remains nearly tiie same. Hence the incH' 
nation of the lunar orbit to the equator has changed ia 
that half month ; the disturbing forces in the two quarter* 
months, though they still tend to counteract each other, 
will not be quitfi equal in magnitude, hence a small resi- 
dual effect will be left which soon mounts up till it becomes 
apparent. 

By a little consideration of the preceding figure it will 
become apparent that the greater the angle of inclinatioD 
at n the leas will be the difference between the consecutive 
positions H M, il' M of ihe lunar orbit, i, e. the less the 
inclination (z) to the equator will be changed. So that 
when by the motion of the nodes along the ecliptic i ie 
decreasing, the effect of the disturbing fore« will be greater , 
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in the second quarter-month than the first ; that is^ the 
effect will be greater while the moon is approaching the 
equator^ than while it is receding from it^ that is, by what 
precedes^ the whole effect of the disturbing force is to lessen 
the diminution of t. Similarly^ when t is increasing^ this 
increase is lessened by the action of the disturbing force. 
This is exactly what would take place if we neglected this 
dbturbing cause and supposed the obliquity of the ecliptic 
to be less than it really was* Hence we arrive at this 
conclusion^ which we shall state in the words of Laplace : — 
** The non-sphericity of the earth produces in the lati- 
tude of the moon but one sensible inequality. We can 
represent its effect by supposing the orbit of the moon 
instead of moving in the plane of the ecliptic with a con- 
stant inclination^ to move with the same condition on a 
plane passing through the equinoxes between the ecliptic 
and equator. This inequality is well adapted for deter- 
mining the ellipticity of the earth." 
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a. TliG ordiDar? hjdradjnaiuics. 

ff. Hoar changed whcu " inlcrnal fiiclion " is taken into acco 
3. The ordinary Un of Tcaistance. 

a. How ciednced from tbo eqnatioM of motion. 

B. The general results of experimenU ta^t since Neinon' 

compared irith the law. 
7. The resistjuice should be deduced from a rigorous xolutiaa of thf 

cquationa of motion adapted to the ease under conBideratian,- 

casc of the pcndolam. 

3. The reaistoDce to b Peodulmn. 

a. Bcflscl'B mode of exprcBaiDg the raaiBtanee, 

B. The corerul eiperimeota of Sabine, Bailj, Coulomb, &c. 

7. Poisson deduces the nature of the motion and the resiitance &a 

the ordiaaiy HTdrodjnamic cquationa. 
S, On comparing the theorj with experiment the; are foand not to 

agree, 
t. Frofessor Slokes takes into account tbo «QiicU of internal Mctioo. 
(■ The results agree niih experiment, 

4. The resistance to Floating Bodies, 

0. The phenomenon of emersion. 

B. Waves arc excited in the Fluid. 

7. Strange variations of ibe resistance aa the vclocitf changes. 

(1.) Afteh Newton the chief writers on Hydrodynamiaa 
were the Bernoullie, Maclaurin, and D'Aletubert. The 
equatiooa which the Inttcr obttiined are the foundation of 
modern Hydrodynamics. He had previously discovered 
a general principle whereby every question concerning the 
motion of bodies may be reduced to another correaponding 
one concerning their equilibrium. Thus then the science 
of Hydrodynamics mity he reduced to that of Hydrostatics. 
The simplest ca.sc to which we can apply this principle 
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lat in which the body t 



ingle particle. It then leada 



UB to the three laws of motion. When Newtoo said that 
ft pRrticle acted on by no ejternal force will remain at 
rest or move in a straight line nith a uniform velocity, he 
implied that there was no intemal tendency in the particle 
to affect its state of rest or motion. D'Alembert ex- 
tended this to any system of particles, and his principle 
aaserts that the internal forces of a dynamical system are 
in equilibrium among themselves during the whole mo- 
tion. It follows from this that the effective moving 
forces upon the molecules of a dynamical syeteoi, if their 
directions be reversed, will balance the external impressed 
forces. Let us apply this to the state of any fluid. 

Let a small element be taken in any fluid in motion 
whose coordinates are x,r/,z. Let p be the density at this 
point and p the pressure referred to a unit of area. And 
let X, Y, Z be the external impressed forces on the element. 
The effective accelerating forces will be 



Hence the forces 









acting on the element dxdydz, will, when all the elements 
are considered, balance each other. Hence from the equa- 
tions of fluid equilibrium, we have 



iiiL=X 



de 
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These three equations are not, howeser, sufficient to 
determine the motion. For we have four quantitiea x,tf, z,p 
to determine in terma of t. A fourth equation ia neceaaary. 
This D'Alembert supplied from the condition that any 
portion of the fluid, in paaaing from one place to another, 
preserves the same volume if incompressed, or dilates, ac- 
cording to a. given law, if the fluid be elastic, in such a 
manner that the mass is unchanged. It is usual at present 
to derive this equation from a principle that in reality is 
only the above in another form. Ifw, w, to be the velodtiea 
of the fluid at the point xyz in the directions of the axes ; 
then the result arrived at is 



X d y d z 



dt ' 



It will be observed that these equations do not make any 
assumption as to the molecular constitution of the fluid. 
All that is required ia that the pressure, no matter how 
transmitted, shall be equal in all directions. 

These equations are so complicated that hardly anything 
can be done with them. But there is one general caae in 
which the equations are greatly eimphfied. This ia when 
X, Y, Z, u, V, tc, are auch that 



I 



ud X + vd y + w>i 



(A) 
(IS) 



arc i^rfect differentials, upon the supposition that the time 
is constant and the density either also constant or a func- 
tion of the pressure. " It becomes then of the utmost 
consequence to inquire in what cases this supposition may 
be made. Now Lagrange enunciated two theorems by 
virtue of which, supposing them true, the supposition may 
be made in a great number of important cases ; in fact, in 
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nearly all those coaee which it is most interesting to in- 
vestigate. These are : — 

" 1. That (B) is approximately an exact diiferontial vrhea 
the motion is ao small that stjuares and products of v,v,w, 
and their difFerential coefficients may be neglected. 

" 2. That (B) is accurately an exact differential at all 
times when it is so at one instant, and in particular when 
the motion begins from reat. 

" It has been pointed out by Poisaon that the first of 
these theorems is not true. In fact, the initial motion 
being arbitrary need not be such as to render (B) an exact 
differential. 

" Lagrange's proof of the second theorem lies open to 
some objections." But it has received two perfectly satis- 
factory demonstrations.* 

Supposing the motion to be such that we may put 

ttdx + vdi/ + wdz = dip 
then it easily followa that 



represent the velocity parallel to axes and along the arc 
&c of the curve that the particle in question is describing. 
At the time i draw curves such that all the particles in 
them are at that moment moving along tangents to their 
respective curves. Let s be the arc of any one of these 
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Hence, by D'Alembert's principle, and the formula for fa 
drostaticol equilibrium, 



"-^= Xdx + Y dy + Zdz 



dt' 



Let V be the velocity of the fluid, tben since 

dt 



'dt' 






dl 
,rdy. 



ST 



iV-Jj + C 



Hence, Bubfititutmg and integrating, 
riP =r(X.dx + Ydij + Zdz)- 

an equation that will be neceeeaiy to us further on. 

Thia integral is obtained by eumming all the elements 
along any one curve, and C ifl therefore constant only 
along one curve, and may vary from curve to curve. To 
determine ita variations we must have data given whereby 
we can know its value for all points along some surface 
cutting all the curves. Further it is manifest that these 
curves may change with the time ; C is then a functioD of t. 

The motion is said to be stead?/ when the motion is al- 
ways the same at the same point. Hence in this case 
neither ^ nor C are functions of (. And the equation be- 
comea 



J^iP.=J\xdx + Yd^-i-Zdi:) 



The equation of continuity may also be greatly mo- 
dified by the introduction of f. If the fluid be incompres- 
sible, we have 





This principle docs not hold m viscous tluiils. In Hy- 
drostatics" if tiinp. he allowed to elapse, the substance 
changes until the pressnre bccomea ei^ual in all directions. 
But in Hyi]ri,>dyn amies the motion of the tluid wiil liave 
changed the relations of its particles before this time will 
have elapsed. If therefore we wish our equations to re- 
present accurately the motions of ordinary fluids some 
account must be taken of these diftereuccs of pressure in 
ditl'erent Jircctions. 

There are a variety of questions to whose solution the 
ordinary equations manifestly furnish no aid ^Yhatevcr. 
It will he sufficient to mention the motion of rivers in 
their beds, and the supply of water by a given pipe. 
There are few results that will not in some degree be 
affected by the viscosity of the fluid. 

There have been many writers on this part of Hydro- 
dynamics. Naviert, Poisson^, liarre do Saint VenantJ, 
and Stokes II have investigated the equations of motion, 
but all on totally ditTcrent principles. Two of these re- 
quire us to consider the fluid as made up of ultimate par- 
ticles ; the others need no such supposition. But jf tlie 
principles of their investigations are diitcreiit, tlieir results 
agree very well with each other. The equations arrived 
at are in the cases of a homogeneous incompressible fluid, 
and of an elastic fluid in which the change of density is 
small, those which would he derived from the common 



• Mem. lit I'InsdtiK, voL viii. p. 3G3. 
t HCmoirca lic I'AcndOniio ilts Scieticwi, vol. vi. p, 3S3. 
Z Journnl du TEtali: rulytochillqiie, xiiL cull. 2U. p. 133. 
§ Complcs RL'nilii5.vol.:(Tii. p. I^^l). 

II Cnmbrid^'t l'hil.,>i"i.|,liMl Sorielv. vol. viii. ji. 287, : licpirl t 
Association, 1G46. 



NEWTOn'b PRINCrPIA, 



equations by replacing -r^, the first by 

-, d fdu dv dw\ 
dx \d X d y d z J 

nnd making mmilar chaDgcs in the second and third. The 
inTCBtigation of Professor Stokes makes A=3 B, and he 
haa shown that this relation must exist even on Potsson'a 
own principles. The coefficient B is some constant depend- 
ing on the " internal friction" of the fluid. 

Such are the equations giving the motion in the interior 
of any mass of fluid. But we have still to consider the 
equation expressing the effect of boundaries to the fluid. 
In the case of ordinary hydrodynamics the condition ia 
manifestly that along &free surface p is constant, whereas 
along a surface bounding the fluid, the normal motion of 
the fluid must be the enmc as that of the surface. But 
when we consider the fluid as possessing internal friction, 
the last condition must be changed. The motion of the 
fluid in contact with the surface will clearly be m evevy 
way the same as that of the surface. 

(2.) The whole theory of the resistance of bodies is in- 
cluded in the equations of fluid motion as enunciated above. 
It is therefore both interesting and important to deduce 
from them the law of resistance. 

It is manifestly the same thing whether we concave the 
body to be at rest, and the fluid to impinge on it, or the 
body to move with the same velocity ttrough the fluid. 
Conceive then the fluid to be moving in a horizontal 
direction parallel to the axis of x, and let z be the altitude 
of the surface of the water above the axis. Let a small 
plane be fixed in the axis of x, and perpendicular to it. 

Following the usual notation, the equation of motion 
will be 

p=C+ffpz-\pv\ 




01 motion. 

'Hie theory supposes tliat tlie particles of tlie Hiiid aa 
they approach the small [ilane move slower ami ^lowur, so 
that at last their velocity, wlieii in c<inlact with the plane, 
is so small that it may be disregarded. The preasure in 
front is a statical ])rcssui-c. On the other hand the par- 
ticles in contact with the posterior part of tlic plane are 
supposed to move wilh the general velucily of the Huid in 
order to fill up the void that would bo left by the retreating 
fluid. The pressure behind is a dynamical pressure. The 
difiercnce between tlieae two will be the resistance. 

Hence the pressure in front is given by the formula 

that behind by the funnula 

/^C + yfy-^M-''- 
Tlic whole resistance will then be 

for every unit of area in the plane. 

It is manii'est that this contains a ^reat deal of a.ssuiiip- 
tion in regard to the motion of the Hnid. We have been 
trying to solve a question in Ilydrodynaruica without 
makinf^ use of all the cquatiiins, and each omitted cqu.ition 
has been replaced by an assumption. We should have 
taken the eqiialldn of continuity, and having solved if, 
we must adapt the solution to the conditions of the 
question, viz. that the velocity rcsiilved parallel to the 
axis of J- is '■, and that perpendicular is nothing at an 
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infinite distance from the eranll plane, and that the normal 
Telocity of the fluid over the eurfnce of the plane is zero. 
Having thua found the motion, we can then substitute 
for V in the equation ahuve, and find the difference 
of pressures on the two parts of tlie plane. It b mani- 
fest that the solution in this case must contain discon- 
tinuous functions. 

If the front of the plane be inclined to the direction of 
the motion of the fluid, one of the two suppositions on 
which the theory is built fails. We can no longer regard 
the velocity in front of the plane as zero. It is necessary 
to substitute another assumption. The theory supposes 
that the velocity in front of the plane will be equal to the 
general velocity of the fluid resolved in the direction of the 
plane. Let ^ be the angle a normal to the plane makes 
with the general direction of motion. Then the velocity 
of the particles of the fluid in contact with the front will 
be V sin f, and the normal pressure will be given by 

P=C+ffp!-i fju'sin'f!. 

Let UB regard this plane as the oblique front of a cylin- 
der moving in the direction of its axis. Let B be the area 
of a perpendicular section, then the area A of the front 



-^- — ; resolving this along the axis, the pressure will be- 
come, B being supposed very small, 

p B = (C + ffp z— I p »' sin^ f ) B. 

Let 9 be the angle a nonnal to the oblique posterior 
plane of the cylinder makes with the general direction of 
the motion. Then, retaining the former supposition in 



by reasoning as .ibovcj the rcsulvcJ part of the pressure 
aloDg the axis will he 

The difference of these two iircssurcs ivill bo 

E = J p u^ cos^ f B 

= i pv^ cos^ p A ; 

thus the resistance to a cylinder moving in the direction 
of the axis is indepenJcut of the inclination of the posterior 
end, and varies as the cube of the cosine of the inclination 
of the anterior end to the pcrjicndiculiir section of the 
cylinder. 

In determining the pressure on a curved surface, it ia 
u?ual to consider each clement of the front as the ohlique 
end of a cylinder whose axis is parallel to the direction of 
motion; the corresponding element of the buck of the 
body being the other obliiiue end of the cylinder. By 
integration, therefore, the whole pressure may be found. 
It also appears that the resistance dei>enda only on tlie 
form of the front, and not at all on that of the Ijiick of 
the body. The suppositions on which this result ia 
founded, arc 

1. That the velocity of the particles hchind the body ia 
the same as that of the general velocity of the Huid. 

2. That the velocity along any clement of the front ia 
equal to the resolved part of thu genei-al velocity of the 
fluid along the plane of the element. 

Throughout these investigations the motion of the fluid 
has been supposed steady. No applications of these re- 
sults to any other case cau be regarded otherwise ihan as 
an approximation. The relative velocity of the body 

A A 
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and flmd mast therefore be oonetaot, or, at least^vary 
slowly. 

If the fluid also be not bouncllesa, but contained within 
rigid or flexible surfaces, as the body movea on, these may 
have some effect in disturbing the steadiness of tlie mo- 
tion. 

The fluid has been supposed incompressible. In apply- 
ing the law to the case of a compressible fluid, we are 
omitting all consideratioD of the condensation in front 
and rarefaction of the fluid behind the body, and also 
of the vis vioa lost by I he waves that would be propa- 
gated in all directions round the body. These cannot be 
said to be unimportant. 

And even if the fluid be incompressible, yet if tha 
body be Jioating on its surface, the theory takes no ac- 
count of the heaping up of the fluid in front of the 
vessel, nor the partial lowering behind, nor the consequent 
waves propagated in all directions round the vessel. 

Having viewed the various considerations which have 
led to the ordinary law that Besistance varies as the square 
of velocity, it remains to compare this law with the re- 
sults of experiment. This is the Lydian touchstone by 
which the true gold of any theory is discovered. Tq 
consider in detiul all these would be at once uninteresting 
and unprofitable. We shall proceed to sum up the 
various results arrived at, and arrange thera under the 
heads of the theory. "We shall only mention a few cases" 
to show the application of the rules, 

I. The resistance is onli/ found to vary as the square of 
Ike velocity when the body is wholly ivimersed, the depth of 
ike fluid not inconsiderable, and the velocity neither rcrp 
small nor very large. 

Coulomb found that for very small velocities the resist- 
ance varied as the velocity ; the part depeuding on the 
square being inconsiderable. 

■ Fur Bume of thcM reibiencea we ore indebted to tbe cicelleBt uticle 
on Bvinuces bj Sir D. BrewHef, in the Encyc BriL 
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The exiierimcnfa ordered to be uutlcrtaken by the 
French Academy, In tlie last century, with velocities not 
greater than 2\ miles per hour ("'G feet per second) showed 
that the resistance to floating bodies varied as the sriuare 
of the velocity. 

Ilutton found that for low vcloeilios in air ihc resist- 
ance varied as the square; but as flic velocity increased 
to several hundred feet per second, tlic resistance varied 
as a power of the velocity greater than 'l^-,- But aa 
the velocity still further increased, the error of the ordi- 
nary law, though always very great, became i^lighfly less, 

Bftnifoy. If the velocity exceed two miles per hour, 
or 6-2 feet per second, the power of the velocity is grt'sitiT 
than 2 ; but this power decreases, and is les.s than 2, if 
the velocity be greater than eight miles jicr liour. 

Speaking of this law of resistance, Rollins says — " This 
rule, though prelfcy near the truth when the velocities arc 
confined within certain limits, ia excessively erroneous 
when applied to military projeetiles, where such resist- 
ances often occur as could scarcely i)e effected on the com- 
monly received principles, even by a treble augmentation 
of its density." The actual resistances were found to 
exceed prodigiously those calculated by the theory, when 
the velocity exceeded 1200 feet a second, which is the 
velocity with which air rushes into a viicuuni. 

ficott Russell found that in ships, as the velocity in- 
creased, the resistance increased in a much higher ratio 
than the square of tlic velocity, and reached a maximum, 
after whicli it actually dccrmsfd as the ^'eloeity increased. 

Bcaiifo)/ found that bodies are more resisted just under 
the surface than at the depth of six feet. 

Dorda. found a similar result. 

2. The resistance to a plane dnrs not c-irt/ us the stirfiiee, 
but increases hi a quic/rer ratio. 

Borda found that when the surfaces were as 0, Ifl, 36, 
81 inches, the resiatanees were as i>, I7-.335, 42-7.jO, 
104-737. 

Nevertheless, the result? of many cx]>criuiciits ^liow thai 
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the error made b^ aMumiQg the resistaace to vary u tbe 
surface U not very great, unless one of the surfaces is 
manj times larger than the other. Thus the French 
experiroentalists found this law in tolerable accordance 
with their results. 

3. The retittanet on an oblique plame does not vary as 
tquare of sine of angle the plane makes *cith the direction of 
motion. 

The French Academy experiments were made with ves- 
sels with wedge-like prows of various angles. If ' be half 
the angle at the prow, the formula 

B = P ■ 8in» * + 3-15^ i^^) 

represented the resistance so exactly that the error waa 
always lees than ■^^. 

HuHon found that the formula 

R = -84 (sin S)'*' cos H 
represented the resbtance. 

Viiiee found the resistance did not vary as any con- 
stant power of the sine. Various other fonnulie have also 
been given by Du Buat, Dr. Young, Ejtclwein, &o. 

In the experiments of the French Academy, theoiy 
gave a. resull for an angle of 12° only one fortieth of the 
truth. In some experiments by Vince for an angle of 10°, 
the resolved part of the resistance in the direction of mo- 
tion waa ten times that given by theory. 

4. The change* of resistance calculated by the theory 
caused by changes of form are erroneous. The modifica* 
tion of resistance on any element produced by the near 
presence of others cannot be neglected. 

If the formula of the experimentalists of the French 
Academy be employed to calculate the resistance on cur- 
vilinear surfaces the results arc altogether erroneous. 

Robbins found that the resistance on a sphere in nir was 
2-27 times the resistance on its great circle. Borda found 
2'45. Hutton found 2*4. The ordinary law gives 2. 




The second series of Bossiit's expcriiiieutB showed that 
ihe reaistauce in naiToiv or shallow canals waa grenter 
than in an indefinite fluid. 

Dn Biiat deduced that the ratio of the resistance K in 
I canal to the resistance II' in an indefinite fluid 



I! 

where C ia the tirca of a section of the canal, B the area 
of a section of ihe vessel. 

So many assumptiona are made in the ordinary proof 
that the resistance variea as the square of the velocity, 
that it ia no wonder if the law is found to be at variance 
with experiment. Wc must proceed in a different man- 
ner if we wish to deduce the true law of resistance. The 
difliculty of such an invcstiyiHion Is evident. Nevcrtlio- 
less, by the skill of some cniincut mathcnialieians, some 
progress has been made. But the problem in its widest 
form has not been solved. For such particuhir cases as 
are most needed in practice, apjivoximale solutions have 
been found. One of these, and the most important, is the 
pendulum. The inniiincrablu applications of this instru- 
ment make its utility iuimon^e. Its \tiiy delicacy renders 
it a very efficient test of our theories of lluid motion. The 
resistance opposed to tlie uniform motion of bodies of cer- 
tain'forms have also been investigated. 

(3.) In the year 1K2G F. W. Bcssel published in thcKoyal 
Academy of .Sciences at Berlin a new method of determin- 
ing the length of the seconds' pendulum. In the course of 
it he pointed out an error in the old reduction to a vacuum. 
He states * that " if we denote l-y m the ma^a of a body 
mo^-ing throuirh a fluid, and by tn the niafs displaced, the 
accelerating force acting on the body has, since the lime 
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or KewtoD, been con^dered equal to - 



This for- 



mula b founded on the presumption that the moving force 
which the body undei^oes, and which is denoted hy m — u/ 
lA confined to the ma^S m. But it must be distributed not 
only over the moving body, but on all the particles of fluid 
Bct in motion by that body, and conaequently the denomi- 
nator of that expression denoting the accelerating force 
must neccesarily be greater tlian m. From some general 
mathematical considerations he concludes that a fluid of 
very email density surrounding a pendulum baa no other 
influence on the duration of the vibrations than that it 
dimi nishes its gravity and increases the moment of in- 
ertia." 

The eflect of the resistance of the air is then the same as if 
that air nas removed and a mass of air, equal to x times "the 
fluid displaced " was attached to the centre of gravity of 
the fluid displaced, which increases the inertia of the whole 
without affecting its gravity. The effect of the buoyancy 
of the air is the same aa if a weight of air equal to that of 
the fluid displaced were removed from the centre of gravity 
of the fluid displaced, affecting the gravity but not the 
inertia. Let / and y be the distance of the centres of gra- 
vity of the pendulum and air displaced from the axis of 
suspension, 8 the ratio of the density of the fluid to the 
mean density of the pendulum, and let i be the radius of 
gyration of the pendulum about an axis through its centre 
of gravity parallel to the axis of auepension. Then hy 
merely uniting the equation of motion of the pendulum, it 
becomes evident that a pendulum affected as above atatod 
will oscillate in exactly the same manner that a timpU 
pendulum whose length is X dues in vacuo, where 

_ /« + i"* + 7' . £ . X 

^ Tzzjz 



of cxprceisiiij,' the result will be presently 
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found useful. The whole ohject of ihc investigation is 
the determination of x. 

This mode of viewing the resistance to the motion of ii 
pendulum, was a great improvement. But Beisel wiia nut 
the first discoverer, though he wr>s the first ivhu called the 
attcDtiou of the puhlic to it. The ehevalicr Dc Biiat had 
trented of this very property of the pcniluluni iu his Pfin- 
cipes tfJ/yrfmH^^ywf published in ]78f!, fifty years ijcfure. 
" And it is not a little remarkable that these important 
and conclusive experiments of De Bunt, which were made 
by the onler and at the expense of tlic French Govern- 
ment, which were examined at the request of the Minister 
of War liy the Royal Academy of Sciences at Paris, 
and by them favourably reported ou, whleh were first 
published in the year 17H(i and excited so much interest 
that they led to the subject for the prize essay proposed 
by the Academy in the following year, should have been 
so completely lost sight of itiul for-^'Dllen that no one 
should have had the least remumbrauce of the additional 
correction for the j en lulu i j o 1 1 out 1 j M dc B u t 
and until tl e ed co\crj ft! p c 1 1 1 } B s 1 no one 
should have tl o gl t f cr „ tl c [con f \e t 
that such a 1 (.ft ct a. j rob 1 1 — Ba Ij I (. o tun 
ofaPonduluu 11 I I IS"! 

A varielj t ex[ ta I t, 1 telj 1 c 1 lu de 

termine the rt tt ce e ] uc I I j t! e [ u I 1 u a t 
makes its sn II o cillat o ll r g I u O e 

oiivious nietl od s to s ng j u 1 1 1 c 

and nole tie u nler f o il 1 uj p c 

time. Reel r n^, to ur I c f ^ e 1 ce t! ii I 

N be the n !e t 11 nv 1^. le u 

ber iu air ii ^ I 
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By experiment, the vnlue of the left hand side could be 
found, and therefore, hy the Bolution of an equation, that of 
X. In making those exporimcnta, the necesaary correctiona 
to /, i, &e. duo to heat and other causes must not be foi^ 
gotlen. It )3 not our ofHcc at present to consider these. 
If N' be the number of oscillations made in air as cal- 

N'— N 
culated on the old theory, then the value of — ^ — may be 

found from the above by writing j( = 0. And thence the 

.N"-N 



must be multiplied to get the new. This ratio we fihaU 
call n. By regarding S as small, and expanding, we get 






^ /' + ■■■■ 



"(" 



Now usually y 18 Very nearly equal to /, and v ia very emallj 
heuca 

N" - N 



n= 1 + X J 



nearly. 



This is the method that has been adopted by Sabine and 
Baily. Their memoirs will be found in the Phil. Trans. 
for 1829 and 1832. The former experimented chieSy on 
the effects of different media and of changes in the ex- 
ternal circumstances; the latter on the different resistances 
experienced by different forms of bodies. 

Coulomb, in Ills experiments, adopted a different me- 
thod; be made a small plane perform small oscillations in 
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a fluid round a vertical axis, iicrpeiiiliculiir to il^ pliinc, 
and passiug through its centre. Tlie force by which this 
was effected was the force of Torsion, Ilia piihlishcd 
account ia in the Mem. rfc riitxtiliit, vol. lii. The mode 
of experimenting was adjijited for tlic measure incut of the 
decreiiicnts of tlie arcs, hut not suited to the aceui-iite 
determination of the effect of the fluid on the iimc of 
vibration. 

The results of theae experiments may be arranged as 
follows ; — 

1. That the effect of the reeistanee of tlie air ia not 
inaensible. — Du Buat, Sabine, Bjiilj'. 

2. The value of w does not depend un the density of 
the body, but only on tlie extent and form of surface. 
The body might even be hollow. — Baily. 

3. Spheres, The value of m \a a Utile greater for 
small ihan large spheres. — Du Buat, Bail)'. But on the 
whole, X ia nut subject to very great viiriations, and ia 
nearly equiil to ■? or -S.— Baily. 

4. Ctflinders. Tlic value of n variea accoi'ding to the 
face opposed to the resistance, being greatest when the Hat 
side is in front. In this case tlie iicight or thickness had 
considerable effect; the less tliia h, the greater is w. — 
Bail,-. 

5. Penihihim roil. The thinner the rml tlie greater is 
«.— Du Buat, Bes.-cl, Baily. 

6. Disi-s. Flat tides being opposed to the motion. 
The quantity of air dragged wa,s found to be '143 </', 
while that by a yphere wad -I'l'i iP grains troy, where (/ 
is the diameter in inches. A disc, IJierefore, drags more 
than a sphere of equal diameter. When placed edgeways 
they dragged sonic air. — Baily. 

7. Nature iif the sjirfiict: t)u covering Coulomb's disc 
with a thin coating of Itdlow, the re^stancc was found to 
be the same as Iiefoiv, and even when tlie tullow waa 
sprinkled with powdered t-andstone by means of a sieve, 
the augmentation of resistance was •' ii peine ^eitsi/ile." 
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8. Motion of the air next the pendulum. " Oa attaobing 
a piece of gold leaf to ihe bottom of a peodulum, bo aa to 
etick out III a direction perpeodtcular to the surface, and 
then setting the pendulum in motiou. Sir Jamea Sout^ 
found that the gold leaf retAined its perpendicular position, 
just as if the pendulum had been at rest) and it was not 
until the gold leaf carried by the pendulum had been re- 
moved to some distance from the surface that it began to 
lag behind." — Stokes'a Cam, Trans., vol, ix. 

9. When the air \i reduced to half its usual density, the 
value of X was found to be nearly the same ; so that only 
half OS much air was dragged. — One experiment of Sa- 
bine. 

10. When hydrogen was substituted for air, the effects 
on the time was not proportional to the density. Air ia 
thirteen times as dense as hydrogen, but the retardations 
measured by the number of vibrations were as 5:,- to 1< 
— Subine. 

11. A pendulum vibrating within glasses makes nearly 
the same number of vibrations as if the glasses were ab' 
sent. The mean difference of three experiments of Sa- 
bine was "007 per ^iem. 

12. The resistance to small velocities varies partly as the 
velocity and partly ns the square of the velocity. — Coq- 
lomb. 

Poisson has calculated from theory the exact effect of 
the resistance of the air on the motion of tlic pendulum. 
Ills memoir will be found in the third volume of Man. 
de rinHiiut, 1831. He eu|)poses the oscillations of the 
pendulum very small, and as a consei^uencc, those also of 
the fluid are very small. The equations of motion of the 
air, therefore, reduce themselves to the usual equations 
for the ])ropagation of sound. But the arbitrary funo- 
tions are to be determined by the condition that the velo- 
cities of the molecules of air in contact with the pen- 
dulum are always the same, when resolved along the 
normal to the surface, as the velocity of that part of 
])vndulum resolved in the eamo direction. The motion of 



19 altectea by two causes, — tiie vanatinna oi iiP033iiro 
over ita surface, aiiJ llie friction of tlio siir along its sur- 
face This friction is iiasutuL'J to be iiroiKirtinna! to tlic 
difference of velocities of the nir and surfiice resolved in 
any direction aluug ihc surface. lie now forms the dif- 
ferential equations of the motion of the fluid and pendu- 
lum, but finds that without sonic ftirtlier HniitalJon they 
cannot be soh'cd. 

In the case, however, in wliicli the surface of the pen- 
dulum ia ciplievica], and the rod ^u thin thnt wo may 
neglect the action between it and the air, the otiuationa 
can be integrated, and the motion both of the fluid and 
sphere found. The motion is supposed to be given to the 
btxly by moving the pendulum vcrv slightly IVum its jio- 
aitiou of rest, and then leaving it to the action of gi-iivity, 
without impressing on it any velocity. At the connuencc- 
ment of the motion tlie whole air is supposed to be at 
rest — homogeneous and boundless in all directions. 

The motion of the spherical peniluliim is I'ouud to be 
the same as that of ii simple pendulum of a ccrlain length 
X oscillating in a medium resisting as the vt-locily. Hut !t 
ia to be remarked that this resistance is found to arise 
mtireh/ from the friction of the air against the sphere. The 
assumption that this friction exists is directly contrary to 
the tisnal theory of Ilyilrodynamies. The very equations of 
motion are founded on the sup^iosition (hat it does not exist, 
and therefore lakes no accnunt oi' the cqii:d and opposite 
friction of the sjihei-C on llie fluid. In Iculiug ihe theory 
we must omit tliis resistance, and the motion is therefore 
the same as that of a simple pcndiihiiu oscillnling in vacuo. 
Theory, thorcfoi-c, gives llic arc constimt. Tin.' value of }. 
thus found is 
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The motion of the fluid is propagated in all directions 
with a Telocity equal to that of Bound, and consists for 
each molecule of two sorts of vibrations ; one whose i 

Tibrations are very rapid, the time being ir — sec, where 

c is the radius of the sphere, and a the velocity of propa- 
gation of sound. This will proiluce a sharp note, but in- 
sensible to the ear, because the amplitude of the vibrations 



containing the exponential c 



rapidly decrease. The 



time of vibration of the other sort is equal to that of the 
pendulum, and its magnitude decreases aueceasively ac- 
cording to the some law that those of the pendulum follow* 
These also will be insensible to the ear. 

We have now to test the correctness of the theory by s 
brief comparison of its results with those of experiments* 
Recur to our list of results. 

Theory teaches us thatthc resistance of the air is not in- 
sensible; that the value of xdoca not depend on the interior 
structure of tlie body, and it explains why x does not alter 
much, being a fraction depending on the form of the body 
and the external circumstances of the fluid; it enables us 
even to approximate to its true value. But it does not ex- 
plain why X is greater for small than lai^ spheres, and the 
very principles of the theory in regard to the motion of tlie 
fluid in contact with the body is in opposition to cert^n ex- 
periments. Theory teaches also that the effect of the fluid ia 
not a resisting force varyingas some function of the velocity, 
but that its effect is simply to increase the inertia of the 
body, and thus leaves the arc of vibration constant, which 
is contrary to the commonest observations. Neither does 
the theory explain the difl'erence between the resistances in 
hydrogen and air. 

The two important points of tlie motion are the time 
and the length of the arc of vibration. Thus while the 
ordinary theory of Hydrodynamics agieee in the main 
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with observation in regard to the time, it doea not 
explain the minuter viiriatiors of the timcj and totidly 
fails to account for the aucceaslve diminutions of llie area 
of vibration. 

It becomes necessary to consider the cfFect of the internal 
friction of the fluid. Thia lua been accoiiiiilishcd by 
Professor Stokes. The ei]uations, however, in this case 
become so complicated, tliat it requires a very long 
analysis to obtain the motion even of so simple a body iia 
a sphere. We shall therefore merely state the results 
arriied at. Tlie sphere is suspended by a fine wire, the 
length of which is much greater than the riidius of the 
sphere. The resistance both to the sphere and the cylin- 
drical wire have to be discussed. The motions are con- 
sidered very small, so that by some obvious reductions the 
problem ia reduced to tiie two following. 

The centre of a sphere iicrfonna small periodic oscil- 
lations along a right line in a boundless fluid, the sphere 
itself having a motion of translation only. Find the motion 
of the fluid. 

Au infinite cylinder performs small oscillations in a fluid 
in a straight line perpcudieuhir to ita a.\is. To find the 
motion of the fluid. 

Let S be the abscissa of the centre of the sphere at any 
time i. Let T be the time of one of its small oscillations 
from reet to rest, a its radius, m ita miisa. Let m' he the 
masa of the fluid displaced, p its dtinsify, and ft. some con- 
stant depending on the internal friction of the fluid. Then 
put 

Then the reeiatauec on the sphere is 
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The motion will therefore be the enme aa if the sphere 
were resisted by a force x' m' n multiplied by the Telocity, 
and a mnsa xm' were added to its centre, increaeiDg the 
inertia without affecting the weight. 

We are now enabled to account for many of our expe- 
rimental results, that is, such of tbera as relate to spHereB, 
We see that neither x nor x! depend on the density of the 
sphere, but only on the volume ; that both are greater for 
email than large spheres. The resistance also is indepcnd- 
ont of the roughness of the surface. One experiment of 
Sabine showed that x remained the same when p wag 
reduced one half; this would seem to show that for the 
same fluid, at the same temperature, the value of fi, the 
coefBcient of the friction, varies as the density. But since 
the value of x was not the same as before, when hydrogen 
was substituted for air, we see that in different media |» 
depends on something else besides the density. 

We may apply these conclusions to the pendulum, and 
obtain results wliich we may test by experiments. The 
effect of the term depending on x will clearly be to alter 
the time of the vibration, but not the arc of oscillation 
the term depending on x' (being multiplied by the small 

factor — , whose square may be neglected) will not affect 

the time of the vibration, but will decrease the arc continu- 
ally, BO that tlie successive arcs form a geometrical progrea- 
eion. The time will be increased by a fraction of the time 
equal to ^ x S nearly, and the common ratio by which the 

arcs decrease is a " nearly. The less the sphere the 
greater are x and x' ; the more, therefore, is the time altered 
and the quicker does the arc of vibration decrease. 

If a sphere move uniformly in a fluid with friution, we 




Let IT be the specific gravity of the sjilierc. /i, :n before, 
that of the fluid ; then, if V be the teridiuiil vi'lonity, wo 
bave 

•-^-^ ■(?-■>■• 

Acctitiling to the usual tljeory, ihe luniiiinl vclocily 
would httvG hcoii 



v=VlG->>- 



Thus V varies a3 a' iiistcsiil of ^'n, and tlicrei'Liic becomes 
very niucli enifdlcr, when a is einuii, thiin tbat ;j.iveii by tlic 
usual theory. Proft'ssor Stukes cidculatol ihut for a 
sphere one thouanmllb of an iucli in diimioler, ibc tunninal 
velocity ia l*.5iJ3 iiichca jier sucond; for a s|ibere one ten- 
thousandth of iin iiicli in iliamoter, the veli"?iiy is ■(ll5il;J. 
Those given by the usual theory arc r^.^iJifthtly ^fi-iT 
and 10-14 inclies [nr second. 
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The auBpenBion of clouds may, therefore, be 
according to thU theory. The minute drops are really 
falling ivith very small velocities. 

The invcHtigationa for the motion of cylinders have also 
been effected, but it will detain ua too long to consider all 
the results. One fact in connexion with the cylinder ia 
remarkable. The motion of the fluid in immediate contact 
of a sphere moving in n fluid is tho same as that of the 
ephere, and as we go from the surface into the deptlis of 
the fluid, the velocity differs more and more from that of 
the sphere, and finally ends in being zero. The sphere by 
the friction of its surface tends continually to increase 
the mass of fluid it drags with it; the friction of the fluid 
at a distance tends continually to diminish it. These two 
in the case of a sphere tend to equality, and the motion is 
ultimately uniform. Not so in the case of a cylinder: the 
increase on the quantity of fluid carried gains on the de- 
crease due to the friction of the fluid, and the quantity 
carried increases continually. The velocity must therefore 
decrease continually. 

Professor Stokes has also submitted his results to a 
comparison with experiment He first proceeds to obtain 
fi.', the only constant at his disposal : the results of Biuly 
with cylindrical rods give 



I 



^? 



•116. 



" It is to be remembered that Vf*' expresses a length di- 
vided by the square root of a time, and the numerical 
value above given ia adapted to an English inch as the 
unit of length, and a second of mean solar time as the 
unit of time." 

Let us take one instance of his series of comparisons at 
random : let them be the experiments of Baily on sphei 
attached to fine wires. Allowance is made for the wire by 
the theory of the motion of a cylinder. Allowance ie 
also made for the confinetl apace, which ia estimated aa 
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being nearly tlie anme ns tliat given l»y the orilinary Hy- 
Jr^rtlynnmic theory. Tliua in one of Baily's hrasa 1^ incli 
sphere, the several parts of n were, fur huoyancy 1,— for 
inertia, on the common theory, -.J— additional fur inertia on 
account of internal friction '202 — correclicjn fur wire -012 
— correction for confined space '032 — ftital r74(i. Result 
of experiment, I'755, — error j-,',"^. 

(4.) In the fourteenth volume of the Kdinbnr^h Transac- 
tions there will be found an interesting account of some 
experiments by Scott Kiisscll on the resistance experienced 
byjloalintf bodies in their progress through the water. Aa 
the object was to determine the resistance to ships, the 
experiments were condueted on a large scale, and the 
bodies used were, vessels of .31 to 75 feet long. The ve- 
locities varied from 3 to 15 niilea an imnr. Two points 
are worthy of notice in these ex penmen tf. 

1. The EmeraioH of the solid body from the fluid. The 
ship does not draw as mucli water when it is in motion aa 
when it is at rest. This is manifestly caused by the re- 
solved part of the resistance in a vertical direction. 

2. The motion of the boat does not excite currents in 
the water, but generates wm-pn. Tliese waves travel to 
great distances with a velocity independent of the form of 
the vessel and, when freely moving, equal to the square 
root of the product of the depth of the w.iter and gravity. 

The position of the boat relative to these waves was 
remarkable. Calling h the depth of the water, the ve- 
locity of a "free" wave will be ^'^A; lot <■ be the velocity 
of the boat. If w be less tJian ^'f/h, the wave will have a 
tendency to travel a little quicker than tlic boat, and it 
was observed that the nccumnlation of all the waves ge- 
nerated by the boat formed an elevation at the prow and 
a depression .at the stern. Thus the vessel rode on tlie 
posterior side of a "forced wave." with its prow elevated 
above ita stern. If u be greater than \'tfh, opposite phe- 
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nomena occurrod, ami the bout rtxle on the anterior surface 
of a "forced wave," with its prow depresacd below itastem. 
If the boat were suddenly stopped, the wave became im- 
mediately "free," and was propngnted forwards with the 

velocity --^gh. If the velocity of the boat were equal to 
that of a free wave, the boat rode on the top, with its prow 
and Btern much more out of water than its middle part. 
By making the vessel move with a velocity = "^gh, the 
depth of water is increased by the height of the wave, and 
it is found that by this artifice boats can be carried without 
grounding over shatlow parts of the caoaJ. Professor 
Airy has offered an explanation of the phenomena, to which 
we shall allude when we come to discuss waves. 

As may be expected, these waves considerably affect 
the reBislance offered to the boat. Accordingly Scott 
Russell found that the resistance does not follow the ratio 
of the square of the velocity, except when the velocity is 
small and the depth of the fluid considerable. 

The resistance was found to increase quicker than in | 
the ratio of the square of the velocity, ne the velocity ap- ' 
preached a certain quantity determined by the depth of 
the fluid. After tiiis point of maximum, the resistance 
actually dccrcuees as the velocity increases, until the ve- 
locity is equal to the velocity of propngation of a free 
wave, and the resistance is here lets than that due to tJie 
square of the velocity. After this the resistance increasea 
with the velocity, but in a ratio slower than that due to 
the square of the velocity. According to the law of pro- j 
gression established, the resistance would reach a second J 
point of maximum when the velocity shall have attained ft i 
certain quantity, greater than any obtained in the es> I 
periments. 

The best velocity for a boat to travel at in a canal ii 
therefore ^gh. That the resistance should be less for this I 
velocity than for any other is clear, for then the boat rid) 
on the top of the wave, and the water is moving in thofl 



PENDULUM. 




Tberb are two properties of the cycloid which enabl 
ua to determine, wUli considerable eaee, the motion of »i 
particle oscillating in a resist- 
ing medium, and constrained 
to describe that curve. Let 
C P B be any cycloid with 
the tangent at the cusp B 
vertical. Let C A be itk 
axis, and on it describe tlie 
semicircle C Q A. Now, P being any point on the 
cycloid, draw P Q N perpendicular to C A, culling ih^^ 
circle in Q, and join C Q. Then the properties referred, 
to are, 

1. The tangent at P ia parallel to C Q. 

2. The arc C P is hmce the chord C Q. 
A particle is constrained to move in a cycloid under th* 

action of gTavity, to determine the motion. 

Let m be the mass of the particle, w its weight, and let 
/ be twice the diameter of the generating circle. Sup* 
pose P to be the position of the particle at any tirae 
and let the arc C P be i. 

The weight of the particle may be resolved into two, 
one along the normal and one along the tangent. Tbs 
effect of the former will depend on the manner in whit 
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the particle is constrained tu keep its path, it' it be sus- 
pended in a peculiar manner by a string, it will merely 
increase the tension, and ihua produce no effect on the 
motion. Tiic force along the tangent will tend to pull the 
[larticle towards C. Since the tangent at i' is paniilel 
to C Q, thia resolved force will cli^arly be tu coa Q C A ; 
and since the angle C Q A in the semicircle C Q A is a 
right anglcj and the arc C P is twice the chord C Q, we 

CO s 

have the above force, = uj -,-t— . = tu ,. 

LA / 

Ileoce it appears tliat the moving force varies as s; 
that is, as the distance from C, measured along the arc. 
The motion of a piirticic luidei- a force varying as the 
distance hns already been investigated, Tiie motion in 
the present case is a parlieiiiar case of that tiicorciii ; viz., 
that ease in which the piu-tidc aUvays moves in the direc- 
tion in which the force nets. It was shown that all par- 
ticles describe their orbits round a force — (j. r in the 



same time, v 


^, ^=. Hence, in our case, the 


iuio o 


oscillation is 


independent of the length of tbc 


m tle- 


scribed, and i 


e-pudtoTT .v/'"'- Calliiig this t 


me T 


we have, 


-'V^- 





When the :iri; nf oscillation is circular, t!ie preceding 
investigation must be somewhat modified. When the arc 
is considerable, the time of un oscillation cannot be found 
in finite terms. But in all practical esises the arc bears 
only a small nitio to the radius, and the time of a whole 
oscillation is then found tu be 



-v/H-^.1 



c-arlv, 
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where a is the radius and h the vertical height through 
which the pendulum oseillates. The time ia therefore 
longer than in a cycloid. The time also depends on the 
length of the arc described. When a ia very great and 
h small, we may often neglect this term and say. 



We may learn m^y leaaona from this important re- 
sult. 

I. It luroislies ub with a method of comparing bodies 
as to the quantity of matter in each. For we see that 
for pendulums of the same length 

— varies as T* ; 

if then we take pendulums of the same weight, we can, 
by observations on t, determine the masses ur quantities 
of matter in them. By experiments nmde with the 
greatest accuracy, Newton and Besscl always found thit 
ratio constant; so that tlie weight of a body varies in 
exact proportion to the quantity of matter in il. This 
niiio we call y. And hence, 



x/'v 



By observiog ihe value of t fur any value of /, we c4a, 
deduce that of */, giving, \vhi;n the unit of time is a 8ft* 
oond, 

ff = 32-18 feet. 

II. The time of oscillation is independent of the (URW. 
By the use, therefore, of a cycloid, we are enabled to pre- 
vent any variations of the arc described produced by any 
irregularities from aftccting the rate of going of a clock. 

III. Since the time of an oscillatiou varies aa the square 
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root of the length uf the peudulum, we Bee thiit ehort 
(■endultims must move much quicker thiin toDg oocs. 
This IB an observation that every one must, have made that 
has entered a clockmnker's shop. But the knowledge of 
the above ratio enables us to correct the clock when the 
length of its pendulum has been altered by tem])eraturei 
or, conversely, to alter the length when we wish to change 



the rate. Suppose the pendulum to n 
any given time M. Then clearly. 



[ike n oscillations in 



Wv 



rithmic differential 



This shows that a change oi length equal to a I'nii-liun 
a of the whole length cori'esj)onds in any number of obciI- 

lations to a lose of a fraction ^ of that number of oscil- 
tations. 

IV. Another use of the pendulum is to determine the 
force of gravity and its variations over the surface of the 
earth. When tliis has been done we have seen how the 
true figure of the earth may be deduced. We have now 
only to describe briefly how this application is made. 
It will require, of course, great accuracy of observation. 
The first requisite is to determine in the pendulum ex- 
perimented on the distance of the centre of oscillntioa 
from the axis of suspension. This ia the length called /in 
our forniuin. There is a variety of praoticid ways of de- 
termining this, which we shall not enter into now. The 
second requisite is to determine the time of one oscilla- 
tion of this pendulum, and this is done by noting the time 
of any large number of observationp, and dividing by this 
number; thus any error made in observing the time of 
beginning or ending is rendered insensible. The results 
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of observation muy be tubulated in any ruriii ; a gi 
way of exhibiting them is by dedudng from iheni the 
length of the seconds i>eQdulum. If A be the length, 
have. 



thus g IB always proportional to x. 

But if we wish to ensure accuracy in our results it 
clear that we roust allow for the effects of all causes that 
may affect the time of an oscillation besides gravity. Theae 
corrections are called " Reductions." Let us briefly con- 
sider what they are. 

1. If the centre of oscillation does not descrilw a cycloidj 
allowance must be made for the alteration of time as de- 
pending on the arc described. This is called the " reduc- 
tion to infinitely small arcs." If the arc of vibration be 
n" on each side of the vertical, then the time of an oeai,- 
lation will be nearly 



VK 



I + 



1 



'"'D ■ 



hence the time of an oscillation must be divided by thia 
latter factor. If the arcs remained constant this would 
be sufficient ; but it is found that the arcs continually do- 
crease by friction and resistance of air. Esperiunent 
shows' that this decrease is in geometrical progression. 
Taking this for granted, it is easy to deduce that the 
mean time of one vibration will be 



■V-{' 



sin" 1' 



"}■ 



where n, n' are the first and last arcs described, and 
their number. 

The time of an oscillation, as deduced from observatioi^ 
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must therefore be divided by the ([iiutitity betwufii tbe 
brackets. 

This exiiresoioD has bcL^n deduced uii the su[)[.o.jilioii 
thtit the point of suspenaioii remains fixed. In the Pliilo- 
so|ihicul Trausactiuns for 1831, Cul. Subiue hns pointed 
out that this is not always the case. A further corrcetioii 
ID Buch cases is, therefore, necessary. 

.2 The effcet of the resistance of the air must be allowed 
for; this is called the " Reduction to a vacuum." This 
will be considered in the propositions that follow relative 
to the motion of a pendidum in a resisting medium. This 
correction consists of two piirts, that for the buoyancy and 
that for the inertia of the uir. If lu be the mass of the 
pendulum, ?«' tliat of the fluid displaced. The effect of 
buoyancy is clearly to decrease tJie acting force iti the 
ratio m — m' to iii; and the eft'ect of the inertia is to 
increase the mass moved by Km', where x is a tpiiintily to 
be hereafter determined. Tlie time is therefore increased 
in the ratio 



v/^ 



Let r be the ratio of the i^peciiic gravity of tlie mcdiuiu 
to that of tlic body, and let ; be very small, llien the 
above is equal to 



the observed time of :iu o-^cillaliou must be divided tliere- 
fure by this (quantity. 

3. The lime of an oscillation, thus corrected, enables U3 
to find the lengtli of the i^oconds pendulum nt the place of 
obscrvatioa. This gives the force of gravity as affected 
by the attraction of all the irregularities of the earth's 
surface near at biiiid. To render tlic results obtained in 
different places coiLiparable witli each oilier, we must reduce 
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them all to one given Burfocc. For man; years it 
the cuBtom to reduce all observations to the level of tlie 
' aen, taking account only of the height of the station. But 
in the Phil. Trans, for 1819, Dr. Young pointed out that 
this correction wita too great, as it entirely neglected the 
utiraction of the intervening strata. Supposing t)ie ohser- 
vation to have been made on table land of an altitude h 
above the level of the eea, the attraction of this eti'ntym 
will clearly ditfer hut little from that of an infinite plane of 
the same thickm'ss and density. Let i be the density of 
the land, then this attraction is hcII known to be 2 n <r h. 
Lot c be the mean density of the earth and a its radiuBj 

then ff, the force of gravity, will be ^ » p a = j i heoce 

the correction for the attraction of the intervening land 

•11 I 3 (T A 

will be — ^ . ' . ~ Q. 

iu clearly — y; hence the total correction will 



But the old correction for distance 



2A 



. ■'. I). 



The quantity -for most rocks on the earth's surface i 



nearly — ; hence the old reduction must be multiplied bj 

■66. This corrected result gives the force of gravity at 
the level uf the sea, if all the land above this level were 
cut off, and the sea constrained to keep its present level. 
As the sea would tend in such a case to change its level, it 
\\aa been pointed out witliin the lost three or four years 
that a further correction is necessary, if we wished to 
reduce the result the surface of that spheroid wluch roost 
nearly represents the earth. But the above is sufficient 
for tabulating the results. 

V. Another important use of the j>enduluni is to deteiv 
mine the law uf the resistuiiee of ditfereiit tluids to bodiea 
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NOTE VII. 

MOTION OF FLUIDS RUNNING OUT OF SMALL OBIFXCES. 

(3.) Many attempts were made by the mathematicians 
who followed Newton to improve and extend the theory of 
the motion of water running out of vases. But though 
the results were often correct, yet the principles on which 
their solutions were founded did not possess a character 
sufficiently elementary to entitle them to be called axioms. 
Maclaurin gave an extension of Newton's theory in his 
"Traits des Fluxions," liv. i. chap. 12. He argues that 
the weight of water must be divided into three parts : the 
first, which accelerates the motion of the surface, and is 

J TT 

equal to A A -r- (following the preceding notation), the 

Ob » 

second, which presses on the base of the vessel, and the 
third which in the little time 5 1 communicates a velocity 
V— U to the mass V B § ^ of fluid that flows out of the 
vessel in that time. He assumes that these last two 
forces are always in a constant ratio, which he supposes to 
be that of the mass of solidified fluid to the mass of water 
in Newton's cataract. 

Daniel Bernoulli * gave a theory founded on the prin- 
ciple that the fluid may be divided into horizontal strata 
which remain horizontal throughout the motion and de- 
scend with a velocity reciprocally proportional to the area 

* Traits d'Hydrodjiiamique. 
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fuie aectlon of the veesel that the etratum ie paseing. 
He then applied the principle of the conservation of via 
viva to determine the velocity of efflux. Bernoulli waa 
led to this hypothesis by observing the manner in which 
particles of Spanish wax immcraeil in the water moved 
along with the fluid. A theory thus founded on obser- 
vation is usually a great step in advance. Even now, in 
certiun cases, we arc obliged to have recourse to this very 
assumption. John Bernoulli (IlydrauUque) gave a dif- 
ferent theory. Taking a stratum of the fluid, he replaced 
the force which would produce its motion by another 
supposed to act at the surface of the fluid. Then by in- 
tegration he obtained the whole force that acting at the 
surface would produce the whole motion of the fluid, and 
this force he assumes to be equal to the whole weight of 
the fluid. There would dow be no advant^e in dwelling 
on these or any similar iuveetigations. By the aid of 
D'Alcmbert's principle wo have now correct equationa, 
giving the motion of fluids under all circumstances. We 
shall therefore pass on to the more satisfactory solntiona 
that Pohsoa {Traite de Mecunique, torn, ii, chap, iii.) 
gave of the question. 

(4.) In modern times, it is usual to deduce the velocity 
of efflux from the equations of motions. The simplest 
case is when the motion is steady. Let the surface of the 
fluid be always horizontal, and retained at the same level; 
let the area be A, and suppose nil its parts to have the 
same velocity (U) in a direction vertically downwards. 
Let B be the area of the section of the fluid at the wena 
contracta, V the velocity of the fluid at that point. A 
complete solution of the question ought to determine both 
B and V in terms of the diameter of the hole and the 
other circumstances of the problem. According to the 
ordinary notation we have. 



L 



P= -?!'-«- + C, 



along the surface y = 0, v = U, p = 
the atmosphere ; 



At the vena contracta, the fluid moves with the same ve* | 
locity throughout the aeclion, aud along its surface w« 
have 

'=-j'.-y+c, 

A being its depth below the surface of the fluid; henco 
we have 

V = U' + 2gh. "1 
But B V = A U. J 

These are not sufficient to determine all the unknown 
quantities. Sufficient equations would have been found 
if we could have integrated all the equations of motion. 
The quantity h differs but little from the depth of the 
orifice below the vena contracta. The quantity B alsiJ 
depends chiefly on the nature of the orifice, and can be 
measured. The quantity U is unknown, and must b« 
such that the motion is steady ; eliminating we get 

v= /ZHE- 

If the orifice be very small, we may reject {-r 1 , and »• 
get 

When the velocity of the surface ia not such as to 
render the motion steady, the equations cannot be inte- 
grated, except on the supposition that the orifice is excea- 
sively small. It that case we may assume with sufficient 
accuracy, that the particles of fluid once in a horizontal, 
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section, always remain in one. This is called the hypo- 
thesis of parallel sections. Supposing the fluid to begin 
to move from rest, it can be shown that the motion, what- 
ever be the form of the vessel, soon becomes steady. So 
that we may in general use the preceding formula. 

If the vessel be allowed to empty itself, the solution 
can still be found on the same supposition. If xr be the 
height of the surface of the water in n cylindrical vessel 
above the vena contracta^ and h be the initial value of z 
when the motion is supposed to begin from rest. 









A» , 


Y»_ 2^z 


2gh z 


B -*• 


1-25 
A 


1-25 
A 


« • h 




If B be very small, this expression becomes very nearly 




V« = 2 <7 z. 







If some time has elapsed, so that t is ^ small fraction, 
we have 



1 



-(^■- 



The velocity being then very small, the quantity of 
liquid that has run out of the vessel in the time t will be 
very nearly 

y = B ^ y/2gh ; 

if the orifice be an aperture in a very thin plate, the value 

of B, the area of the vena contracta is about j^ of the 

area of the orifice. Calling this area «, the expenditure 
will be nearly* 

* Poisson, Hydrodynamique, vol. ii. 



SEWTOS S PRIKCIPIA. 



: -fiS.*.!. %^2oA. 



Bat tbe efflux n very modi iDflaeBced by the nature of 
the orifice. If > email vertical cjlinder, or adjutage, be 
applied to tbe exterior of tbe orifice, the discharge is 
graatly inenased, and irill be nearly 



7 = -8>f s'2ffh; 

if, GO the oontrary, the cyBnder be placed on the interior 1 
of the orifice, the discharge is decreased, and will be i 
nearly 

f = "5 a ' ^'2gh. 

Venturi found an adjniage, consisting of two conical * 
portions having their gm&ller ends united at the com- 1 
mencement of the vena contracta, to pve a very large i 
discharge. 

(5.) An attempt has also been made to determine thej 
velocity of efflux of an elastic floit) rushing out of a email 1 
orifice. The problem is a very difficult one, and no satis- \ 
factory solution has been found. 

Let a quantity of any gtts be compressed at density D I 
and pressure P, in any vessel A : let it be allowed to run j 
out by a small orifice into a vessel A', filled with the » 
kind of gas at density IX and pressure P'. It is required to 
determine the rate at which the gas runs from the first 
vessel into tbe second. 

Draw a line of motion from the interior of the vessel 
A to the interior of A', bo that at any instant 'all the par- 
ticles in this curve axe moving along tangents to the curve. 
The motion of the particles at the two extremities of this 1 
line will be infinitesimal when the ajKrture is very small i 
compared with the size of the vesseb. Since the aper- j 
ture is very small, the motion mny be considered for aay i 
short time steady ; bence the equation 



will be approximately true. The quantities p, p, v, in 
this equation express the pressure, density, and velocity at 
any point of tlic curve. Integrating from tlic extremity 
of the curve in tlie vessel A to the orifice, ivc have 



Supposing the difference between P, P' not too great, 
the fluid will rush into the receiver in a stream, and there 
will be a backwartl current on eaeJi side to difi'use the 
gas over the whole vessel. Taking some section where the 
fluid may be supposed to move with the same velocity 
throughout, the quantity that runs past in a unit of time, 
measured in volumes of gas at density D, i,-s 

where/) and f express the pressure and density at the sec- 
tion, and m is a numerical coefficient depending on the 
nature of the orifice and the unit in wliicli ;i is measured. 
We are ignorant of the true values ofp and p; but if t!ie 
vessel be \cry large, and tlic dillercncc (jf pressures P, P' 
pmall, the gaa on each side of the stream will be nearly 
Ftagnant, anil we may substitute for ji, f, the values of 
P', D', the mean pres^sure and density in the receiver. If 
P — P' be so siuall that we can neglect its square, thia 
formula will become 

an expression wliicli is in tolerable accordance with the 
results of experiment. But if V and P' arc not nearly 
equal, this is no longer even an approximation to the 
truth. 

c c 
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Suppose we reject the effect of cbanges of temperature, 
we have, by Boyle's law, p= xp, whence the expression 
(1.) easily gives 

MM. Barrt? da Saint Venantand Wantzel * have under- 
taken the task of testing these expreaaiona by actual experi- 
ment. They have pointed out thattbe formula (3.) could not 
possibly be accurate, for it gives the velodty of efflux a 

maxtmum when p- = -60653, so that the velocity would 

actually be less the smaller the quantity of air in the vessel 
A', provided it be less than a certain quantity. The velo- 
taty would vanish when P' = 0, which leads to the ex- 
traordinary result that a gas cannot rush into a vacuum. 
If in order not to neglect the cbanges of temperature, we 
put p = xp", we get the expression 



I 

If we knew the vatnes of^ and y this would no doubt givsl 

accurate results. But when we Bubstitutc p = P', we 

ore led to results as absurd as those we have just mentioned. 

The truth is, that, other things being the same, the velocity 

of efflux of air by an ori6ce is always greater the more 

the pressure in one vessel exceeds thut in the other. So 

P' . 
long as p ie not greater than '3 or '4, tlie efflux or the 

quantity of air that has flowed out in a unit of time is 
sensibly thr same ; that efflux diminishes slowly at first, 
more quickly afterwards, ns the pressures approach 
equality, and it becomes nothing after a finite time, when 
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the pressures become the same in the two vessels which 
the orifice puts in communication. These are the results 
of MM. Venant and Wantzel ; they have even deduced 
an empirical law to represent the velocity. The efilux 
per metre of orifice in volume at pressure P will be 
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where m, n are two numbers which depend on the nature 
of the orifice, and n^ a number to which we give a value 
a little greater than n, that the formula may give a nearly 
constant value to Y between the limits already stated. 
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MOTION OF WAVES ON THE SURl 



It appears that it is not everj form of waves which can 
be freely propagated with a uniform velocity without any 
change of form. The only cam in which this is possible, 
is when the vertical section by a plane passing through the 
direction of propagation is, to a first approximation, the 
curve of sinea. A solitary wave" cannot, therefore, be 
propagated without change of form; a result confirmed by 
Mr. KuescU'b csperimentB. If the form of the waves were 
accurately the curve of sines, they would be exactly si- 
milar above and below the unJisturbed level. This com- 
mon experience shows not to be the case. On cairying our 
investigation to a second approximation, ou the Euppo^- 
tlon that the depth of the water is much greater than the 
length of the wave, it is found that the altitude of the top 
above the undisturbed level is greater than the depth of 
the hollow beneath it. The top of the waves are more 
pointed than the hollows. Such a wave is propagated 
without any change in its form. If the depth were much 
less than the length of the wave, the wave will undergo ^ 
certain changes, which we shall have occasion to refer to 
presently. 

The motion of the water during the uniform propagation 
of the wave is greatest at tlie surface, and decreases rapidly 
with the depth ; but the rate of decrease varies very 
nearly inversely as the length of the wave. Thus if the 
depth of the water be much less than the length of a wave, 

• Cmub. Pbil. Traus. toI. viii. 
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the motion is nearly tljesame at all depths ; if iiiucli grciiter 
the water near the bottom is almost at rest. Each particle 
of water tlescribes an cUijisc. Those at the bottom oscillate 
in straight lines, and in very dcoii walci- those at the sur- 
face describe circles. 

When the clianne! is not uniform the question of tho 
motion is much more difhcult. Professor KeJland has in- 
vestigated one case of tliis kind, for which we refer our 
readers to the Edin. Trans, for 18-11, 

The motion of any scries of oscillatory waves will, of 
coursCj tend to subside from the cftects of internal friciiou. 
The rate at whicli this takes place dcjieods very much on 
the length of the wave. The magnitude of the wave is 
found to depend on tlic factor ' 



where >, ia the length of the wave, fi' a numerical quantity 
depending on the amount of internal friction in the fluid, 
Cij, c the values of the factor at flic times zero and (. The 
value of ^''f*' for water is ■0.^fi4, an inch and a second 
being the units of space aud time. " Suppose, first, that ^ 
ia two inches and ( ten seconds, then IG *' /*' t \~'' = 
1-256 and c : c„::l: 0-2a48, so that the heiglit of the 
waves which varies as c is only about a quarter of what 
it was ; accordingly the rippSes excited on a small pool by 
a pufF of wind rapidly subside when the exciting cause 
ceases to act. Now suppose tliat A is 40 fathoms, or 2880 
inches, and that t is 8B,4UiJ aecomis, or a whole day. In 
this case 16 tt- fj.' t k~'- is tc^ual to oidy U'0O5232, bo that 
by the end of an entire day, in which tiLue waves of this 
length would travel 574 English miles, the height would 
be diminished by little more than one two-hundredth 
part in consequence of friction. Accordingly the long 
ewella of the ocean are but little allayed by friction, aud 

- IVof. Moke, ''ftiJil'. rhil. Timis. Ill Li., pairs. 
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at last break on some ehore situate J at the distance of per- 
haps hunilreJs of miles from the region where they were 
first excited." 

When the wave is very long it is easy to give a ehort 
demonstration of ile most useful properties. And this is 
the more advantageoue, for, aa we shall presently see, the 
tide ia nothing more than an exceedingly long wave. 

Suppose wc have a rectilinear channel of uniform section ; 
lety be the elevation of the water above the mean level at ft 
time t, and at a distance x measured along the channel from 
the origin of measurement. Let A be the greatest value of 
y. Let A be tlie depth of the channel, \ the length of the 
wave travelling along the canaL Then by hypothesis ^ ia 
very great. Suppose the particle of water which when 
undisturbed to have been at a distance x from the origin, 
to be at the distance a- + X at the time t. First let there 
be two imaginary planes placed at the beginning and end- 
ing of the long wave. The mass* of water elevated above 
the mean level will be comparable with Kk, while the water 
which has parsed the two imaginary planes will be com- 
parable with A X. These two quantities, then, must bo of 
the same order ; hence 



k is of the order 



AX 



and, as K is very great, this must be very much BmoIIer 
X. Now X ia itself supposed a small quantity ; beace k 
may be altogether rejected when compared with X, and 
we must suppose the elevations performed by the horizontal 
motions of the fluid pressing together some parts, and thus 
raising it above the general level. So far as the vertical 
motion is concerned, we may consider the fluid in equlli> 
brium, and hence may use the ordinary equations of hydro^ 
statics to find the pressure at any depth. 

We shall now show that if we assume the displacemei 



^J 



■ ChjiiIi. Dull. Miilh«tiiittii'&l Joiimal, Nov. 184!). 



Xof the [>!irticle wliidi wild aituatuJ at the Ji-liiiu't' x from 
ilie origin to be representee] hy 

X = » Bind, t-m.,-), 

that then all tlic ooudiliuns required for a, in'ssllih- motion 
will lae satisfied. If this expression ngivi^ wilh tlie 
initial conditions nnd nil the otlicr cii'Gum»t;inci'-; of the 
motions, it will represent the nrtrir/l motion. The whole 
of the reasoning i*, step for step, the same as ihat fur the 
motion of soimd in a tube. 

Since this form of X is independent of the dopth, the 
water will be agitated to the bottom, and tiic particles once 
in a vertical plane will atwjiya rem:iiii in one. It' llien two 
planes be taken at a di^^tancc dj: whou tin: Hulil i^ at rest, 
the mass of wntcr between them will alway.i remain tbc 
same. Hut this mass before the motioa ivas // '/', and at 
the time t it in 

{h + >,){,! x + !lX) = /nl.,; 

the last term is very sniiill. I'lr buHi ij and X aru small, and 
therefore may be rrjueU-d ; hciiri.^ 



■' ' ,/ ^■ 

if we consider any elL-muiiL dx of the fluid, the forces 
that make it move are the ])ru::^iirvs on its Iwu ends. These 
are, by hydrostatics. 

y(y4;)aiKlyO/ + ,/yrO, 

whore r is the d>pih ,,l llu cki.iULt beneath tlie moan 
sLirfacc. llerioe liiu JiiDviii- force Is 
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aad tbe mass moved is if x ; hence the accelerating Force is 



—ara'hg am (n(- 



') 



hence tbe force varies as the displacement. This is well 
knotrii to lead to the very law assumed for X, provided 



«-ij = . 



which ne know is — , must 



hence the velocity of the 

bev"^ 

The general equation for tbe motion of any long wave 
may be obtained by a generalisation similar to that em- 
ployed in the proportion corresponding to this in sound. 
Tbe resulting equations are even tbe same : we arrive at 



d'X 
dt' ~ 
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and whatever be the form of the wave, provided only it be 
very long, and the height of the wave be small compared 
with tbe depth of tbe water, the velocity of tranamission 
will be always the square root of tbe product of the depth 
and gravity. 

If each particle of the fluid be under tbe action of forces, 
the motion may still retain tbe characteristics of a wave. 
Sucb a wave, however, is called a " forced wave," and there 
ie no necessary relation between the velocity of such a 
wave and the depth of the water. As an example, let 
each particle be acted on by a horizontal force 



\ 



F=/. sin. (it- 
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Let us assume the displacement 

X=a sin. (i^ — mar) 

.•.F = /x. 
a 

But as we have already seen^ the water seeking to recover 
its level causes a horizontal force equal to 

hence the whole force is 



-(m«A<7-'^)x. 



By the same reasoning as before^ this coefficient must be 
equal to t^, or 



m' 



hg-l=P; 



f 

hence a ^ ^ • 

or the motion in the horizontal direction will be given by 

^ = — ^5 o, • sin (*^ — 'wx), 

and the elevation of the water by 

fm k /. . N 

y = — -r-^ — -- — cos (it — mx\ 

This proposition will be required when we come to con- 
sider the theory of tides. It will also serve to explain in 
some degree the motion of the waves generated by a boat 
moving along the surface of a canaL It is not a complete 
explanation, for the waves observed by Scott Russell were 
solitary waves ; whereas we have supposed in the above 
reasoning that there is an infinite succession of waves 
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following each other. However, we may suppose the 
grand features of the motion to be similar in the two cases. 
The above expresaions show that the elgu of F will be the 

same as or different from that of -, accordine as -, 
at " m 

the velocity of the wave, is greater or less than t/g h. 

Taking the former supposition, F must be positive, or act 

in the direction of propagation where the water is rising, 

that is, along the anterior surface of tlie elevation of the 

wave, and must act in the opposite direction where the 

water is falling, that is, along the posterior surface of the 

elevation. If, on the contrary, the velocity of the wave 

is less than ^tf h, then F must act in the direction of 

propagation along the posterior slope, and in the opposite 

direction along the anterior slope. A boat can only push 

the water forwards ; hence it must be on that side of the 

slope on which a forward force is required ; that is, it will 

travel behind or before the wave, according aa its velocity 

13 less or greater than V^ A. There will be no force 

acting on the other elope of the wave ; but the wave will 

undergo a trifling change of form, and thus similar effects 

will be produced whether this force does or does not act. 

If the velocity of the boat is V^ A, no forco is neces- 
sary. If the boat ride on the crest of the wave, it acts 
on both elopes. If these actions were equal, the particles 
would have their changes of motion accelerated in front 
and retarded in rear, and thus the whole change would be 
the same as if the forces did not act. But the head of 
the boat, Airy observes, presses the water more than the 
stern ; hence, on the whole, we have a small accelerating 
force acting on the anterior slope. Hence, that the IxMit 
may ride evenly on the crest of the wave, the velocity 
must be a little greater than Vy k. This is true in prao- 
tice. 

Many mathematicians have investigated the effects of ■ 
gradual changes in the depth and breadth of the canal on a 
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series of long waves propagated along it. If A and 6 be 
the vnriable depth and breadth, tlie result arrived at ia 
that the altitude of the wave varies * 

inversely as ■'.% , .'i. 

Professor Airy has demonstrated that waves cannot be 
propagated, strictly ."peaking, along a canal of variable 
depth. He shows that if it were possible, we would be 
led to an equation that cannot be satisfied. Hence, " one 
at least of the two conditions on which the equations of 
Hydro dynamics are founded must fail. These are the 
continuity of the fluid and the cfpiality of pressure in all 
directions. While the continuity holds, the equal pres- 
sure ninst exist, from the nature of the fluid. There- 
fore the continuity uiust cease, or the water become 
broken. This appears to he the explanation of the broken 
water which is usually seen on the edge of a shual, or a 
ledge of broken rocks, although tlie whole is covered, 
perhaps deeply, with w.atcr." The Astronomer Itoyal 
mentions the instance of Newfoundland, where, when the 
waves are high, there is a surf caused by the breaking of 
the waves over the edge of a shoal 500 feet deep. A 
similar breaking is observed about the line of "no sound- 
ings " (that is, where the water suddenly becomes deeper 
than 600 feet, which at sonic distance borders the British 
isles (Encyc. Met., art. Tides and Waves). The wave, 
on reaching a pai-t of its course where the depth changes 
suddenly, breaks, because tlie velocity of the top part for- 
ward and of the hollow backwards, is too great to travel 
with the velocity proper to the new depth. The top part 
therefore, tumbles forwards into the hollow. The degree 
of breaking ia less and less the longer the wave and the less 
the change of dcjith. If the depth alter very slowly, the 
wave may be considered as only slightly breaking, and is 
profiagated as a changing wave. 



396 KEWTON H PRIKCIPIA. 

Professor Airy haa also inTCBtigated the manner in 
which the wind acts to raise the waves. His theoretical 
conclusions are as foUowa ; — " It is to be understood 
that either from preceding diaturbancee, or from the trifling 
incqualittea of the wind while the water is smooth, there 
are very shallow undulations upon the water. When the 
wind begins to act, it will at first only increase the height 
of the waves in every part, and during this time the heada 
of the waves will be broken. But after a time the waves 
beginning with the windward shore will be (for a short 
diatance at least) so much increased, that the power of the 
wind will merely maintain them in that state without any 
increase; but for all the sea in advance, the wind will 
still be raising the waves. But as the waves successively 
obtain that height which corresponding, according to our 
result, with the height which the wind can just m^taln, 
these waves will no longer be increased, but the waves 
in advance will still be increased. Thus a wind of given, 
intensity, however long it blows, can only raise the waves 
at a given point to a certain height ; which height, how- 
ever, will depend upon the distance of that point &om 
the windward shore." 
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II. Since Newton's time many jihiiosopliors liavc turned 
their attention to the theory of the tides. Newton left 
it in so imperfect a state tliiit njiich I'enmined to be done. 
A Vc shall therefore in the briefest jiosaible manner men- 
tion a lew of those ste|>s that have been since made. It 
would require a treatise b}- itself to discuss tlicm eom- 
plctcly. A traveller about lo visit a new country loolis 
at the map first : we intend lo furnish tliis map, and must 
refer to otliDr works those wlii) may desire to study so 
interesting a subject. 

There are at present three theories of the tides. They 
are usually called, the ef[uitiliriuin (hcory, the theory of 
Laplace, and the wave theory. Tlie ditierencea of these 
theories will be best understood by cunsidering them sepa- 
rately. I 

(1.) Inthccciuiiibrium theory, the rotation nf the earth 
is supposed lo have no effcet on the form of the tide, so 
that the limes and heights of hi;;;h water, and all the 
Other cireunistancea of the tides, at any place may be cal- 
culated on tiie su[»position that both the earth and the 
moon remain fixed in the position they arc in at ihc mo- 
ment luider consideration. 'Whether tliis assumption be 
legitimate, or not, is a question we shall presently have 
to consider. The whole equilibrium theory is built on 
the assuinption of its truth. 

The general explanation of t!ic tides, according to this 
theory, is very simple. The nioim attracts both the earth 
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and the water on the carlh. But ^he attracta the water 
immediateiy under her with greater force than she attracts 
the centre of the earth, and she attracts the centre of the 
earth with greater force than the water on the opposite 
side of tlie earth. But the tides are formed hy tlie position 
the water assumes relative to the earth. We must there- 
fore consider this as reduced to rest by a force supposed to 
be applied to every particle of the earth and water equal 
and oppoMte to the force with which the moon attracts the 
centre of the earth. The pairticlea of water inunediatdy 
under the moon will therefore be drawn totcarth the moon ; 
those immediately opposite will appear to be drawn from 
the moon. Tims the water will rise and form a high tide 
both on that side next the moon and also on the other. 
Let ns now sup[)oae the whole earth covered with water. 
Each particle of the fluid is under the action of, first, the 
attraction of the earth, and, secondly, the attraction of the 
stratum of liquid surrounding the earth: this will depend 
on the form its surface will assume under the action of all 
the' forces; thirdly, the disturbing force of the luminary. 
The form of the water must be determined by means of 
the equations of fluid equilibrium. The result obtained is 
that the form will be very nearly a spheroid whose longer 
axis points to the luminary. If $ be the zenith distance of 
the moon at any place and any instant, i; her distance, a 
the mean radius of the earth, «' the radius of the solid 
nucleus of the earth, E and M the masses of the earth and 
moon, p, p' the mean density of the earth and the density 
of the sea; then the height of the tide at the given ph 
and at the given time will be 
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The greater the depth of the oce: 
greater is the height of the tide. 



r the lees a' is, t 



The values of tfaeee eereral ratios are as fuUowe : 

M 1 a 1 _ 
E = 57, - = SH. E = 

whence the cocfBcient 




By obaervatton p' = ip nearly, and in thia case the height of 
the tide is amnlL But if p' be nmch greater, this exprea- 
eion soon becomes considerable, and if the density of the 
eea had been much greater than that of the earth, the 
tides would have been very high. 

We see also that the height of the tides caused by dif- 
ferent luminaries varies as their maaaes, and inversely as 
the cubes of their distances. 

The coefficient being called h, the greatest elevation of 
the tide will manifestly be 2/i, and the greatest depression 
below the spherical surface will he A. The elevation is 
therefore dnuble the depression. But it must be remem- 
bered that thia spherical surface is not the mean surface of 
the ocean at the place in question, but the surface as it 
would be if undisturbed by any luminary. 

There will be a similar expression for the tide caused by 
the sun, and the two together may be expressed by the 
formula 

El-3sin.x){A.(l)'(|eo.'8-,) + A-(y'(|«».8--,)} 
Bin2x I A /* -V ain2S.co8(;-y) + aY^V sin 2S'co8/— 7' 1 

+ ^ cos» ;. I A r-y.cos'Scoe2(/— 7)+A'f^^ coa'S'ooa2/— 7' 1 

wliere I, X, are the longitude and latitude of the place, y, £, 
the right ascensions and declinations of the moon, c^, c, her 
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mean and actual distances, A tbe coefficient of 3 coe* 9 — 1 
in tbe preceding formula when the moon is at her mean 
dietaoce. Accented letters applj to the son in the same 
way as unaccented do to the moon. 

In this eipreaaion we see three kinds of tenns. /Vrrt, 
those of TCry long period, and which are not dependent on 
the hour of the daj. These arise from the first line in tbe 
above series, and cause differences in the mean elevation 
of the water, depending on the declination and tUstances 
of the disturbing bodies. As the expression contains the 
factor 3 ain^ X— I there will be no such terms or inequali- 
ties for anj place whose latitude is sin~' \'^. 

Secondly. The terms in the second line going through 
their values in about a day, they form therefore a diurnal 
tide. This has no existence for any place on the equator 
or at the pole, and is greatest in latitude 45°. There will 
be variations in the inaguitude of this tide, depending on 
the changes of declination and distance of the heavenly 
bodies. 

Thirdly. The terms in the third line go through their 
values twice in about a day ; they form together, therefore, 
n tcmi-diurnal tide. This has no existence nt the poles, 
and is greater the nearer the place is to the equator. 

The value of this theory may be beat stated nearly in 
the words of the Astronomer Royal :— " The moat con- 
spicuous tide on the coasts of Europe at least is the semi- 
diurnal. The acceleration or retard of this tide on the 
moon's transit does not at one port in a hundred agree in 
any measure with the result of this theory." " The abso- 
lute elevation of the tide is great at one port and small at 
another, without any relation to the quantity calculated 
from theory. The proportion of the elevations, however, 
at the same port in difl'erent stages of tlie lunation agree 
pretty well with the theory (though not equally at all 
porta), yet the critical phenomena (spring and neap tides) 
occur later than the theory gives them." " The peculiar 
phenomena of river tides are not touched on by this theory." 
" The diurnal tide ought in these latitudes to be equal. 
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or Dearly equal, lo the eemi-diumal lide. Yet id the 
ThamCE it is absolutely inKnsible, anJ in otlii?r port;, Oa 
well of England as of other p-im of Europe anJ America. 
though discoverable, it ii not notorious, anj has oaly been 
found froDi the ob^rvaiiuos made by iu:n of science. It 
has been found to be very conspicuous ai some places 
near the equator, and =ome places near the pole, ivhero it 
ought Dot to be discoverable) ot scarcely discoverable. The 
tides of longer period have scarcely been observed." 

" Altogether this is one of the most contemptib!'? theo- 
ries that was ever .ipplied to esjilain a collection of impor- 
tant physical facts. It is entirely false in its ]irinci[iles, 
and entirely inapplicable in its results. Yet, strange as it 
may appear, this theory has Ijeen of great use. It has 
served to show that there .are forces in nature following 
law3 which bear a not very distant relation to some of the 
moat conspicuous phenomena of the tides; and what is 
more important, it has given an algcbr.iic form to its own 
results, divided into scpar.ite parts analogous to the parts 
into which the tidal phenomena may be divided, admitting 
easily of calculation and of alteration, and thus at once 
suggesting the mode of separating the tidal movements, 
and affording numerical results of theory with which they 
arc to be eompart-d. The greatest mathematicians and the 
most laborious olfservers of the present age have agreed 
equally in rejecting the foundntwn of this theory, nud 
comparing all their observations with its rcsulh. And till 
theories are perfect (a thing scarcely to be hoped for in 
any subject, and less iu the tides than any other), this is 
one of the most important uses of theory.'' 

(2.) The next theory to be considered is that of Liiplaee, 
In this the phenomena of the tides arc treated as a question 
of hydrodynamics. It is manifest that no true theory can 
proceed on any other supposition. We may, as usual, 
suppose the centre of the earth reduced to rest by the 
apphcation to every particle of the earth and sea a suffi- 
cient force. This we can do, for we are only concerned 
with the motion of the sea relatively to the earth. The 
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two luminAriee must then be supposed to travel round the 
earth in rcs[)ectively a month and a year. Then the pro- 
blem 18 to determine what motion will take place in any 
wide expanse of ocean when acted on by theee forces, the 
earth and sea being eupposed lo have a rotation round a 
fixed oxi^ 

But such !fi the difficulty of the investigivtion, that if we 
wish to get any result at all, we must make some snppo- 
sitioDS tliat arc not quile applicable to the earth. We 
must suppose the earth to be entirely covered by water, 
whose deptli is the same along any parallel of latitude, 
which may be expressed by the formula 



= / (l—q cos')). 



where i is the polar distance of the parallel of latitude, 
the depth at the equator, q a constant depending on the 
rate at wiiich the depth decreases as we approach the pole. 
The investigations of Laplace are very difficult: the same 
results have been obtained by a different but simpler pro- 
cess by Professor Airy in his article on Tides and Waves 
in the Encyclopa^dia Mctropolitana. 

The result of Laplace * is that there are " trois csp^ces 
dominations." As these uuitc without confounding them- 
selves, they can be considered separately. 

Dei oieiUations dt la premiire espece, — -These are tides 
uf long period, and depend on the positions of the lumi- 
naries, the depth of the sea as compared with the radius of 
the earth, the time of rotation of the earth, the force of 
gravity at its surface, and the latitude of the place, but 
not on the hour of the day. Formula arc found to express 
their magnitude, and these, when no allowances are made 
for fnction and other causes of resistance, are not the same 
as those given by the equilibrituu theory. Laplace, how- 
ever, supposing the resistance to vary as the velocity, and 
the tide to be exceedingly small (an assumption founded 
on observation), shows that we may calculate Uute oBcilla- 
• M«. Cclotf.Tol.ii.p. SIS. 
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tions as if the fluid at each moment put itself in eqiiill- 
briura under the action of t!ie luminary which attracts it. 
And the error is lees, the alowcrtlie motion of the luminary ; 
it is therefore inscnsiUc for the sun, and wc may even 
assume it true for the moon, Tliia is calculated on the 
supposition tliat the resistance varies as tlic velocity, Iiiit 
it will be, clearly, also true whatever he the law of the 
resistance, 

Des oscillations <h la sfcoiuIc rsfcc: — - Tlicsc are oscilla- 
tions which go through their jicriod in about a day, iniil 
constitute therefore properly n iliurnal tide. It is found 
that this tide docs not exist cither at the equator or the 
poles, and it is greatest about latitude 4.')'. It will dis- 
appear in every latitude if the depth of the sea be uniform. 
— a result as remarkable as it was unexpected. But this 
only refers to the elevation of the water. Tlie diurnal 
variations of the horizontal motions caused iiy these terms 
would atill remain. The csprcssion for the elevation oF 
the water is found to change sign with 1/ ; *-o that if the 
water be shiillowcr at the poles than nt tlic c^uatorj and 
its depth be less than seven miles, low water occurs at the 
transit of the luminary, it* deeper at tJie poles, high water ; 
provided the transit of the luminary fakes place on the 
same side of the er|nator as the ]ihicc of observation; and 
the reverse occurs if the transit takes place on the opposite 
side. 

Des osciUalloiis ilc In troisiiwe i-sjia-e. — -These oscillations 
go through their period in about half a day. Tlicy con- 
stitute a semi-diurnal tide, having two high waters and two 
low waters every day. If tlic depth vary as the aqiiarc of 
the cosine of the latitude, the expres&ion for the elevation 
of the tide shows that there will be low or high w.ater at 
any place at the moment when the luminary crosses the 
meridian, according .as the depth of the sea is less or greater 
than about seven miles. Laplace has also investigated the 
nature of these tiiles in a sea of uniform depth, but the 
Astronomer R-ivnl lia? pointed nut an error \n his process. 
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t)ic efTect of which is to vitinte hU reeulto, and, therefore, 
nlso, nil the numerical calculations founded on them. 

This theory is certainly a wonderful etep in advance. 
The only defects are those that the imperfection of our 
mathematical knowledge renders imperative. The rcBults 
show how false that assumption is on which the equili- 
brium theory is built. That theory could never lead to 
the result that there must be, under certain circumstances, 
low water directly under the luminary. The theory of 
Laplace is, indeed, founded on suppositions ns to the depth 
of the eea ; but still we may expect these results to bear 
some analogy to the phenomena we- actually meet with. 
Further, only the principal terms are considered, and thus 
the effects on the tides caused by the difference of the 
inotioDS of the sun and moon arc not calculated. 

(3.) The third theory may be called the wave theory. It 
is most successful exactly where all the other theories become 
so inapplicable as evidently to be quite useless. Its pecu- 
liar merit is the discussion of river tides and the expla- 
nation of the various phenomena produced by barriers, 
changes of depth and breadth in the various channels 
through which the tide has to pass. It ia not altogether 
inadequate to the discussion of certain cases of ocean tides. 
The problems considered are of two kinds. First, the tides 
formed in very long canals, the waters of which are acted 
on by the forces of the sun and moon. These results will 
be afterwards found to bear some analogy to the case of 
certain oceans as they exist in nature, bounded by their 
continental shores. Secondly, the tides formed in rivers 
which are so short that the action of the disturbing bodies 
on their waters may be neglected, and the tide may be 
considered to be freely propagated up the river from the 
disturbance caused at its mouth by a tidal sea. 

This theory ia not to be considered as contradictory of 
that of Laplace. Two truths cannot be opposed to each 
other. On the contrary, Laplace's equations are required 
in some of the investigations of this theory. 



ory. The dif;,^ 
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due. 1 may refer to his woi'k in Ilie Jiiiicyc. ftlet. tor the 
Jemonstratioii of most of the tlieorcms iiUudud to in tliu 
foUowing sketcli. 

Let us begin by coDsiJcring Newton's ease uf the mo- 
tion of water in an equatorial cliannel acted on by the sim, 
supposed to revolve in ibe efiuator. That part of tlie dis- 
turbing force whieii acts poi'iieudicidar to llie w.itci-, will 
produce but little effect compared with the tiinyenlial force, 
the weigbt of a column of liuid equal to tbc depth acted on 
by the central force being infinitely iess than that of so long 
a column as a quarter the circumference of the globe acted 
on by the tangential force. "We plialt therefore neglect tbc 
central force. On applying Laplace's erpiations it can be 
proved that the motiou in a canal will be the eanie as if the 
earth were reduced to rest, and an cqna! but opposite 
angular velocity impressed on the disturbing body. l>y 
Lunar Theory, the tangential force ia known to be 

where b is tbc radius nl' the cartli. ji the >-\m'i nia.-s, D iu 
distance from the earlli, yi ibe relative angular velocity of 
the sun and earth, and f any angle determining the position 
of the particle. Then, by the ju-oposition dcnionsti-ated in 
tbc diapteron waves, tlic allitudc will be 



tio" llial if llic Jqilli I. of llit >oi 1)0 k'.! 
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or be less than 14 miles, tLere will be low tide immetJuUelj 
under the luminary. 

In thia inatance there was only a eemi-diumal tide, bnt 
when the solar path ie no longer restricted to the equator, 
and the channel is any position on the earth, we have botk . ] 
diurnal tidea and tides of longer period. The diurnal tidO'l 
does not exist when either the canal is equatorial, » 
luminary is on the equator. When it exists, the phase ■ 
the instant of transit depends on whether the depth of tbsfl 
sea be less than 3^ miles, and the luminary on the opp( 
site eide of the meridiau or not. If both these hold < 
both fail, there will be low water at zenith transit ; if one! 
fails and the other holds, high water. 

There are also tides of long period ; that is to say, thaA 
relative mean level in diflerent parts of some canals is not J 
the same as if the disturbing body did not act. The mei 
level thus depends on the position of the luminary. 

The state of the tide will manifestly be affected by frio- 
tion ; it appears that if we wish to calculate the height of 
the tide, at any time (, we are to proceed as if calculating 
the height (on the supposition of no friction) at a later 
time t+a, with the luminaries in the position they v 
in at a preceding time t—^, where a and ^ are two quai 
titles given by the theory, and depending on the amom 
of the friction. 

In considering the effects of two bodies, we see tba^-| 
according to this theory, they do nut produce effects whiolt I 
have the same ratio as in the equilibrium theory. If in 
that theory, p be the ratio of the lunar to the solar bi{^ 
tide, and p' the ratio given by the wave tlieorj-, then 

where n, n' are the angular velocities of the sun andmoOB *> 
relative to a fixed line on the eaiih, b the radius of the 
earth, and k the depth of the sea. Tliis ratio will be 
different according to the different values of h. Tim , 
explains the fact, that in different seas the ratio of the ■ 



luoar and solar liilci U ooi cuu^taiit, but vai'ies with the 
depth of the sea. 

It would take too long to f-iiter into all the api'lioatioiia 
of this theory to oceanic tides. If wo cmild coiiiidor the 
Atliiniic a3 a canal running ncai'ly nortii and =OUtii, the 
tidea in it wnuld be nciirly staiioii:iry. This is certainly 
not the case. Tlie South Sc-a might he cousiilered as a 
canal running east and we jt ; in that case there would be 
a forced tide wave travelling alung it. The only advan- 
tage of this theory in its application to oceanic tides, is 
the simplicity of its analytical processes. It is even pos- 
sible to consider the cff'<;ct of friciion. The seas to which 
we apply iti re^idt- are not canals, but we only use them 
13 suggestive of the general characters of the inolion. 

The theory is most successful in determining the tides 
in rivers. The water at its mouth being disturbed by 
the tides formed in the open sea, tiiat disturbance will be 
propagated, with unalterril period, up the river with a 
velocity proper to the deitih, viz., the Equ;irc root of pro- 
duct of the mean depth and t!ie f 'rce of gi-avily {32-18 ft.) 
This disturbance is a long wave; when the top part of 
the wave pitssea any point, it forms high water, and when 
the lower part, low water at that place. Tlic lenglli of 
the wave of course de[ie[ids on the distance up the river 
travelled by the front jiart I'f the wnvc fjnned at tiie 
mouth of the river, while the other parts arc being formed. 
There may even bu niiiny Iiii;!! and l-iiv tides on the same 
river at once. 'Ihus La Comhuninc observed about 
twenty ]ilaees on the Amazon where there was high 
water with luw wati.r at the same time at Intermediate 
places. It is al^o possible, as this hmg wave is propa- 
gated up the river, that tlie low water at some pluee a 
considerable distance up tlic river may bo iiigher than 
the high water at the sea. Thii uecurs u;i ilie Thames 
and most rivers. 

This propag;uion of the tide is iml the trau:.;'LreniT of 
a burly ol water up tlie river, bul the muli.iu dI a ti>nii. 
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"We hare flcen that when a wave travels, along a uniform 
channel, that the water is moving in the direction in 
which the wave travels, so long as the water ia above its 
mean level, and in the opposite direction so long ae it is 
below its mean height. This is also the case with the 
tide, except bo far as this circumstance may be modified 
by the varying depth, breadth, &c., of the river. It is a 
common error to suppose that tho flow up the river ceases 
when the tide begins to fall. The flow in a uniform canal 
continues for three hours after tide. But if the depth 
and width be decreasing, if there be any friction among 
the particles of water, if there be any impediments to 
the progress of the wave, aa a barrier or a series of 
bridges, the theory shows that this interval will be much 
less, and observation confirms the result, for the mean 
interval at which alack water follows high or low tide at 
Deptibrd has been shown " to be thirty-seven to forty 
minutes. 

The height of tho tide wave also experiences manjr 
alterations due to the varying circumstances of the river. 
If the tide be stopped by a barrier, or if we are consider- 
ing the tides in a gulf like the BayofFundy, theory 
shows that there will be tide waves reflected from 
the barrier, and the height of the tide at the extremity 
may be greatly increased. If the breadth or depth de- 
crease, the height of the tide will be increaacd, particularly 
by any decrease of the former. On entering any river, 
then, we may expect the tide to be greatly increased. The 
magnitude of this change depends on the breadth of the 
wave, and this again depends on whether the tide be 
formed by the sun or moon ; hence the ratio of the tides 
formed by the two luminaries will not be exactly the same 
at all places. But when the tide has entered the river, the 
friction of the particles of water causes the disturbance to 
diminish io geometrical progreaaion as it goes up the ri 
" At the entrance of the Bristol Channel the whole 



• Fliil. Trans. IS42. 



NEWTON S rUINCIPIA. 



410 SEWTOX'S PKlSflPli. 

tide OQ the Dee. Oa going to k third approximatitm, 
tnpic tides are found possible, and this occurs on the 
Forth. Wlien tliere are barriers in the river, as the 
land at the Icnuination of the Gidf of Fundy, the reflected 
wove ia such that there is no horizoDtal motion at the bar- 
rier, and that the tidal elevation at the mouth, caused 
partly by the eea and partly by the reflected wave, shall 
altogether be equal to the tide in the sea itself. Hence 
just as in the case of sound waves in a tube, tliere will be 
" nodes " and " loops," if I may so call them. At some 
places there might be no tide, and at others there will be • 
rising and falling of the water, but no wave will be pro- 
pagated along the channel. This is called a stationary 
tide. The usual case is that which corresponds to the 
" fundamental node." There will be high water at all 
parts of the gulf at the same moment) and the tide will be 
greater the greater the distance from the mouth, and at 
tlie termination will be double that at the mouth. But 
when there is friction in the water, this ia not exactly the 
case. It can be shown that then a tide wave does roll up 
the river with a velocity different from tiiat proper to the 
depth, and the end of the flow follows close upon high 
water. The height of the tide also may or may not in- 
crease as it travels along, according to circumstances. 

In canals adjoining two tidal seas in which high wat^ 
does not occur at the same moment, the motion of the 
water must be found by the same kind of reasoning. 
But as the result is compUcated, we shall not consider 
this case. 

The motion of the tide in channels deeper in the middle 
than at the sides, as, for instance, the English Channel, 
has also been considered by Professor Airy. The velocity 
of the phase is greater in the centre than along the sides. 
The tide wave will, therefore, become slightly convex, and 
the Yclocity being always normal to the front, it will 
assume such a shape tJiat the part of the normal intercepted 
between two consecutive positions shall be proportional 
to the velocity of the wave along that normal Thus the 
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tide curve along the shore will assume a position nearly 
parallel to the line of coiist. The phenomena of the 
motion in mid-clmnnci will therefore be the same as that 
in ordinary channel;, and the direction of the current will 
ehange only wlien tlie water is at its mean height. But 
near the coast there will be n reflected wave from the coast, 
and the iihenoniciia of motion will more resemble that of 
the tides in a short gulf; the direction of the current will 
ihcrefore change at high and low water. At jilaccs inter- 
mediate, intermediate phenomena will lake place. Thus 
the direction of tlie current will be intermediate between 
the direction of the current at the centre of the channel 
and that along tlie shore. A little consideration will show 
that on one side, tlie current at any spot will, in one com- 
plete period from high to low water, go round every point 
of the compass in the direction of the hands of a watch, 
and on the other side in the opposite direction. The for- 
mer phenomena are found to occur on the Knglish side of 
the Channel, the latter on the French side. 

Such arc our present tlieories of the tides. It may be 
said that we have aluiOi-t obtained a complete explanation 
of river phenomena. The great difficulty ia with the 
ocean. In malJicmatical language wc can solve the ques- 
tion of tlie motion of the tide in one dimension but not in 
two. Phi!osop)icrs have been of late very assiduous in 
collecting the " facts " of oceanic tides, rightly considering 
that such knowledge will enable us greatly to advance the 
theory. Mauy interesting papers on this subject will be 
found in the Philosophicid Transactions, and to these wc 
must refer our readers. 

The first step was the construction of what is called 
" co-tidal lines." These arc curves drawn through all the 
places on the globe which have high water at the same 
instant. Ity drawing these lines for the succes:?ive hours 
of tlie day we can trace the progress of the tide wave over 
the whole globe. A beautiful map of these will lie fnund 
in Johnston's Physical Atla?, Il apfiears that the tide 
wave travels e;ist to wctt in the great South Seas, as a 
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forced wave following the moon. On reaching the Cape of 
Good Hope, one tide Vavc is sent up the Atlantic north- 
wards, and another continues its course into the Pacific, 
nnd travels westwards and northwards up the west coast 
of America in a very remarkable manner. The tide wave 
in the Atlantic traveb, therefore, from the south north- 
wards, and arrives at England fourteen hours after it left 
the Cape. It here eends branches into the English and 
other channels that environ England, while the chief wave 
continues its pn^ress northwards, sending other tide waves, 
travelhng from north to south, down the same channels. 
Two tide waves arrive, tlierefore, at the mouth of the 
Thames, and the London tide is compounded of these two. 
One has travelled along the south coast in seven hours, 
and the other has gone all round Scotland and descended 
the German Ocean in about twenty hours. The diflcrence 
of these intervals is about twelve hours; thus the two 
semi-diurnal waves arrive in nearly the same phase and 
strengthen each other, and the two diurnal waves in oppo- 
site phases and destroy each other. There is therefore at 
London no diumal variation of the tide. These two 
tides, though they meet at the Thames, do not travel in 
exactly opposite directions. They both travel a IJttla 
eastwards, in direct opposition to the motion of the moon. 
They are both also greatly modified by the many shoals 
found in those seas. As may be supposed there are points 
where the two tides meeting in opposite phases, even the 
semi-diurnal tide will be destroyed. Captain Hewitt has 
discovered such a point. It is situated about latitude 
52^°; there is eiuiply an alternate tidal current, but no 
elevation of the water. 

The tide wave in the Atlantic is probably partly formed 
in the Atlantic and partly derived from the South Seas. If 
it were entirely formed in the Atlantic, as the length of 
that sea from south to north is greater than its breadth, 
the tide wave would have a tendency to travel partly along 
its length, with a very irregular velocity, and partly along 
its breadth. If the fide were entirely derived from the 



Southern Oceiin, the tide wave would travel along its 
length with a velocity proper to its depth. This, as may 
be supposed, is very iiTegular. The mean velocity of tlie 
tide wave would indicate a mean dcptli of three and a 
half mile^. 

Again) if ivc suppose that .1 tide wave would be re- 
flected from the northern coasid of America, and regard 
the Atlantic as a gigantic closed guif leading out of the 
South Sea, the velocity of the tide wave would not merely 
depend on the depth. L'ntil we know more of the nature 
of the bottom of the sea, we eauncit determine theore- 
tically the motion of the tide wave. 

By theory, the dinrnal tide wave should he ^'ciy small 
near the c'luator and pules. But this is not the case. 
The reason is manifest. AVe have neglected, in our theory, 
the effect of the configuration of the coast. The iuiportancc 
of this is manifest from the slight siietch we have given of 
the progress of the tide over ihe ocean. 

It ia iiupossiijle for us to do more than merely allude to 
the effect of wind, shoals, &c. on the tides. Neither can 
wc enter on the question of aenid tides. That such tides 
must exist is evident, for the attraction of the luminaries 
will disturb tiie air as well ;is the water. The extent of 
these oscillations have even been determined by very ac- 
curate observations of the barometer. The variations of 
pressure, as indicated by the barometer, also aifect the 
ocean tides in n remarkable manner. Daussy, Lubbock, 
and Birt have investigated tiic amount, and shown that a 
rise of one inch of barometer will cause a depression of 
the tides of 7 inches in London, II at Liverpool, and 13 
at Bristol. 
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No. I. — Galileo. 

Some unccrtniiity exists rtifiicelin^ tlio dccrco w suiiUiii.'c 
against Galileo, iiml tlic Cojicrnican Sjtlcm. 'J'lio advu- 
catea of tlie lEoiiiirili C'liuri-!i, indeed, deny llmt it was 
[ironounccd ayiiiiist tlio ductriue nf tlic carlli'a moliun and 
llie sun's rest, mid iilllnii tlint tho sonlciico was !ijj;;iinst 
Galilod personallj', on accciant nf his !. reach of tlic [iro- 
raise wliicJi he had ni:idc to Paul V. (Hur^liL'Sf), iind the per- 
formanccof wliieli he CMi<Jod liy friviiig tlie dnctrine in tliL' 
form of a dialiigui'. It i.s al^^o alligwl th:it the sontcncu 
IS pronounced by ihi; In([iii,iilion, and nut hy the Holy Sec. 
Of this there tin he iin dintbt ; but it sets furih a proviiiim 
"declanitinn of the theiilnj^ii':!! (|iiali(i>.'r.s, made by de- 
sire of His ILdiiicss, ,is wul! ii= of l!ic [ufiiii^lioii," 
that tho Ciijiemicaii syi-li'ui u •' ahsuni und jihiWu- 
phically f;dse find funnidly liefctieal, becstiise expressly con- 
trary to the Holy SeripLiire^." Tlus seems tu go beyond 
tlie mci'C a.^sertion that it is only false ad being unserip- 
tural. There is, liowcvei-, no doubt that tlio alleged infal- 
libility of the Holy Pec is confined to iiiattei-s of faith : 
and thus its advocates have sonic ground for iheir ar-^er- 
tion, that the heretical nature of tin* doett'Ina was jiloiie 
eet forth both in tlic sentence on (iiililoo an<l in the previous 
proceed iiiirs. The supposition that lie ivusi Fiilijcclcd In 
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torture in order to obtain his recantation, appears to rest 
on no foiindiition, except the uac of tiie terms rigorous 
examination (rigoroso esame), saiJ to be the form in 
which torture is referred to by those sentences. But 
the story is completely negatived by Galileo's own letter 
^ving an account of the manner in which he had been 
treated, acknowledging the respect paid to him, and the 
lenity of his imprisonment, or rtither nominal detention, 
in his friend the Archbishop of Pisa's (Pieolomini's) pa- 
lace. (Tiraboschi, Lett. Ital. torn, viii.* lib. ii. p. 147.) 
It is probable that the story of his whispering to a friend 
" E pur It muove," ("And it moves for all that,") when 
he rose from his knees, on which he had made the re- 
cantation, rests upon no better foundation. Nothing can 
be more unlikely, at least, than his choosing such a 
moment for this pleasantry — a moment of great thougli 
forced humiliation, when he h.id in the most solemn man- 
ner called God to witness, that " he abjured, cursed, and 
detested " the positions which he entirely believed ; 
nothing more unlikely than hia exposing himself to the 
risk of his words being discovered by unmediate examina- 
tion of the person whom he addressed. 

Gut it seenia still somewhat doubtful how far the sen- 
tence upon Galileo has been reversed. His "Dialogue" 
hod by decree of the " Comjregation of ike Index " been put 
into that list of forbidden books ; and Leo XII. (Genga) 
nearly thirty years ago ordered it to be expunged from 
that list. Mr. Drinkwuter {Life of Galileo, p. 64.f) 
states that it had not been erased in liJ28. Mr. Lyell 
{Principles of Geology, p. 56, edition, 1853), considers that 
this assertion is inconsistent with the account which he 
received from Professor Scarpellini at Kome, in 1828, 

• Viviani, who is described ea devoted to Galileo more than a son to 
A fuhcr, uid who allcnded hie master for the lut thrc« yean of hu Uia 
(Uuutucla, iL 290.). IgiLTo not iho least ci 

\ Published by the Useful Ktioffiedge Society ii 






apim:nt>i\. -II'J 

ihat Pius VII. (Cliiammontc) iiad np^^oiublc.l llio Contire- 
gation " which rcpcnled llic decree against (.iaiilcu imil llic 
Copemican syetcEnj" with only one itisscnticiit voice. It is, 
however, possible that the Index might etill relaia the name 
of the book. It must also be reiiicuibercd that iiotliiiig can 
be more inconsistent ivhh the UBtial ji roc ee dings and policy 
of the Roman Sec, than making such an admission of 
error as is involved in the repeal of a sciHencc pronounced, 
and purj)orliiig to proceed upon the ground of heresy. 
There can be no other explanation given of such a man 
as Benedict XIV. (Lambcrlini), the friend and piitrun of 
Boscovieh, the correspondent of Voltaire and otiicr lite- 
rary men, himself an eminent cultivator of letter.?, nnd 
remarkable for the liberidity of liid opinions, sullbriiig 
the sentence on Galileo to continue the disgrace ofliis 
church. 

It must, however, be borne in mind, that proliably soon 
after Galileo's coiidemnaliun, cerlainly fur llie hist century 
or more, the prohibition to teach the Copcrnican system 
was little more than nominal ; nothing eUo was rcciuired 
than to term it the Ilypnthesls, and not llic doctrine, 
or theory, of the earth's motion. The dccl.inition of llic 
Fathers (Lcsciir and Jacquior) accordingly calls it an Hy- 
pothesis. They rcgiird the proceedings in Galileo's case, 
{towhich it is manifest that iheir words refer) as a decree 
against the motluii of the earth. Rut many liave sns- 
pected that this is a covert attack on those proccL'dings ; 
and certainly, considering the time of tlie declaration ap- 
pearing, when Benedict XIV. was in every way promo- 
ting science and letteri:, and pursuing generally the most 
liberal and euHghlcned jiolicy, this suppo.-'ilion is not 
without plausibility. — It must be added that whenever the 
outward deference to the decree of the Consistory was 
shown, the doctrine, under the name of Ilypotlicsis, was 
openly taught, with the utmost freedom in giving the 
proofs whereon it rested. 
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No. IL (p. 68). — Another Demonstration. 
Taking the expression ^ for the force and making it 

= the general form , ^ where h is constant, we have 

3 ^ = ~ . This is a differential equation of the second 

order, and it can have but one general integral, and tliat can 
contain only two arbitrary constants. Such an integral has 
been found ; for it has been shown that any conic section 
with the focus in the centre of force satisfies the equa- 
tion. The nature of the case shows that any singular solution 
is out of the question. We may also arrive at this result 

by reversing the process in p. 49. Substituting for K, -^ x 

dp a , dp lu dr 1 . ^ ^. 1 2 a 

^ = ^2 and -^ = ^^2 ^, and mtegratmg, -, = ^^^^^ 

(-^ C). This is a well known property of all conic 
tions ; but to show that no other curves possess it, put 



sec- 



- = M ; then since — „ = ic^ + ^ ^i , therefore -j-r: -f- w^ = 
r p a Q\ a Q\ 

2 ~ . M -r C, and therefore — -r-=^ - - ---.. = c? tf. 

V^-^ -^2- -«' 
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2 — 1 



f^ 

"-A* 



The integral of this, calling C 4- T4=L*,ifl cos 

n ±j 

= 5— a, or - = M = p + L cos d — oiy the general equa- 
tion to a conic section. 



No. III. — FOBCE VARYING INVERSELY AS THE 

DISTANCE. 

It is remarkable that what at first sight seems to be the 
most simple of all the cases, that of the central force vary- 
ing inversely as the distance, or of m = 1 in ~, should be 

found so much the most difficult of solution, and that, 

whether the proportion of - enters into motion related to 

one centre only or to more centres than one. Herman, 
in the Phoronomia, turns away from it, merely observing 
that his formula fails when m = 1. Clairaut, in his excel- 
lent commentaries on the Principia, his additions to IMadame 
du Chatelet's translation, deduces, chiefly from the Pro- 
positions of the Second and Eighth Sections (Lib. L), a 
general differential equation for the curve described by a 
body under the influence of a centripetal force as Y, a 
function of the radius vector ; and the equation is there- 
fore a polar one. It involves the integration o£ J'Y dy. 

Consequently, when Y = - , the case we are now con- 

•7 

sidering, the integral contains an unmanageable logarithm ; 

£ £ 3 
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for the equation becomeB 6*/* dor = /'« -o __ o {dy\\ 
— ^ He makes no mention of this 



yM2 B - log y»)** 



cose, as, like Herman and most others, he seems unwilling 
to approach it ; undoubtedly, however, such is the applica- 
tion of his formula. 

Keil, in his paper on Central Forces in FhiL Trans. 1708, 

p. 174., gives the case of the force as - and reduces it to 

finding = P, the perpendicular to the tan- 

(i - log r)* 

gent. 

By one process grounded on Prop. XLL Lib. L, this 

result is obtained for the case of -> that is - 



J J Tt^ J 2 p. ^i + ya > or 

J ^-^-j^T^ - 2 log (x»+y») -c = ; and d e being 

{y dx — xdf/f ^. . , r*d X* + dy* 

= -, -^, the equation becomes^ ^^^^_^jyy 



h r 
The process grounded on the formula / = -- — 3 — ri 

is, if possible, more hopeless; for this gives 

h Qy" + {x - cYf X (d xd* y - d y d^ x) 
2(i/dx — xdy + cd yY 

= r. or A (y» + (x- cy) (d x d* y - 

0/' + (x-cyy 
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d y <P x) ^ 2 (ydx'-xdy+cd yf, or -j^ = 



2 {y d X — X d y + c d yf 

The difficulty follows — wherever that proportion en- 
ters Into the investigation. Thus in the problems con- 
nected with different centres, when it is found that 

forces varying as -^ and -:^, being combined with forces 

varying as the distance directly, or as r and y, give 
an elliptic orbit, the resultant of the latter forces passes 
through the centre, and the locus of that resultant is 
the opposite semi-ellipse, and so of a circle. But when 

the proportion is — and — , (also if the force towards 

each centre is as the radius vector to the other centre,) the 
resultant passes through innumerable points to an opposite 
curve, sometimes of a different kind, although each result- 
ant differing in its direction from all the others, and in the 
case of the circle, from the diameter, is equal to the one 
passing through the middle point of the line joining the 
two centres. In this case, therefore, there is no combined 

action of the forces -« and -^, or -land -^ or of their seve- 

r* yi i.o ^0 

nd resultants, with the resultant of ~ and — , as there is in 

r g 

the case of — and -, but the several forces act wholly in 
m m 

the direction of the radii vectores severally. 

It evidently appears to be a more simple and natural 
combination that the two sets of forces should diminish 

E E 4 
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with the distance increasing, as in -^ and -^ combined 
with — and -~, than that one set should decrease and ano- 

ther increase with the distance, as In -^ and -^ with r and 

q^ in which case there must even be an extinction of force at 
one point, where (taking the sum of the forces instead of 

their resultant) -^ -h -r^ — -y or r is as In the equation 

r^ + - — 5 — r^ = w^ Of course the value of a would be 
Q 

the siune ; and the resultant (more accurately taken to 
measure the Increase of the force) would at one value give 
the two sets of forces as counterbalanced. 

The younger Euler (J. A. Eulcr ) has a paper In the 
Berlbi Mem. 1760, p. 250, upon the action of a central force 
decreasing as the distance. In the case of the attracted 
body's descent towards the centre, and states the reason of 
this problem being insoluble except by arcs or logarithm;?. 
Tie finds that takin<i: (i= tlic lieifjlit from which the descent 
begins, y = that at \Yhich the centripetal force is equal 
to the gravity of the attracted body, the time of descent 



towards the centre is 



tance from the centre. 



<v/> / — ^-^^y y being the dis- 



No. IV. 

CKNTUAL FORCKS TO MORE THAN ONE POINT. 

1. It is to be lamented that Sir I. Newton did not treat 
the problem of forces directed to more fixed points than 



one, tis to two sucli points, citliL^r in the eniiic or different 
plnncs from tlic body acted oil. This is tlic fiindiiincntiil 
point ill cuiii^iileniig diaturbini:; fbrceri wlicn tlic centres are 
not fixed, wliieli iiiiikps the prohlcm more coi)ipIic;itcd and 
difficult. It is, however, sufficiently so even where tlic 
centres are fixed. 

2. Tlut the suhject imist hiivc attracted his aitenliun 
there can be no dmiht. He had yone so niiieli iiUu ibe 
more difRcult inquirica res[iecting disturbing I'orees that he 
must have fully coiitJdered ibe somewhat simpler, what 
may be termed ihe fundamental, cnsc of fixed centres. In- 
deed, a pnpcr communicated to the lloyal Society in 17G9 
{Phil. Trans, ji. 74.) coiitmna a demuridratiun by W. 
Jones, an iiitimalo fiiLiid of Xeivtou, of a pruposilioii on 
this subject, whii'.!i 5I:ie!i;n had immodialcly after iilr 
lame's dcatil given to the translator nf the Principia. 
Machin had (ibsorved on the \vant of some im-osligation of 
the motion of forces directed to two centres, as required 
to explain the molioiiii of pbuict and ;?atellite, nlueli gravi- 
tate to different centres, in a word the iii-(ib!eni of the 
Three Bmlics. Tiic jiropositiou of Jlacliiu iind Jones goes 
but a very hltlc way tn supply the defect complained of. 
It is confined to the case of the lino joining the two centres 
being in diilercnt i^lanes from the line of pfijeclion; it is 
that the (nangle formed by llic ladii vcclores and the line 
joining the two centres or fixed points, doscribes e(iu:d solids 
ill equal times round that line; and the dtniouslralion is 
simitar to that of the firist la'upoiition, of equal areas in 
equal limes when a single force U dirt-clcd to one ccnlrc. 
It seems reasonable to conclude, that Newloii had, upon 
full considenition, found the full investigation of the suhjcct 
beyond the powers of the ealcuhis as it then esisted. It 
is at leaat certain that, though he might have mastered 
it, he never cuuld have delivered his results synthetically 
as in the I'rineipia. 

3. The solutions on disturbing forces generally consider 
nn« (^r<-f -- -u-i'iu-r 111 t1m ni..> din-i-tinii tlifit of the vndiiis 
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Tcotor, and anodier in a line perpeiulicular to that rndiufl 
Teetor. Thns Cluraut (iVmn. Acad. 1748, p.435.) gives 
these eqaatioturi/'r + idrdv=Udj^ 



rdv 



z2(fx 



/' 



r being the radius vector, v its angle with the axis, dx the 
differential of the I'lmc, 11 the force to the ceatre, £ the 
disturbing force. So D'Alembert {Mem. Acad. 1745, 
p. 365.) takes the some course, and obtvos an equation 
to the orbit in question, depending on the integration of 

Udz,n being the disturbing force acting in a line 
perpendicular to the radius vector, and = the circular arc 
described with a radius equal to the distance between the 
centre of force and the vertex of the orbit. This assumest 
however, that the orbit is itself nearly circular. 

4. If P = distance of E (Earlh) from Moon (M)'» 
quadrature, * = sin. angle of rad. vec r with the per- 
pendicular to a, the distance of E from S, the Sun ; 



= velodty of M ; then r rf r 



rdP , 3Vmnsds 



Buppoeing the motion of 21 to be almost uniform. Here 
one of the forces acting on M is directed towards E and 



E + M 
' ME" " 



the other force is in a line 



parallel lo S E or a, and is = 



SM' 



S 
&E'* 



It^ 



in consequence of this investigation that Clairaut for some 
time announced, as did also Euler and D'AIembert, that 
there was a materiid error in the Xeivtonian theory of the 
Moon's motion. The error, whicli afterwards was found 
to arise from their having omitted the consideration of 
certain quantities, was acknowledged by Clairaut three 
years later {Mem. Acad. 1748, pp. 421. 434,), but no one 



mcnt was too coklly mailc, alter he had gone eo tar as to 
Gujipose that the whole Newtonian doctrine was ovcr- 

tlirown, and to propose a new h\w of — + -j , tlic wliulc 

of this arising from hia own error. It U lo bo rciiiarlicJ, 
however, that the invcstiguliun of 1745 was in all rcsiiecta 
most accurately conLhictcii, nud must have IcJ to the same 
result aa in 1748 but for the supposition that certain quan- 
tities might safely be neglected. Kvcn iu 1745 Clairaut, 
upon Newton's assuniptiiui of the excentricity of JI being 
nothing, comes to his conclusion that the proportion of the 
asei is as G'J to 70. 

4. Lpgcndro treats the subject very folly, aa far as re- 
gards two centres, and also confining himself to the forces 
being inversely as the s'luare of the distance {JCj:i' reikis 
th Cukiil. Intr'jra}. part iv, sect. 2.)- He deduces from 
hia analysid several theorems, two of which he regards as 
very remarkable. The first apparently strikes liini in tins 
light, because it shows the same orbit to be produced by 
the combined action of the two forces directed towards 
two focij as citiicr force would produce acting on the body, 
and directed to one of the fuci. If V is tlie velocity at the 
vertex of the ellipse which would make the body de- 
scribe that curve when acted upon by the furcc directed 
to one focus, " the velocity at the same point which 
would make the body describe the ellipse wJicn acted 
upon by the other force directed to the otJicr focus; then 
if the two forces act together upon the body, and I is the 
initial velocity, or velocity of projection, it will describe 
the same ellipse, provided 1^ = V* + «^ 

5. The other theorem fiillows from Ids integration which 
gives the expression for the time. It is that if two equal 
forces act upon the body directed to the two i'oci, and the 
masses nf the attracting bodies Consequently are cquid, tlic 
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odic time, will move more swiftly, than if the whole 
masa were placed in one focus and acted from thence 
upon the revohdng body. He takes the example of the 
tangent of the orbit with the axis making an angle of 30% 
and finds the periodic time shorter in the proportion of 
nearly 78 to 100 when the attracting mass is divided into 
two, one acting in each focus, than when both combined 
act from one focus« 

6. What renders this problem of more centres than one 
80 difficult, is that the resultants of the forces pass through 
diifcrent points, and that they vary by a law which differs 
in each case, as the locus of their extremities is a diiferent 
curve. Take the least complicated, but still full of diffi- 
culty, that of two fixed points as the centres of force, and 
take the instances in nature of the forces being inversely 
OS the square of the distance ; the radius vector to one 

point being r, the force — , ; to the other point the radius 

vector <7, the force — r« Now the force which acts on 

the botlv bcincj the resultant of these two, and these forces 
not being as r and </, the diagonal docs not pass through 
the middle point of the line joining the two centres; except 
in the single point of the orbit where r=5', and even then 

it may not reach that line, for it is "" '^^ ^ ^t every other 

point it runs in a different direction. Let S and S' be the 
two fixed points ; S P = r, and S' P = y. Then P a being 

taken = ^ , and Pa' = ., , the resultant at that point 

P bisects a a! and is P c, and produced, P M cutting the 
axis. From hence may be seen how complicated would be 
the analysis, how next to impossible the geometrical con- 
struction of the locus of P, by referring the lines PM to 
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SS' as an axh. AVe know milccd that one dI' tin.' forces - 
or - y acting towards S or S', tho locus of V b :iii ellipse ; 




but it wuuM lint r.^liuw lli.U if bolli iorccs -ACivA ii,c f.uu. 
curve wouM be ihcln^iK. Tli;Ulbe Ibree vwniM 1h> ibllii- 
cnt isceri:iiii, bicau-c it \vuul<.I be :is l' <; niul iiul in i.it!iur 
P:(t,i-1',/. Ibit il iiii.y be^.■^i(Idml thccufveiib.i wniilil 
Le Oiiluviit. Lit us. b>.\viver. Mipims-^ \h<, lv,-,- lI' i!., 
curve, wliaiever it be, euUliig tbc :ixi,7i S S' ['iMiiiie^.I :il. 
^iandi', i^oliifs equally <bii;ii,t Imm S ;iimI .S", ,,. il,;i| 
Slips' ::■: iil<.Mb:itl!]c iUi.lv; :url tin; inilial vd,,fi[ v ol' 
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attraction as the mass is the same from S and S^ or that 
the mass of the body in S and in S^ is the same ; then 
it seems impossible to avoid the conclusion that an ellipse, 
and the same ellipse, must be described ; because one of 

the forces alone acting from S, as — ^, would give the 

ellipse passing through 2 and S; and the other force alone 

acting from S, as —^j would give the ellipse passing through 

the same points 2 and 2'; and the initial velocity * and angle 
of projection would prevent any diiference in the length of 
the conjugate axis ; and in the middle point answering to 
the centre C, the equality of r and q and of Pa and Pa' 
would make the diagonal Pc coincide with the conjugate 
axis. But a further combination of forces may be sup* 
posed in this case ; two forces acting towards the points 



S and S' and in the proportion of r and q, or — and 



m 



How will this addition affect the locus of P ? It should 
seem, for a reason similar to that before given, that the 
curve would remain the same ; for the two new forces 

— and — , actin<:^ in r or <? or PS and PS' respectively, 
m m ^ ^ * "^ 

their resultant must, if there were none other acting, pass 
through the middle point C, between S and S'; and as we 
know that a force acting from that point, and in proportion 
to the distance from that point, causes the body to move in 
an ellipse whose centre is that point, and r-\-q being con- 
stant, the ellipse must have the same axis and coincide 



♦ The condition of Lcgondre (mentioned in page 427), that I* = V* + »• 
is 8upi)osed to hold ; for otherwise the centrifugal force would not be suffi- 
cient to balance the centripetal. 



7. Tliis had appeared to be a necessary consequence of 
the conditions staled, but not as at all proving ilie ve- 
locity to be the Eauic in the ellipse, ivhen dc^orilnjd liy 

one furcc -„ or - ,, or when described by llie coiiibjiiod 
action of both, or when described by the combined 
action of - and ' , or of -r,, „ — , and ' ; be- 
cause in all those cuscs the ^L■Iueity will be dillbrcnt, and 
particularly the action of ., + wilh „ + ' will occa- 
sion adifferent \clocity in each point from that occasioncil 
by -IT -f - .,. Til us to f;ibc the vclociry at oik- tuiiiit 
answeringtoC. If liaand fla' be taken as '".and '"„ llic 

diagonal lit' ia the force of , and ., coniljimd, IIC i^iiu: 
/- 7- 

resulf ant of - and - combined ( sup[iosing m = 1 j. Tiicrc- 

forc tlie velocity in II will be a:^ Uc' + UC, when ;ill tlio 
forces act) and only us fie', wJicn the two foniior net alone, 
and as nC when tlic two latter act idouc.* Ijiit the curves 
appear to be the same in each case. 

8. These consefinencoa seeming to follow I'rnni a coii- 

• The ilKTcrencfi in velocilj- is cisilj oliaincil, in conipnriiii; tliu cIlVi'l of 
oac force and o{ [liucoriiljiucd firvcs, rniiuihi; cijiiation i'' = Z(/.> imiri'liiiril 

OBculatiiiS circle, lliu chord Iicing = " ^ " — , p = perpendicular to tliu lun- 

gent.niil lUrnJius nf lun-ati.rv. 
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SHlcration of the conditions stated, bat without a foil and 
rigorous ioTestigation, it was very satisfactory to find that 
Lapange had arrived at the same conclusion in one case 
of his solution of the problem of two fixed centres ( J/irc. 
AnaL pt. ii. sect. 7. ch. 3.) That solution is marked 
throughout with the stamp of his great genius. Euler had, 
in the Berlin Memoirs for 1760, treated the case of the 
iuTcrsc square of the distance and the centres and orbit 
being in the same plane. Lagrange's solution is general for 
the force being as any function of the distance, and of 
X, y, Zy being the coordinates. Pressed by the great 
difficulties of the problem, and the impossibility of a ge- 
neral solution, he first confines himself to the inverse 
square of the distance (p. 97.), and a general integration 
being still impossible, even after obtaining a differential 
equation with the variables separated, he makes a supposi- 
tion which enables him to obtain two particular integrals 
(p. 99.^, and this gives for the orbit an ellipse in the one 
case and an hyperbola in the other, w^itli the foci in the 
two centres of force; and it follows, he observes, from the 
investigation, that the same conic section which is described 
in virtue of a force to one focus, acting inversely as tlie 
square of the distance, or to the centre and acting in the 
direct ratio of the distance, may be still described in vir- 
tue of three such forces ( " trois forces pareilles*"), tending 
to the two foci and to the "centre." He adds: "ce qui est 
tres rcmarquable" (p. 101.). It having appeared to many 
persons that a portion of the demonstration was not so 
rigorous as might be desired, M. Serret has very ably 
and satisfactorily supplied the defect {Mec, An. tom. ii. 
note iii. p. 329. ed. 1855), but he arrives at the same 

• It is plain that " pareillcs " docs not mean) of the same kind as _— 
and V ; for he resolves the force to the centre into two acting to tlic foci, 

and calls the "vvliolc forces - -f- 2 7 r and — - +270. 

r- a'* 



-^ anil -J- in —W and i'fl' rcipectivciy, and the angle of 

projection and initial force the same, the same circle will 
be deacribed by tlie body; and that if two other forces 

alao act on it, as 211' and ^'W f or — and - ) the same 

circle will be described by the joint action of the forces. 
This is even a more remarkable consequence than tlie 
other; because tlie forces acting to the centre would of 
course give a uniform motion, and those acting to tlie 
points in the circumference an accelerated motion, and the 
forces combined will give an accelerated motion. At the 
middle point FI, the velocity will be, if only the forces 

-i and — , act, as _, — ■ if the forces — and aUo act, it 
r* (/ 2 «' III m 

will be as A/ "t — 5+ — ■ It must, however, be added, 

that Lagrange's solution does not contain this case, of tlie 
circle and two points in tlie circumference, and there is very 
great difBculty in applying to it his au.alysis. Indeed, it 
appears that if the problem be worked upon the ilattuii 

of R = -T + 2 y r, and Q = — + 2 7 y, there is no possi- 
bility of obtaining an exjiression freed from llic integral sign 
[ / ) in the name way as Lugrange due,-' from his equa- 
tion, founded upon tlic d;ilum K= ", h 1' y r and Q = '^, 
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+ 2yq; m = — 2, and consequently m + 2 = O" 
necessary to liis process. 

There seems reason to suppose that the kind of reasoning 
on which we have relied as to the identity of the trajectories 
had influenced Legendre in confining hb investigation to 
the case of curves which have not infinite branches. He 
expressly says (Ex. de CiJc Int. U. 372.), that he 
confines himself to curves where the orbit is restrlcled to 
a definite space. Certain it is, that the reasons applied 
to the identity in the case of curves returning into them- 
selves is wholly inapplicable to curves having infinite 
branches. 

10. The extreme complication of the problem arising 
from the resultants passing through innumerable points in 
the axis has been above noted, as regards the case of two 

forces only — ^ and — ;. When we add the other two 
— and - the complication is not considered by Lagrange 

to be increased (p. 99.), and probably it is not as regards 
the analytical investigation. But it certainly Is increased 
as regards the geometrical construction; for we then have 
to take the resultant of Pc with P C (which is the re- 
sultant of r and g), and this will carry the ultimate dia- 
gonal representing the whole force applied to P beyond 
the axis S S'. Lagrange indeed does not take P C into 
bis analysis, because he supposes the forces r and ^ to act ■ 
in the same line of the radii vectores with the forces ^M 

-=- and -5-. But this would cause these radii vectorea ^ 

to be produced, and make their resultant also fall below 
the axis. It can hanlly be doubted that these considera- 
tions weighed with Sir Isaac Newton, in disinclining him to 
the investigation of a problem which could afford do hope 
of a geometrical, or of any synthetical solution. That he 
had deeply considered the subject of attraction to varioutJ 



centres, in the more difficiUt case nt' lU'iveabie centres h 
certain. Tlie juilly celtbruted LXVIth proposition ot' 
the First Book afturds ample proof of it; and indeed tlie 
LXIVth proposition cornea so near the subject of this 
note, that it raav be correctly said to coutaiii the i^roiinda 
both of Clairaut's and Legendre's more full investigution. 

11. In connection with this subject Lagrange expresses 
great admiration of a theorem of Lambert, which no 
doubt 13 remarkable, that in ulJipscs (the central force 

being as -^ j the time taken to describe any arc depends 

only on [he transverse axis, the chord of the arc, and the 
sum of the radii vectores at its cxtremifies. We miiy 
observe, in passing, that the vamsbiug of the expression 
for the conjugate axis in eome fundamental formiilai con- 
nected with the ellipse, for example, the subtangent, givea 
rise to other curiou; properties of the curve similar to the 
one noted in this theorem, which is itself related to that 
peculiarity. (See a porisni arising from this circum- 
atance; Life uf Slmsmi, p. 154.) The same theorem hiul 
occurred to Lagrange himself, in e.xaiiilning (he problem 
of deflecting forces to two centres; it is indeed derivable 
immediately from the ca.-e of that problem when one force 
vanishes and the centre connected with it is in an arc of 
the ellipse; for tbcn the radius vector belonging to that 
centre becomes the chord. Uut Euler, long before cither 
of tbcni, in 1744, bad given the theorem for parabolic 
arcs, which they only extended to elliptic arcs, and bad 
published it in the Berlin Mi-m. 1760. Vet when Lam- 
bert claimed it as liis own in 1771, and Lagrange gave 
him the honour of it in 1780, Fuler, though iie lived 
three years after, never thought of reminding them of his 
prior claims. It was thns, too, with the Hrst of analysts, 
respecting the extension of the DiU'erciitial Calculus to 
that of Partial Differences {/.;/> o/' D'Alrmhi-rt. ]., 4tUl,). 
by far the greatest step in malhcmatical science which 
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bas beea made Eince the age of Newton and Leibnitz, If it 
bave not a riTal in the calculus of variations, the honooE 
of which also ig ehared by him witli Lagrange. 

12. It muet be observed that when in 1771 {Berlin 
Mem.) Lambert extended the theorem to elliptic arcs, ho 
was ignorant of Euler having anticipated him as to par^ 
bolic arcs. But Lagrange truly states (jl/fc Anal. ii. 28., 
ed. 1855), what shows that all of thein had been antici- 
pated by Newton. For in the IV. and V. Lemmas of the 
Third Book he had very distinctly given the whole 
materials of the proposition as far as parabolic area are 
concerned. 

Lagrange uotes the uses of the theorem, and observes 
upon the remarkable circumstance of the time not depend- 
ing at all on the form of the ellipse, provided the trans- 
verse axis remains the same. This must have frequently 
recurred to his recollection, when engaged In those great 
Investigations which show the connection that the trans* 
verse axis remaining unchanged, has with the permanency 
of the system. 

13. He further remarks upon another consequence of 
the conjugate axis, or the form of the orbit, not affecting 
the time; namely, that the conjugate wholly disap- 
pearing, and the orbit becoming rectilinear, the theorem 
applies to the time of falling to the centre, on the centri- 
fugal force or that of projection ceasing to act. {Berlin 
Mem. 1778.) But Newton's Vlth Lemma, to which he 
docs not refer, in some degree anticipated this also. 

14. The great difBculty of the problem of several cen- 
tres, has been stated. Euler was clearly of this opinion, 
and he was the first that undertook the solution. After 
speaking of the general problem {Berlin Mem. 1760, 
p. 228.) as alike important and difficult, be confines him- 
self to the case of two bodies in fixed positions, acting 
upon a third, which moves in the plane of those disturbing 
bodies ; in a word, to the motion of a body drawn towards 
two fixed centres. He says that, whoever undertakes the 



he ■ 



solution of this less difficult problem " will find difficulties 
alniost as insurmountable sia in the great t'lind.imcntal 
prolileui of astronomy ; " and adds that, after niakinrr many 
fruitle>rt attempts, iie bad at last been led to asulutioij by 
tbe accident of an error into which lie had fallen in bis in- 
vest igiit ion. What be proposes is to find the cases in which 
the curve is algebraical ; there being, according to the con- 
ditions, an infinite vnriety, most of them transcendental. 
He considers, however, that if this case of two bodies in 
fixed centres, and in tiie same plane with the body at- 
tracted, ehould be incapable of solution, the general pro- 
blem must prove Etill more so. Nulbing can exceed the 
clearness of his investigation ; and the ingenious subtlety 
of iJie contrivances by which he facilitates the reduction 
of his differential cijuations to those of a lower degree. 
Of this Lagrange expresses great admiration, who, in 
giving a solution of the case in some respects more ex- 
tended, but in others less, became tidly sensible of the 
difEculties of the process, and whose investigation is less 
hmiinous than his great predecessor's. Enter reduces his 
investigation to the integration of the ctiiuitiuD 
a'l x vil // 

and obtaining the relation between the angles made by the 
two radii vectores witJi tiic axis. It is clear that La- 
grange's sululiuu is obtained by aiiollier conr.^e alti>getber. 



Xo. V. — Leibnitz's Dynamical Tiiact?. 
Earlt in J689, about a year and a half after the pub- 
lication of the Principia, there appeared in the Acta Eni- 
ditoriini, of Leipsic, two papers of Leibnitz, entitled, 

"(; r; i, -^r-iipdu^m.. dr. K..s;it.>Tu;.. Ai-.,i;; f. \r,,t.-i i,.-,-.. 
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de Motuum CcdesUum CausU." As these tracts cmodde 
in their eubjecti and m many of their doclrines with the 
propositioDS of Sir I. Newton, it has been held by eome, 
and apparently by Sir Isaac himself, that their author 
had obtained from those propositions the substance at 
leaxt of his own. Tdls is certainly a grave charge against 
Leibnitz ; inasmuch as he affirms that he had not i 
the Principia when he wrote his two papers, admits that 1 
he had seen an abridgment of it in general terms, and ] 
expresses regret at not having seen the work itself. He 
further states his inability to comprehend by what me- 
thods the most important of Newton's discoveries, as dfr 
scribed in the abridgment, the elliptical motion of the ] 
heavenly bodies, is demonstrated mathematically from | 
the data obtained by observation, and the law of attrae- 
tion governing that motion; a proposition which Leibnitz 
gives as deduced by himself with the aid only of the 
differential calculus. The whole statement, though not 
in direct terms, yet by manifest implication, represents that 1 
he had made his investigation, and arrived at the resultj 
without any further knowledge of the Principia than the ! 
fact of Sir I. Newton having obtained the same result | 
by his process, whatever it might be. 

It cannot be denied, therefore, tliat the strongest proof ^ 
is required to authorise the belief of his having seen the i 
Principia, and borrowed his propositions from thence. But 
instead of proofs there appear to exist only certain sus- 
picious circumstances. His statement (Act. Erud. 1689, 
January, p. 36.) is perhaps too particular in describing 
his absence from home on his official journey. NewtOD 
says that a copy of the Principia had been given imme- I 
diately after its publication, to Facio Duillcr, a young I 
mathematician, a friend of Huygens and of his own, for | 
the purpose of its being sent to Leibnitz; but there ii 
evidence that it reached him. {Macchsjiehi MS. Paper -I 
in Newton's handwriting. Rigaud's Historical Eatay, 
App. Nos, XIX. XX.) The saiiie paper of Newton 
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charges Leibnitz nith Laving endcavoiircd to appropriate 
Mouton'i discovery by denying that he bad :eea his work 
before he made the di:-eovery hiniiclt'.* 

It must UD fortunately be added, that Leibnitz's con- 
duct in the controversy relating lo the invention of the 
calculus, leaves an unfavourable impresiion. There was 
great disingenuousness, to give it no harsher name, in 
John Bemouilii's proceedings, by the cont'cJsion of his own 
family; and Leibnitz, who had encouraged him. betrayed 
the secret confided to bim of bis authorship, for the mere 
purpose of grasping at an advantage, by means of the autho- 
rity which BcrnouilU's great name in the mathematical 
world gave to his decision against Xewton, whoni he had 
opposed by anonymous writings to please his patron. All 
this, hon'evcr, we must admit, only affords ground for en- 
tertaining suspicions; and the proof required must he 
sought for in the imernal evidence of the works compared 
together. 

Tiie fact of the abstract having appeared in the eame 
work the June preceding is admitted by bim. as is his 
having read it. The account, however, which it contains 
of the Princijiia is exceedingly general ; none of ihc inves- 
tigations are given of the propositions which it stales that 
the work enunciates, ^\'e can only consider it as showiiig 
that the truths of which it gives a concise summary, are 
proved by the applicaiion of mathematical reasoning to the 
known phenomena ; and a person so learned in tliis science 
as Leibnitz could not have read that the Principia treated 
of the descriptions of various trajectories, particularly the 
conic sections, according to various data (jiatit i-iirin iltitn, 
p. 308. ), without perceiving at once that tliis must refer to 
dynamical considerations. But especially must he have per- 
ceived in what manner Newton had conducted his in\osti- 
gations, when he found it staled (p. 310.) that the heavenly 

• Tills >v,isrrolialilyJlMmui.'snii.-llmdufirliT[>,.|,i!i.,ii Ci.r |.lartf Klwwii 
those i-alvulatt'il, instcnJ >.<( pi*]ii3tliDLml I'Ui'is, 



motiona were explained hy the propoEitions in the thrM 
first sections of tlic First Book, and still more particularly 
(p. 311.), that from the phenomena and the things contained 
in that First Book, the demonstration was given of the 
elliptical orbits, the principle of gravitation, and the law 
of the inverse square of the distances, in the case of all 
planets and their satellites. It is manifest, therefore, that 
without having seen the Principia, Leibnitz may hare 
been so far enlightened by the view given of Is'ewtoa's 
labours, as to be set upon applying the differential calcu* 
lue to dynamical investigations, and to the raotioni of the 
heavenly bodies as the most important of all. He foundt 
from the account of Newton's work, that he had succeeded 
in solving the great problem by mathematical investiga- 
tion. He never had made any such attempt before ; ha 
now made it when he found Newton had successfully 
made it ; and to a certain extent he himself succeeded, 

A great difficulty arises in examining these propositions 
of Leibnitz and comjtaring them with Newton's, from the 
singular manner of using the letters in the dii^nuns and 
referring to them, as well aa from the inaccurate printing 
It however appears clearly enough that there are incon- 
siatencies between difTcrent parts of bis investigations ; and 
Newton, when he breaks off with the words " Newtoniana 
tantum descripsit suo more, ac describendo nonnumquam — •" 
after, in partly the same terms, having charged him wilk 
imitating fluxions and then erring in his imitation from 
not well understanding that method, appears to have in- 
tended making a similar remark upon his copying the 
dynamical propositions. {RiffauJ, App. XIX. XX.) No 
doubt, if taken literally, and using the words centrifugal 
force in the sease in which Newton and indeed all uthcra 
use it, there seems the greatest inaccuracy in the positicHt 
that it varies inversely as the cube of the distance 
the radius vector, this being only true if the curve is 
circle. But when we find that by conatus centrifugut 
means what would be the centrifugal force in a drol« 
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